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Preface

The notion of amenability has its origins in the beginnings of modern measure theory: Does
a finitely additive set function exist which is invariant under a certain group action? Since
the 1940s, amenability has become an important concept in abstract harmonic analysis (or
rather, more generally, in the theory of semitopological semigroups). In 1972, B. E. Johnson
showed that the amenability of a locally compact group G can be characterized in terms of
the Hochschild cohomology of its group algebra L!(G): this initiated the theory of amenable
Banach algebras. Since then, amenability has penetrated other branches of mathematics,
such as von Neumann algebras, operator spaces, and even differential geometry.

In the summer term of 1999, I taught a course on amenability at the Universitat des Saar-
landes. My goals were lofty: I wanted to show my students how the concept of amenability
orginated from measure theoretic problems — of course, the Banach—Tarski paradox would
have to be covered —, how it moved from there to abstract harmonic analysis, how it then
ventured into the theory of Banach algebras, and how it impacted areas as diverse as von
Neumann algebras and differential geometry. I had also planned to include very recent de-
velopments such as C. J. Read’s construction of a commutative, radical, amenable Banach
algebra or Z.-J. Ruan’s notion of operator amenability. On top of all this, I wanted my
lectures to be accessible to students who had taken a one-year course in functional analy-
sis (including the basics of Banach and C*-algebras), but who had not not necessarily any
background in operator algebras, homological algebra, or abstract harmonic analysis. Lofty
as they were, these goals were unattainable, of course, in a one-semester course ...

The present notes are an attempt to resurrect the original plan of my lectures at least
in written form. They are a polished (and greatly expanded) version of the notes I actually
used in class. In particular, this is not a research monograph that exhaustively presents our
current state of knowledge on amenability. These notes are intended to introduce second
year graduate students to a fascinating area of modern mathematics and lead them, within
a reasonable period of time, to a level from where they can go on to read original research
papers on the subject. This has, of course, influenced the exposition: The order in which
material is presented is pedagogically rather than systematically motivated, and the style
is, in general, chatty and informal.

I am a firm believer in learning by doing: Nobody has ever learned anything — especially
not mathematics! — just by passively absorbing a teacher’s performance. For this reason,
there are numerous exercises interspersed with the main text of these notes (I didn’t count
them). These exercises vary greatly in their degree of difficulty: Some just ask the reader to
make a fairly obvious, but nevertheless important observation, others ask him/her to fill in a

tedious detail of a proof, and again others challenge him /her to deepen his/her understanding
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of the material by actively wrestling with it. My frequent interjections in the text serve a
similar purpose: Just because something is claimed to be clear/obvious/immediate, that
doesn’t mean that one can just believe it without really checking.

The background required from a student working through these notes varies somewhat
throughout the text:

— Chapter 0: This chapter only requires a very modest background in linear and abstract
algebra, along with some mathematical maturity.

— Chapter 1: Anyone who has taken a course in measure theory and a first course in
functional analysis should be able to read this chapter; the necessary background from
abstract harmonic analysis is put together in Appendix A.

— Chapter 2: If you know the basics of Banach algebra theory, you're fit for this chapter. In
addition, some facts about Banach space tensor products are needed: Appendix B contains
a crash course on Banach space tensor products that provides the necessary background.

— Chapter 3: As for Chapter 2; additional background material from Banach space theory
is collected in Appendix C.

— Chapter 4: You need a bit more background from Banach algebra theory than in the
previous chapters. Also, a few basic facts on von Neumann algebras and one deep C*-
algebraic result are required. References are provided.

— Chapter 5: As for the previous three chapters. Some previous exposure to the language
of categories and functors helps, of course, but isn’t necessary. If you already know about
homological algebra, this chapter should be very easy for you.

— Chapter 6: This is the most challenging chapter of these notes. Although references
to standard texts on C*- and von Neumann algebras are provided wherever necessary,
anyone who wishes to get something out of this chapter, needs a certain degree of fluency
in operator algebras.

— Chapter 7: As for Chapters 2 to 5; the necessary background from operator spaces can
be found in Appendix D.

— Chapter 8: This chapter builds on Chapter 2 (and to a much lesser extent on Chapter

4). It contains the necessary background from infinite-dimensional differential geometry.

Each chapter concludes with a section entitled Notes and comments: These sections
contain references to the original literature, as well as outlines of results that were not
included in the main text, along with suggestions for further reading.

Since these notes are not intended to be a monograph, I have perhaps been a little
less accurate when it comes to giving credit for results than I would have been otherwise.
Hence, the universal disclaimer applies: Just because I didn’t explicitly attribute a result
to someone else, that doesn’t mean that it’s due to me. Furthermore, these notes perfectly
reflect my preferences and prejudices towards amenability: It is my (highly subjective) belief
that Banach algebras are the natural setting in which to deal with amenability. For this
reason, most of these notes are devoted to amenable Banach algebras and their next of kin.
Amenable groups are only presented to set the stage for amenable Banach algebras; amenable
semigroups, (semi)group actions, representations, groupoids, etc., aren’t even mentioned.

This does not mean that I consider these topics unimportant or uninteresting: I just don’t
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know enough about these things (yet) to be able to teach a course on them, let alone publish
my lecture notes.

Finally, I would like to thank my students who attended the actual Lectures on Amenabi-
lity at Saarbriicken and who made the course a joy to teach: Kim Louis, Matthias Neufang,
Stefanie Schmidt, and a fourth one whom everyone only knew as “the algebraist”. I would
also like to thank H. Garth Dales of the University of Leeds for his encouragement when
he learned of my project of turning my class notes into some sort of book. Thanks are
especially due to Matthias Neufang and Ross Stokke who read preliminary versions of the
entire manuscript; both prevented an embarassing number of errors from making it into the
final version. Of course, all omissions, inaccuracies, and outright errors that remain are my
fault alone.

By the way, unless explicitly stated otherwise, all spaces and algebras in these notes are
over C.

Edmonton, August 2001 Volker Runde
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0 Paradoxical decompositions

There is a mathematical theorem which implies the following:

An orange can be cut into finitely many pieces, and these pieces can be reassembled

to yield two oranges of the same size as the original one.

Admittedly, this sounds more like a version of the feeding of the five thousand than like
rigorous mathematics. Nevertheless, it is a perfectly sound application of the Banach—Tarski

paradox, whose strongest form is:

Let A and B be any two bounded sets in three-dimensional space with non-empty in-
terior. Then there is a partition of A into finitely many sets which can be reassembled
to yield B.

Applications much more bizarre than just making two oranges out of one come to mind

immediately:

A pea can be split into finitely many pieces which can be recombined to yield a life-
sized statue of Stefan Banach (or a solid ball whose diameter is larger than the
distance of the Earth from the sun).

Can a theorem whose consequences so blatantly defy common sense be true? In fact,
there is an element of faith to the Banach—Tarski paradox (so that it is not all that removed

from the feeding of the five thousand). Its proof rests on two pillars:

— the axiom of choice (and you can believe in that or leave it), and

— the fact that the free group in two generators lacks a property called amenability.

In fact, the Banach—Tarski paradox is just one instance of so-called paradoxical decomposi-
tions: Some set can be split up and then be recombined to yield two copies of itself. As we
shall see in this chapter, paradoxical decompositions (or rather: their non-existence) are at

the very heart of the notion of amenability.

0.1 The Banach—Tarski paradox

We begin by making precise what we mean when we say that some set admits a paradoxical

decomposition:

Definition 0.1.1 Let G be a group which acts on a (non-empty) set X. Then E C X is
called G-paradozical if there are pairwise disjoint subsets A1,... , Ay, B1,... , By, of E along

with g1, .- - ,gn,hl,... ,hm € (G such that F = Uglzlgj 'Aj and F = U_T:l h]‘ B]

V. Runde: LNM 1774, pp. 1-15, 2002
© Springer-Verlag Berlin Heidelberg 2002



2 0 Paradoxical decompositions

Exercise 0.1.1 Let G be a group which acts on a set X, let H be a subgroup of G, and let £ C X
be H-paradoxical. Show that E is G-paradoxical.

We shall simply speak of paradozical sets (instead of using the slightly lengthier adjective

G-paradoxical) in the following two cases:

— G acts on itself via multiplication from the left, and

— X is a metric space, and G is the group of invertible isometries on X.
Theorem 0.1.2 The free group in two generators is paradozical.

Proof Let a and b be two generators of Fy. For x € {a,b,a™1,b71}, let
W(z) := {w € Fy : w starts with x}.
Then
Fy = {em} UW(a) UW (D) UW(a™}) UW(57Y),

the union being disjoint. Now observe that, for any w € Fo\ W (a), we have a~tw € W(a™1),
so that w = a(a™!w) € aW(a™1). It follows that Fo = W(a) U aW(a~!) and, similarly,
Fo =W () UbW (b~1). O

We shall now see that, given a paradoxical group G that acts on some set X, a mild
demand on the group action forces X to G-paradoxical. This is the first time that we

encounter the axiom of choice; we indicate the dependence on the axiom of choice by (AC).

Proposition 0.1.3 (AC) Let G be a paradoxical group which acts on X without non-trivial
fixed points, i.e. if there are g € G and x € X such that g-x = z, then g = eq. Then X is

G-paradozical.

Proof Let Ay,...,An,B1,... ,By CGand g1,...,9n,h1,-..,hy beasin Definition 0.1.1.
Choose a set M C X such that M contains exactly one element from every G-orbit. We
claim that {g- M : g € G} is a disjoint partition of X. Certainly, Ugecg -M = X (since M
contains one point from every G-orbit). Suppose now that there are g,h € G and z,y € M
such that g-z = h-y. Then h~'g-x = vy, so that 2,y € M are in the same G-orbit and thus
must be equal. Since G acts on X without non-trivial fixed points, this means h~'g = eg.
Let

A;:U{g-M:geAj} G=1,...,n)
and

Bi=(J{g-M:geB} (j=1,...,m).

n’

Ar=Ul b Bi. O

Clearly, Af,..., Ay, BY,..., By, are pairwise disjoint subsets of X such that X = J]_, g; -

Exercise 0.1.2 Show where exactly in the proof of Proposition 0.1.3 the axiom of choice was
invoked.
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So, suppose that Fy acts without non-trivial fixed points on some set X. Then Theorem
0.1.2 and Proposition 0.1.3 combined yield that X is Fo-paradoxical. Since — in view of the
Banach-Tarski paradox — we want to show that certain subsets of R? are paradoxical, we
are thus faced with the problem of making Fy act on R3 as invertible isometries.

For n € N, we use the symbol O(n) to denote the real n x n-matrices A such that
AtA = AA' = E,, where E, is the identity matrix; O(n) is called the n-dimensional
orthogonal group. The n-dimensional special orthogonal group SO(n) is the subgroup of
O(n) consisting of those matrices A € O(n) such that det A = 1.

Theorem 0.1.4 There are rotations A and B about lines through the origin in R® which
generate a subgroup of SO(3) isomorphic to Fy.

Proof Let
15220 1 0 0
+ _ + _ 1 2v2
AT = :I:QT‘/§ 30 and BYf=10 1xne2
0 01 0+22 1

Let w be a reduced word in A, B, A~!, and B~! which is not the empty word e. We claim
that w cannot act as the identity on R?. To see this, first note that we may assume without
loss of generality that w ends in A (otherwise, conjugate with A*). We claim that

1 1 a

0 c
where a,b, ¢ € Z with 3 b and k is the length of w. This certainly establishes the claim that
w does not act as the identity on R3.

We proceed by induction on k. Suppose first that k& = 1, i.e. w = A*, so that

1 1 1
w- |0 =3 +2v2
0 0
Let w = A*w’ or w = B*w', where
1 a’
w/ = 3k: 1 b/\/é
0 c
with a/,0’,¢’ € Z and 3 fb’. Tt follows that
1 1 a
0 c

where

a=a F4', b=V £ 2d, ¢ =3¢, in case w = ATw';
a=3d,b=bF2,¢c=c 4V, in case w = B¥w'.
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It is clear from these identities that a, b, ¢ € Z. What remains to be shown is that 3 fb.
Case 1: w = AT B*v (where possibly v = ¢).
Then b = V' F 2a’ with 3|a’. Since 3 fb’ by assumption, it follows that 3 /b.
Case 2: w = BT Ao,
Then b = V' F 2¢ with 3|¢’. Again, 3 /I, so that 3 /b.
Case 3: w = AT Aty

By assumption,

1 a

1
v-|0]| = 3h 2 b'\/2
O CI/

with a”, 0", " € Z. It follows that
b=b +2a' =b+2(a” F4AV") = b +b" 24" — 9" = 2K — 9v",

so that 3 fb.
Case 4: w = B¥B*y.
This is treated like Case 3. O

Exercise 0.1.3 Show that SO(n), for each n > 3, contains a subgroup isomorphic to Fs.

With Fy as a subgroup of SO(3) and Proposition 0.1.3 at hand, we can now prove the
first classical result on paradoxical decompositions. As is customary, we write S2 for the

unit sphere in R3:

Theorem 0.1.5 (Hausdorff paradox; AC) There is a countable subset D of S? such that
S?\ D is SO(3)-paradozical.

Proof Let A and B be as in the proof of Theorem 0.1.4. Then the subgroup G of SO(3)
generated by A and B is isomorphic to Fs. Since A and B are rotations about lines through

the origin, each w € G \ {eg} has exactly two fixed points in S%. The set
F:={x € S?:zis a fixed point for some w € G \ {eg}}

is thus countable, and so is D := [J{w - F : w € G}. Clearly, G acts on S?\ D without
non-trivial fixed points, so that, by Proposition 0.1.3, S? \ D is G-paradoxical. By Exercise
0.1.1, $?\ D is SO(3)-paradoxical. O

As we shall see very soon, S? itself is SO(3)-paradoxical.

Definition 0.1.6 Let G be a group which acts on a set X, and let A and B be subsets of X.
Then A and B are called G-equidecomposable if there are Ay,... A, C A, By,...,B, CB
and g1,...,gn € G such that:

(i) A= OAJ and B = OBj;
j=1

j=1

(11) AjﬂAk:@:BjﬂBk (j,k€{17...,n},j7ék);
(iif) gj- A =B;  (G=1L....n)



0.1 The Banach—Tarski paradox 5

If A and B are G-equidecomposable, we write A ~¢ B. In case G is the group of invertible
isometries of a metric space (or if G is obvious), we simply write A ~ B.

Exercise 0.1.4 Show that ~¢ is an equivalence relation.

Exercise 0.1.5 Let G be a group that acts on a set X, and let A, A1, Az, B, B1, Ba C X. Show
that the following hold:

(i) If A ~ B, then there is a bijection ¢: A — B with C' ~ ¢(C) for all C C A.
(ii) If AyNAy = @ = By N By with A1 ~ B; and Ay ~ Bs, then A1 U As ~ By U Bs.

Proposition 0.1.7 Let D C S? be countable. Then S? and S?\ D are SO(3)-equidecom-
posable.

Proof Let L be a line in R? through the origin such that L N D = @, and let W be the
collection of all 6 € [0, 27) with the follow property:

There is x € D such that p-z € D as well, where — for some n € N — p is the
rotation about L by the angle nf.

It is clear from the definition that T is countable, so that there is § € [0,27) \ W. Let p be
the rotation about L by the angle 6, then p™ - D N D = & for all n € N. It follows that

pt-DNp" D= (n,m €N, n#m).
Let D = )22, p" - D. Then
S2=DU(S*\D)~p-DU(S?\D)=5%\D,
which establishes the claim. O

The relevance of G-equidecomposability becomes apparent in the next proposition:

Proposition 0.1.8 Let G be a group that acts on a set X, and let E and E’ be subsets of
X with E ~g E'. Then, if E is G-paradozical, so is E'.

Proof Let Ay,...,A,,B1,...,By C FE be as in in Definition 0.1.1, and let
A=J4; and B:=|JB,
j=1 j=1

so that A ~g E and B ~g E. From Exercise 0.1.4, it follows that A ~g E’ and B ~g E'.
This implies that E’ is also G-paradoxical. O

Exercise 0.1.6 Verify the last statement in the proof of Proposition 0.1.8.

Together, Theorem 0.1.5, Proposition 0.1.7, and Proposition 0.1.8 yield a stronger version
of the Hausdorff paradox:

Corollary 0.1.9 (AC) S? is SO(3)-paradozical.

We are also now in a position to prove a weak version of the Banach—Tarski paradox
(which is already sufficient if all you want is to make two oranges out of one):

Corollary 0.1.10 (Weak Banach—Tarski paradox; AC) Every closed ball in R3 is pa-
radozical.
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Proof Tt is sufficient to prove that the closed unit ball By [0, R3] is paradoxical. We first show
that B;[0,R3]\ {0} is paradoxical. Since S? is SO(3)-paradoxical by Corollary 0.1.9, there
are Ay,...,Ap,B1,..., B, CS?CR3and g1,... ,9n,h1,... , Ay € SO(3) as in Definition
0.1.1. Let

Aj={tz:t€(0,1], z € A;} (j=1,...,n)
and

B = {tr:t € (0,1], v € By} (j=1,...,m).

Then, certainly, A%,..., A% Bf,...,B: C Bi[0,1;R? \ {0} are pairwise disjoint and
Bi[0, R\ {0} = Uj_, 95 - A5 = Uj, hy - B;. Tt follows that B;[0,R%] \ {0} is indeed
paradoxical.

Let z = (0,0,1) € B1[0,R%] \ {0}. Let p be a rotation of infinite order about a line
through = that misses the origin. Let D := {p™-0:n € Ng}. Clearly, p- D = D\ {0}. Then

B1[0,R* = DU B;[0,R*]\ D ~ p- DU B;1[0,R*]\ D = B4[0,R?*] \ {0},
so that By[0, R3] is paradoxical by Proposition 0.1.8. 0O
Exercise 0.1.7 Show that R® is paradoxical.
Remark 0.1.11 A classical result by S. Mazur and S. Ulam ([M—U]) asserts that a surjective
isometry between real Banach spaces is already linear if it maps the origin to the origin. It
follows that any surjective isometry between Banach spaces is the composition of a surjective,

R-linear isometry with a translation. For the invertible isometries on R3, this means that

every such isometry is the composition of an element of O(3) with a translation.

To establish the Banach—Tarski paradox in its strongest form, we need another definition:

Definition 0.1.12 Let G be a group that acts on the set X, and let A and B be subsets of
X. We write A <¢ B (or simply: A < B) if A and a subset of B are G-equidecomposable.

Exercise 0.1.8 Show that <¢ is a reflexive and transitive relation on the equivalence classes of
PB(X) with respect to ~q.

The following is an analogue of the Cantor—Bernstein theorem for <:

Theorem 0.1.13 Let G be a group that acts on a set X, and let A and B be subsets of X
such that A Xg B and B <g A. Then A ~g B.

Proof Let By C B and A; C A be such that A ~ By and B ~ A;. Let ¢: A — By and
1Y : B — A; be bijections as in Exercise 0.1.5(i). Let Cy := A\ A1, and define C),41 :=
Y(¢(Cr)). Let C := ;= Cn. It follows that ¢y~1(A\ C) = B\ ¢(C). By Exercise 0.1.5(i),
this means that A\ C ~ B\ ¢(C). In a similar fashion, we see that C' ~ ¢(C). It follows
that

A=(A\C)UC ~ (B\ §(C))Us(C) = B

by Exercise 0.1.5(ii). O
We can now prove the Banach—Tarski paradox:



0.2 Tarski’s theorem 7

Theorem 0.1.14 (Banach—Tarski paradox; AC) Let A and B be bounded subsets of
R3, each with non-empty interior. Then A ~ B.

Proof By symmetry and by Theorem 0.1.13, it is sufficient to prove that A < B. Since A is
bounded, there is 7 > 0 such that A C B,.[0,R3]. Let 2 be an interior point of B. Then there
is € > 0 such that B[z, R3] C B. Since B,[0,R?] is compact, there are invertible isometries

g1, ,gn: R — R? (in fact, translations will do) such that
B.[0,R?] C g1 - Bc[z,R3]U---Ug, - B[z, R3].

Choose isometries A1, ... ,h, on R such that hj - B[z, R3] N hy - B[z, R3] = @ for j # k
(again, translations will do). Let S := (Jj_, h; - Be[x, R3]. Tt follows from the weak Banach—
Tarski paradox Corollary 0.1.10, that S < B[z, R3] (Why?). Then

AC B.[0,R’] C g1 - Bz,R*}|U---Ug, - Bz,R*] = S < B[z,R*] C B
which establishes the claim. 0O

Exercise 0.1.9 Where exactly in the proof of Theorem 0.1.14 was the axiom of choice used?

0.2 Tarski’s theorem

We have mentioned in the introduction of this chapter that one of the key ingredients for
the proof of the Banach—Tarski paradox was that Fa lacks the property of amenability. We
have not yet defined what amenability is, but we won’t spill any beans by already admitting
that for a (discrete) group amenability is the same as not being paradoxical. Nevertheless,
the formal definition of amenability, which will be given at the end of this section, looks
quite different from Definition 0.1.1.

The reason why these two notions are equivalent is the following deep theorem due to
A. Tarski:

Theorem 0.2.1 (Tarski’s theorem; AC) Let G be a group that acts on a set X, and let
E be subset of X. Then there is a finitely additive, G-invariant set function p: P(X) —
[0, 00] with u(E) € (0,00) if and only if E is not G-paradozical.

Exercise 0.2.1 Let G be a group that acts on a set X, and let £ C X be G-paradoxical. If
e P(X) — [0, 00] is any finitely additive, G-invariant set function, show that y(E) = 0 or pu(E) = oo

(and thus prove the easy direction of Tarski’s theorem). Do you need the axiom of choice?

The proof of the difficult direction of Tarski’s theorem requires some preparation.

We start with some notions from graph theory: A (undirected) graph is a triple (V, E, ¢),
where V' and E are non-empty sets and ¢ is a map from FE into the unordered pairs of
elements of V. The elements of V' are called vertices and the elements of E are called edges.
Ifee E and v,w € V with ¢(e) = (v, w), we say that e joins v and w or that v and w are
the endpoints of e; we shall also sometimes be sloppy and simply identify the edge e with its
image under ¢. A path in (V, E, ¢) is a finite sequence (eq,... ,e,) of edges together with
a finite sequence (vy,... ,v,) of vertices where vy is an endpoint of eq, v, is an endpoint of
en, and v; is an endpoint of e; for j = 1,... ,n—1. We say that vy and v,, are joined by the
path. For formal reasons, we will also say that the empty path joins each vertex with itself.
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Definition 0.2.2 Let (V, E, ¢) be a graph, and let k£ € N,

(i) If each vertex is the endpoint of exactly k edges, then (V, E, ¢) is called k-regular.
(ii) If V=X UY, where X and Y are disjoint, and each edge has one endpoint in X and
one in Y, then (V, E, ¢) is called bipartite.

In what follows we shall simply speak of a bipartite graph (X,Y, F, ¢) when we mean
that (V, E, ¢) is a bipartite graph with V', X and Y as in Definition 0.2.2(ii).

Definition 0.2.3 Let (X,Y, E,¢) be a bipartite graph, and let A C X and B C Y. A
perfect matching of A and B is a subset F' of E such that

(i) each element of AU B is an endpoint of exactly one f € F, and
(ii) all endpoints of edges in F' are in AU B.

Exercise 0.2.2 Let (X,Y, E, ¢) be a bipartite graph which is k-regular for some k£ € N, and suppose
that |V| < oo.

(i) Show that |E| < oo and that | X| = [Y].

(ii) For any M C V, let N(M) be the set of those vertices which are joined by an edge with a
point of M. Show that |N(M)| > |M]|.

(iii) Let A C X and B C Y be such that there is a perfect matching F' of A and B with |F|
maximal. Show that A = X. (Hint: Assume that there is # € X \ A, and consider the set
Z of those vertices z which are joined with z by a path (e1,...,en) such that the e;’s lie
alternately in F' and E \ F. Use the maximality of |F| to show that ZNY C B. Then show
that ZNY = N(Z N X) and use (ii) to arrive at a contradiction.)

(iv) (Marriage theorem) Conclude that there is a perfect matching of X and Y.

The reason why the assertion of Exercise 0.2.2(iv) carries the catchy name “marriage
theorem” is the following application: If each girl in town finds exactly k£ boys attractive
and each boy in town finds exactly k girls attractive, then it is possible to arrange marriages
between them in such a way that, in each marriage, the partners find one another attractive.
How comforting to know ...

We shall now prove Konig’s theorem, which is simply the marriage theorem without any
finiteness requirements:

Theorem 0.2.4 (Ko6nig’s theorem; AC) Let (X,Y, E,¢) be a bipartite graph which is
k-regular for some k € N. Then there is a perfect matching of X andY .

Proof Define an equivalence relation on V: Two vertices are equivalent if they can be
joined by a path (remember that each vertex is joined with itself by the empty path). Each
equivalence class with respect to this relation is again a k-regular, bipartite graph and has
countably many vertices and edges (by k-regularity). If we can find a perfect matching for
each such graph, we can put them together to form a matching for X and Y. We may thus
suppose that X, Y and E are countably infinite, and that any two points in V' can be joined
by a path.

Let {e, : n € N} be an enumeration of E. Consider the collection of all finite sequences
in {0,1}; if s and ¢ are such sequences, we write s < t if s is an initial segment of ¢t. We call

such a sequence s of length n good if there are finite sets V/ C V and E’ C E such that:
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— V'’ contains all vertices that appear as endpoints of e1,... ,ep;

- {617"' ,en} C E/;

— (V' E',¢|g’) is a k-regular, bipartite graph which has a perfect matching F’ for V' N X
and V' NY such that, for j < n, e; € F' if and only if s; = 1.

From this definition, it is clear that if s <t and if ¢ is good, then so is s.

If V' C V and E’' C E are finite sets such that (V', E’, ¢|g/) is a graph, then there are
finite subsets V" C V and E” C E with V' C V" and E' C E” such that (V", E" $|g~) is a
bipartite, k-regular graph. (How exactly is this accomplished?). By Exercise 0.2.2(iv), there
is a perfect matching F”" C E” for V' N X and V” NY. Define a good sequence through

1, if e; € FW7

0, else.

N — {0,1}, ]»—>{

It follows that each good sequence of length n has, for each m > n, a good extension of
length m.

We can thus inductively define an infinite sequence in {0, 1} such that each finite initial
segment of s is good and has infinitely many good extensions. Let F' := {e,, : s,, = 1}. Then
F' is a perfect matching for X and Y. O

Exercise 0.2.3 Once again: Where exactly in the proof of Theorem 0.2.4 was the axiom of choice

used?

Konig’s theorem was only the first step on the way to a proof of Tarki’s theorem. The
next step is to associate, with each group action on some set, an object called the type
semigroup of that action. In order to define the type semigroup of a given group action, we
first have to enlarge that action:

Definition 0.2.5 Let G be a group that acts on a set X.
(i) Define X* := X x Ny and

G* :={(g,7): g € G, and 7 is a permutation of Ny},
and let G* act on X* via

(gvﬂ) : (SU,TL) = (g : :L',’]T(TL)) ((g,ﬂ) € G*v (m,n) € X*)

(ii) If A C X*, then those n € Ny such that there is an element of A whose second
coordinate is n are called the levels of A.

Exercise 0.2.4 Let G, X, G*, and X* as in Definition 0.2.5. Show that, if E1, E2 C X, then
Ei ~g Es if and only if E1 x {n} ~g= Ea x {m} for all n,m € No.

Definition 0.2.6 Let G, X, G*, and X* be as in Definition 0.2.5.

(i) A set A C X* is called bounded if it has only finitely many levels.

(if) If A C X* is bounded, then the equivalence class of A with respect to ~g~ is called
the type of A and is denoted by [A].

(iii) If E C X, we write [E] := [E x {0}].
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(iv) Let A, B C X* be bounded, and let k € Ny be such that
B :={(byn+k):(byn)e BfNA=2.

Define [A] + [B] := [AU B'].
(v) Let

S:={[A] : A C X" is bounded}.
Then (S, +) is called the type semigroup of the action of G on X.

We have just labeled (S, +) the type semigroup, thus implying that it is indeed a semi-
group. This requires at least a little verification:

Exercise 0.2.5 Let G be a group acting on a set X, and let (S,+) be the corresponding type

semigroup.

(i) Show that + is well defined.
(ii) Show that (S,+) is a commutative semigroup with identity [@].

If S is any commutative semigroup, define

no:=a+-+a (€S, neN).
—_—

n times
Also, we write a < 3 for o, 8 € S if there is v € § such that a +v = .

Exercise 0.2.6 Let S be a commutative semigroup, and let a1, az, 81, 82 € S be such that a1 < 1
and as < B2. Show that a1 + as < B1 + 2.

Exercise 0.2.7 Let G be a group acting of a set X, and let S be the corresponding type semigroup.
Show that:

(i) If o, 3 € S are such that « < 8 and 8 < a, then a = 3.
(if) A set E C X is G-paradoxical if and only if [E] = 2[E].
If S is the type semigroup of some group action, we have the following cancellation law:

Theorem 0.2.7 (AC) Let S be the type semigroup of some group action, and let o, € S
and n € N be such that na = nf. Then a = (3.

Proof If na = nfB, then there are two disjoint, bounded G*-equidecomposable sets E, E' C
X* with pairwise disjoint subsets Ai,...,A4, C F and By,...,B, C E’ such that

_E:A]_U...UAnandE/:B]_U...UBn’and
—[Aj]=aand [Bj]=pBforj=1,...,n.

Let x: E — E' and, for j =1,... ,n, let ¢;: Ay — A; and ¢;: By — B, be bijective
maps as in Exercise 0.1.5(1) (choose ¢; and ), as the identity). For each a € A; and b € By
let

a:={a,¢p2(a),... ,on(a)} and b:={b,¢2(b),... ,¢n(b)}

Define a bipartite graph as follows: Let X :={@:a € A;} and Y := {b: b € B;}. For
each j = 1,...,n form an edge from a € X to b € Y if x(¢;(a)) € b. This graph is n-regular



0.2 Tarski’s theorem 11

(Why?). Thus, by Konig’s theorem, it has a perfect matching F. For each a € X, there is
b €Y and a unique edge (a,b) € F such that x(¢;(a)) = ¥ (b) for some j, k € {1,... ,n}.
For any j,k € {1,... ,n} define

Cijr={a€ A :(ab) € Fand x(¢;(a)) = ¢¥r(b)}

and
Dy :={b€ By :(a,b) € F and x(¢;(a)) = ¢1(b)}.

Then w,:l o x o ¢; maps Cj bijectively onto D, as in Exercise 0.1.5(i); in particular
Cjk ~c+ Djy. Since {Cj1 : j,k = 1,... ,n} and {D; : j,k = 1,... ,n} are disjoint
partitions of A; and Bj, respectively, it follows from Exercise 0.1.5(ii) that Ay ~g~ By, i.e.
a=0£. 0O

For the proof of Tarski’s theorem, we will need the following corollary of the cancellation

law:

Corollary 0.2.8 (AC) Let S be the type semigroup of some group action, and let « € S
and n € N be such that (n + 1)a < na. Then o = 2a.

Proof From the hypothesis, we obtain
2a+na=n+la+a<na+a=(n+1)a<nau

Repeating this argument, we obtain na > na + na = 2na. Since, trivially, na < 2na, we
have na = 2na = n(2«) by Exercise 0.2.7(1). From Theorem 0.2.7, o = 2« follows. O
In order to complete the proof of Tarski’s theorem, we need one more theorem, for which,

in turn, we need the following technical lemma:

Lemma 0.2.9 Let S be a commutative semigroup, let Sy C S be finite, and let € € Sy be
such that (n+ 1)e £ ne for n € N, and such that for each o € S there is n € N with a < ne.

Then there is a function v: Sy — [0, 00] with the following properties:

(i) v(e) =1;
(ii) ifaq, ... ,Qn,P1,... , 0Bm € So are such that aq + -+ an < By + -+ + B, then
> vlay) < w(By).

j=1 j=1

Proof We proceed by induction on the cardinality of |Sy|.

If |So| = 1, then Sy = {€}. In this case v(e) := 1 satisfies (i). To verify (ii) let n,m € N
be such that ne < me, and assume that n > m + 1. But then (m + 1)e < ne < me, which
contradicts the hypotheses on e.

Suppose now that that there is ag € Sp \ {€¢}. By the induction hypothesis, there is a
function v: Sp \ {ap} — [0, 00| satisfying (i) and (ii). Since, for any « € S, there is n € N
such that o < ne, it follows from (ii) that v attains only finite values. Extend v to Sy by
letting
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v(ap) = inf % PRZCHEDIRZCHE

j=1 j=1
where the infimum is taken over all r € N and vy1,... ,7p,01,... .94 € So \ {ao} satisfying
R A S R

It follows that this infimum is taken over a non-empty set (Why?), and that v(ag) > 0. It
remains to be shown that the extended v still satisfies (ii).
Let aq,. .-, Qn, B1,--- 5 Bm € So \ {ao} and s,t € Ny be such that

a4 o+ sag < G140+ B + tag. (0.1)

If s =t =0, the claim is clear from the induction hypothesis.
Case 1: s =0 and t > 0. We have to show that

n

> vlay) < tvlag) + Y v(By).

j=1 j=1

ie.

Let r € Nand v1,...,7p,01,... ,04 € So \ {aw} satisfy
14+ 0+rag <+ +7. (0.2)

It is sufficient to show that

v v | 2w 03)

j=1 j=1
From (0.1) — note that s = 0 — we obtain by multiplication with r and adding the same
terms on both sides:

rag 4ot ra, Ft0 + -+t <+ + 10y +rtag + 101 + - - -+ Ed,.
Substituting (0.2) yields:

rog 4+ ran o+t <P+ F B ity Y.

Applying the induction hypothesis, we obtain

n

q
P> vlag)+tY v(6) <y v(B) +t > vy,
j=1 j=1 j=1 j=1
which implies (0.3).

Case 2: Suppose that s > 0.

It suffices to show that
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n

sv(ag) +ZV(OZJ‘) <zi+-+z +ZV(5J')7
j=1

j=1
where z1,...,2; are any of the numbers whose infimum defines v(ag). Without loss of
generality, we may suppose that z; = -+ = z; =: z (Why?). We thus must prove that

n

sv(ag) + Z viaj) <tz-+ ZV

j=1

Multiplying (0.1) by r and adding the same terms on both sides yields:
rag 4+ roy Frsag + 01+ -+ 10 <rfi 4o+ 1B, +rtag + 101 + - + 1. (0.4)

Let 1, ... ,Yp,01,... ,04 € So \ {aw} satisfy (0.2) with

Substituting (0.2) into (0.4) yields:
rag 4o ro, Ht0 - F g+ rsag KL+ 0y v+ Uy

From this inequality and from the definition of v(ay), it follows that

This finishes the proof. O

Theorem 0.2.10 (AC) Let (S,+) be a commutative semigroup with neutral element 0,

and let € be an element of S. Then the following are equivalent:

(i) (n+ 1)e £ ne for alln € N.
(ii) There is a semigroup homomorphism v: (S,+) — ([0,00],+) such that v(e) = 1.

Proof The implication (ii) = (i) is easy (Work it out for yourself!). We shall thus focus
on the proof of (i) = (ii).

Without loss of generality suppose that, for each o € S, there is n € N such that a < ne
(otherwise, first disregard those elements « lacking this property, and later define v(«a) := oo
for all such «).

For any finite subset Sy of S containing e, let Mg, be the set of all K: S — [0, 00] such
that

— k(e) =1, and
— kla+ ) = k(a) + k(B) for a, B,a + B € Sp.
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It follows from Lemma 0.2.9 that Ms, # @ (Why?).
Let [0,00]° be equipped with the product topology. Then it is compact by Tychonoff’s
theorem. It is easily seen (but nevertheless check it yourself) that, for each finite subset Sy

of S, the set Mg, is closed in [0, 00]°. It is equally easily seen that the family
{Ms, : So C S is finite}

has the finite intersection property. Hence, (\{Ms, : So C S is finite} contains at least one
map v: S — [0,00]. It is clear that v(e¢) = 1, and if o, § € S, then v(a + 5) = v(a) + v(8)
because v € M, 8,045} O

Exercise 0.2.8 One last time: Where in the proof of Theorem 0.2.10 was the axiom of choice used?
We are finally able to complete the proof of Tarski’s theorem:

Proof of (the difficult direction of) Tarski’s theorem Let S be the type semigroup of the
action of G on X. Suppose that E is not G-paradoxical. By Exercise 0.2.7(ii), this means
that [E] # 2[E], and from Corollary 0.2.8 it follows that (n + 1)[E] £ n[E] for all n € N.
Hence, Theorem 0.2.10 implies that there is an additive map v : & — [0,00] such that
v([E]) = 1. Then

p: PX) = [0,00], A v([A])

is the desired set function. OIf X is any set, and p: P(X) — [0,00] is a finitely additive
set function with p(X) < oo, then we may define m € ¢>°(X)* through

m) = /X o(x)du(z) (&€ (X))

(for a detailed exposition on integration with respect to not necessarily countably additive
set functions, see [D-S, Chapter III]). The following is thus an easy consequence of Tarski’s

theorem:
Corollary 0.2.11 (AC) For a group G the following are equivalent:

(i) G is not paradozical.

(ii) There is a finitely additive set function p: P(G) — [0,00) such that u(G) = 1 and
w(gE) = p(E) for all g € G and E C G.

(i) There is m € £>°(G)* with:

(a) (1,m) = [lm] = 1;

(b) (0g % &,m) = (¢,m)  (9€G, ¢ €l>(G)).

Groups satisfying Corollary 0.2.11(iii) are called amenable ...

0.3 Notes and comments

As you might have guessed, the interest in paradoxical decompositions does not go as far
back as to biblical times. Nevertheless, their origins can be traced back to the beginnings of

modern measure theory.
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As we all know, n-dimensional Lebesgue measure A" is (a) o-additive, (b) invariant under
invertible isometries (Why?), and (c) normalized in the sense that a certain set, [0, 1]™ say,
is mapped to 1. As we all know as well, \™ cannot be extended to all of PB(R™) in such a way
that (a), (b), and (c) remain valid. In [Hau], F. Hausdorff raised the question of whether
there was a (a)’ finitely additive set function on PB(R™) that still satisfied (b) and (¢). With
the help of his paradox, Hausdorff was able to answer this question in the negative for n > 3.
Interestingly, for n = 1,2, there is a set function on all of PB(R"™) for which (a)’, (b), and (c)
still hold ([Ban]). Further investigations in this direction led S. Banach and A. Tarski to the
paradox that now carries their name ([B—T]). Tarski’s theorem first saw the light of day in
[Tar].

Our exposition is based on [Wag], which is a monograph devoted entirely to paradoxical
decompositions; another modern account of the Banach—-Tarski paradox is [Stro]. Popular
expositions of the Banach—Tarski paradox are [Fre] and [Run 2]. The article [Fre] attempts
to be humorous and contains three pictures showing its author (i) with one orange, then (ii)
cutting up the orange with a knife into finitely many pieces, and eventually (iii) with two
oranges. Why is any attempt to implement the Banach—Tarski paradox using a knife bound
to fail?

Finally, if you had problems solving Exercise 0.2.2, look it up in [B-M] or [Pat 1].



1 Amenable, locally compact groups

In view of Corollary 0.2.11, there are three possible ways of extending the notion of a-

menability from discrete groups to general locally compact groups:

— Require that the group G be not paradoxical with some Borel overtones added to Definition
0.1.1, i.e. we demand that the sets A4,... , A, and By,... , B,, in Definition 0.1.1 be Borel
sets.

— Require the existence of a finitely additive set function p on the Borel subsets of G with
#(G) =1 such that u(gE) = p(E) for all g € G and all Borel subsets E of G.

— Require the existence of a linear functional m as in Corollary 0.2.11(iii) on some space

that can replace £>°(G) in the general locally compact situation, such as L>(G) or Cp(G).

It is this third definition of amenability which has turned out to be the “right” one: The
class of amenable, locally compact groups is large enough to encompass lots of interesting
examples — all compact and all abelian groups are amenable —, but, on the other hand,
is small enough to allow for the development of a strong theory.

Since the objects of this chapter are locally compact groups, some background in abstract
harmonic analysis is indispensable for understanding it. For the reader’s convenience, we have
collected the necessary concepts and facts from abstract harmonic analysis in Appendix A.
We would like to point out here that our use of the convolution symbol * is a bit unorthodox:
For the convolution of a measure from the right with an L*-function, it differs from the
usual definition (compare Definitions A.1.6 and A.1.14).

By the way, since we define amenable, locally compact groups in terms of bounded, linear
functionals, we are now entering the realm of functional analysis, where virtually nothing
works without the axiom of choice; therefore, from now on, we shall no longer indicate
whether a results depends on the axiom of choice or not, but simply suppose that this

axiom holds.

1.1 Invariant means on locally compact groups

We start with the definition of a mean:

Definition 1.1.1 Let G be a locally compact group, and let E be a subspace of L*(G)
containing the constant functions. A mean on E is a functional m € E* such that (1,m) =

Il = 1.

V. Runde: LNM 1774, pp. 17-36, 2002
(© Springer-Verlag Berlin Heidelberg 2002
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For the subspaces of L*°(G) we are interested in — L*(G) itself, Cp(G), LUC(G),
RUC(G), UC(G) (see Appendix A for the definitions of these spaces) — the following
characterization of means holds:

Proposition 1.1.2 Let G be a locally compact group, and let E be a subspace of L>=(QG)
containing the constant functions and closed under complex conjugation. Then, for a linear

functional m: E — C with {1,m) = 1, the following are equivalent:

(i) m is a mean on E.

(ii) m is positive, i.e.
(pm) >0  (p€E, ¢>0).

Proof (i) = (ii): We first prove that (¢, m) € R for all ¢ € E with ¢(G) CR. Let ¢ € E
be real-valued, and suppose without loss of generality that ||¢|lc < 1. Let «, 5 € R be such
that (¢, m) = o + Bi. For any t € R, we then have:

B+ <|a+i(B+)* = [p+itl,m)]* < ¢ +itl||3, < 1+¢
(Where did we use the fact that ¢(G) C R?). It follows that
26t <1— 32 (t € R),

so that g = 0.

Now, let ¢ € E be such that ¢ > 0. Without loss of generality, suppose that 0 < ¢ < 1.
Let ¢ := 2¢ — 1, so that ¥(G) C R and |[¢||cc < 1. Since m is a mean, we have |(1), m)| <
|]lco <1, so that

(.m) = H(0 ) = S(1+ (p.m) 0.

(ii) = (i): Let ¢ € E be real-valued. Then ¢ := ||¢]lccl — ¢ > 0, so that (¢»,m) > 0.
It follows that (¢, m) € R and (¢, m) < ||¢||c. Replacing ¢ with —¢, we obtain —(¢p, m) <
|#]loo, sO that, as a whole, [{¢p, m)| < ||¢||co-

For arbitrary ¢ € E, choose A € C such that (Ap,m) = |(¢,m)|. Since E is closed
under complex conjugation, there are real-valued ¢1, ¢o € E such that A = ¢1 + i (Why
exactly?). Since (¢1,m) + i{¢2, m) = (Ap,m) > 0 and since (¢1,m), (p2,m) € R, it follows
that (@2, m) = 0. We thus have

(¢, m)| = (d1,m) < |f1]loc < [[A]loc = [|lloo,

which establishes (i). O

Exercise 1.1.1 Let G be a locally compact group, and let E be a subspace of L>(G) containing
the constant functions and closed under complex conjugation. Show that the set of means on F is

w*-compact in E*.
We now define what we mean by a (left) invariant mean:

Definition 1.1.3 Let G be a locally compact group, and let E be a subspace of L>(G)

containing the constant functions and closed under complex conjugation..
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(i) E is called left invariant if §, % ¢ € E for all ¢ € E and g € G.
(ii) If E is left invariant, then a mean m on E is called left invariant if

(6g xp,m) = (p,m)  (g€G, p€E).

Definition 1.1.4 A locally compact group G is amenable if there is a left invariant mean
on L*(G).

By Corollary 0.2.11, for a discrete group, being amenable is the same as not being
paradoxical.

We now give a few examples of amenable (and non-amenable) groups:

Examples 1.1.5  (a) By Theorem 0.1.2 and Corollary 0.2.11, F5 is not amenable (since
this conclusion only depends on the easy direction of Tarski’s theorem, it is independent
of the axiom of choice).

(b) Let G be a compact group, so that L>°(G) C L*(G). Let m¢ denote normalized (left)

Haar measure on G, and define

(6,m) = /G o(g)dmaly)  (6€ L¥(G)).

It is obvious, that m is a left invariant mean on L*°(G), so that G is amenable.

(¢) Let G be a locally compact, abelian group. We claim that G is amenable. To see
this, let K be the set of all means on L*°(G). It is easy to see that K is convex, and by
Exercise 1.1.1, it is compact. For each g € G define a linear map Ty: L*°(G)* — L>*(G)*
through

(Tygn, ¢) == (Ggx d,n) (6 € L™(G), n € L=(G)").

It is easy to see (but you should nevertheless check it), that each map T is w*-continuous
and leaves K invariant. Moreover, it is immediate that Ty, = 1,7}, for g, h € G. By the
Markov—Kakutani fixed point theorem ([D-S, Theorem V.10.6]), there is m € K such
that Tym = m for all g € G. This means that m is a left invariant mean on L>(G).
The argument used in Examples 1.1.5(c) to establish the amenability of locally compact,
abelian groups is rather non-constructive: We get the existence of a left invariant mean, but

we can’t lay our hands on it. For concrete abelian groups, however, it is sometimes possible
to give a more explicit description of a left invariant mean:

Exercise 1.1.2 Let U be a a free ultrafilter on N, and define m: £*°(Z) — C through

T X e e

(6, m) = lim

Show that m is a left invariant mean on ¢°°(Z). Do you have any idea of how a left invariant mean
on L*°(R) might look?

We have defined amenable, locally compact groups G in terms of left invariant means
on L>°(G). This definition is not always convenient to work with. For example, if we have a
closed subgroup H of G, then Haar measure on H need not be the restriction to H of Haar

measure on G, so that there is, in general, no relation between L>°(H) and L*°(G). This is
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particularly awkward if we want to investigate the hereditary properties of amenability. We
shall now characterize amenable, locally compact groups in terms of other (left invariant)
subspaces of L>®(G).

We require the following definition for technical reasons:

Definition 1.1.6 Let G be a locally compact group.
(i) Let
P(G):={feLYG): f =0, | fl. =1}
(ii) Let E be one of the following spaces: L (G), Cp(G), LUC(G), RUC(G), or UC(G).
Then a mean m € E* is called topologically left invariant if
(fxd,m)=(p,m)  (P€FE, fePG).
Exercise 1.1.3 Show that P(G) is a subsemigroup of (L'(G), *).

Exercise 1.1.4 Show that a topologically invariant mean in the sense of Definition 1.1.6(ii) is well
defined, i.e. if E is L*(G), Cy(G), LUC(G), RUC(G), or UC(G), and if ¢ € F and f € P(G), then
fx¢ € E as well.

We first clarify the relationship between left invariant means and topologically invariant

means:

Lemma 1.1.7 Let G be a locally compact group, and let E be L*>(G), Cp(G), LUC(G),
RUC(G), or UC(G). Then every topologically left invariant mean on E is left invariant.

Proof Let m € E* be a topologically left invariant mean. Let ¢ € E, and let g € G. Fix
f € P(G). Then we have

(6 % @, m) = (f * 5 xp,m) = ($, m),
~——
eP(G)
so that m is left invariant. 0O

Lemma 1.1.8 Let G be a locally compact group, and let m € UC(G)* be a left invariant

mean. Then m is topologically left invariant.

Proof Let ¢ € UC(G), and let f € L'(G). Since m is left invariant, we obtain

For each ¢ € UC(QG), the functional L'(G) > f — (f x ¢,m) is continuous, so that there is
1 € L*°(G) such that

(f % 6, m) = /G f@)(@) dmelg)  (f € NG)).

From (1.1), it follows that 64 * ¢ = ¢ for all g € G, so that v is in fact constant. Thus, for
any ¢ € UC(G), there is C(¢) € C such that
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U*¢m%d%@Lj@Mmdm (f € I}(G)).
For f € P(G), it follows that

(fxo,m) =C(9) (¢ €UCG)).

By Theorem A.1.8, there is a bounded approximate identity (e, )s for L'(G) contained in
P(G). Then (eq)q is bounded left approximate identity for the left Banach L' (G)-module
UC(G) (by Proposition A.2.5). For f € P(G) and ¢ € UC(G), we thus have

(f *6.m) =l (f * ea * 6,m) = C(6) = lim{ea * 6, m) = (6,m),

i.e. m is topologically left invariant. O
Exercise 1.1.5 Let G be a locally compact group. For which of the following subspaces of L*(G)
does the proof of Lemma 1.1.8 still work: L*°(G), Cy(G), LUC(G), RUC(G)?

Theorem 1.1.9 For a locally compact group G, the following are equivalent:

(i) G is amenable.

(ii) There is a left invariant mean on Cp(QG).
(iii) There is a left invariant mean on LUC(G).
(iv) There is a left invariant mean on RUC(QG).
(

v) There is a left invariant mean on UC(G).

Proof 1t is obvious that only (v) = (i) needs proof.

Let m be a left invariant mean on UC(G). By Lemma 1.1.8, m is also topologically left
invariant. Let (es)o be a bounded approximate identity for L'(G) in P(G), and choose an
ultrafilter U on the index set of (e,)q that dominates the order filter. Define

m: L®(G) —-C, ¢~ liLr{n(ea * Gk €y, M).

By Proposition A.2.5(iii), this is well defined. It is easily seen that m is a mean on L*°(G)
(but check for yourself). For ¢ € L*°(G) and f € P(G), we then have:
(f xo,m) = lig{n(ea * fx @*eq,m)
= li&n(f*ea * Q% €q, M)
= li&n(ea kD * oy M), since m is topologically left invariant,
= (¢, m),
i.e. m is topologically left invariant. By Lemma 1.1.7, 7 is left invariant. O

Corollary 1.1.10 For a locally compact group G, let G4 be the same group equipped with
the discrete topology. Then, if G4 is amenable, so is G.

Proof If G4 is amenable, then there is a left invariant mean m on £°°(G). Since Cp(G) C
(°(G), mle, () is a left invariant mean on Cy(G), so that G is amenable. O
As we shall see in the next section, the converse of Corollary 1.1.10 is false.
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An apparent drawback of Definition 1.1.4 is that it is not symmetric: We have defined
amenability through left invariant means, so that groups satisfying that definition should
rather be called left amenable. We could as well have defined amenability via right invariant
means (it is so obvious what that is that we won’t give a formal definition) or (two-sided)
invariant means (it is also clear what that is supposed to mean). Fortunately, all these
variants of Definition 1.1.4 characterize the same class of locally compact groups, as we shall
now see.

We leave some preparations to the reader:

Exercise 1.1.6 Let G be a locally compact group, and identify L'(G) with its canonical image in
L>(G)".

(i) Show that P(G) is w*-dense in the set of all means on L*°(G).

(ii) Show that G is amenable if and only if there is a net (fo)a in P(G) such that limq ||6g * fo —

falli =0 for all g € G. (Hint: In any normed space, the norm closure and the weak closure of

a convex set are the same.)

Theorem 1.1.11 For a locally compact group G the following are equivalent:

(i) G is amenable.
(ii) There is a right invariant mean on L (G).

(iii) There is an invariant mean on L*=(G).

Proof (i) = (ii): Let m be a left invariant mean on L*°(G). For ¢ € L°°(G) define
é € L>®(G) by letting ¢(g) := ¢(g~") for g € G. Define

m: L®(G) — C, ¢ (d,m).

Then 7 is a right invariant mean on L>(G).

(if) = (i) is proved in exactly the same fashion.

To prove (i) = (iii), let (fo)a be a net in P(G) as specified in Exercise 1.1.6(ii). For
f e LYG), let f € L'(G) be defined as in Exercise A.1.7. By Exercise A.1.7(ii), (fa)a is a
net in P(G) such that lim, || fa * J; — fall1 = 0 for all g € G (Why does that latter property
hold?). Tt follows that (fo * fa)a is a net in P(G) satisfying

hén”(sg*fa*.fa_fa*.fa”l:hén”fa*fa*ag_fa*.fa”l:0 (géG). (12)

Let m be any w*-accumulation point of (fg * fa)a in L(G)*. Then clearly m is a mean on
L>(@G), and (1.2) implies that m is invariant.

Finally, (iii) = (i) holds trivially. O

In view of Exercise 1.1.6(ii), one might ask if, for a locally compact group G, a left
invariant mean on L*°(G) can be chosen in P(G) itself. We leave it to the reader to verify
that this is possible only in the obvious, i.e. compact, case:

Exercise 1.1.7 Let G be a locally compact group. Show that there is a left invariant mean on
L*°(G) belonging to P(G) if and only if G is compact.
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1.2 Hereditary properties

Next, we investigate how amenability behaves under the standard operations on locally
compact groups, such as forming closed subgroups, quotients, or short, exact sequences. As
a byproduct of this investigation, we will increase our stock of examples of amenable (and
non-amenable) groups.

We start with quotients, but will in fact prove the following, more general result:

Proposition 1.2.1 Let G be an amenable, locally compact group, let H be another locally
compact group, and let 0: G — H be a continuous homomorphism with dense range. Then

H is amenable as well.
Proof Define a continous homomorphism of Banach algebras
0%: Cy(H) — Co(G), ¢ o
Let ¢ € LUC(H), and let (go)a be a net in G converging to some g € G. Then
li{gnéga *x0%p = liéne*(ée(ga) * @) = 0" (0g(g) * ) = 0g * 0%,

so that 0*¢ € LUC(G).
Let m be a left invariant mean on LUC(G), and define m € LUC(H)* through
(¢p,m) == (0"p,m) (¢ € LUC(H)).
It is immediate that /m is a mean on LUC(H). Let g € G. Then

Let h € H be arbitrary. Since 6(G) is dense in H, there is a net (go)q in G such that
lim,, 0(ga) = h. For ¢ € LUC(H ), we then have lim, dg(g,) * ¢ = 0p * ¢ by the definition of
LUC(H). Together with (1.3), this yields

(On * &ym) = lim{dg(g,,) * @, M) = (¢, ),
so that m is left invariant. 0O

Corollary 1.2.2 Let G be an amenable, locally compact group, and let N be a closed, normal
subgroup of G. Then G/N is amenable.

The fact that amenability is inherited by closed subgroups is surprisingly hard to obtain.
We need the following definition:

Definition 1.2.3 Let G be a locally compact group, and let H be a closed subgroup of
G. A Bruhat function for H is a continuous, positive function § on G with the following

properties:

(i) For each compact subset K of G, we have that supp(8|xg) is compact.
(ii) We have

/H Blgh)dmu(h) =1 (g€ G).
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We shall see that Bruhat functions always exist. This requires a little preparation:

Lemma 1.2.4 Let G be a locally compact group, let H be a closed subgroup, and let U be
an open, symmetric, i.e. U = U1, relatively compact neighborhood of eq. Then there is a

subset S of G with the following properties:

(i) For each g € G, there is s € S such that gH NUs # &.
(ii) If K C G is compact, then {s € S: KHNUs # @} is finite.

Proof Use Zorn’s lemma to obtain a subset S of G with the property that s ¢ UtH for all
s,t € S with s # t which is maximal with respect to set inclusion (Do you always believe it
when someone says or writes that something exists by Zorn’s lemma?).

For (i),let g€ G. It gHNUs = &, we have g ¢ UsH for all s € S. From the maximality
of S, it follows that g € S (Why? It is here where the symmetry of U comes in ... ). Since
g € gH NUg, this is a contradiction.

In order to prove (ii), assume that there is a compact subset K of G such that {s € S :
KHNUs # @} is infinite. We may thus find sequences (s,)%; in S and (h,)2>; in H such
that s,, # s,, whenever n # m and s,h, € UK for all n € N. Since UK is compact, the
sequence (s,h,,)%%; has a cluster point in ¢ € UK. Choose a symmetric neighborhood V' of
e such that VV C U (Why does one exist?). We may thus find n, m € N with n # m such
that sphp, smhm € Vg and thus s,h, € Usyhy,. But this means that s,, € Us,, H, so that

Sn = Sm by the definition of S. This is a contradiction. 0O

Lemma 1.2.5 Let G be a locally compact group, and let H be a closed subgroup. Then there

is a continuous function f: G — [0,00) with the following properties:
(i) For each g € G, we have {h € G : f(h) >0} NgH # &.
(ii) If K C G is compact, supp(f|rxm) is compact.

Proof Choose a positive function ¢ € Cyo(G) with

pg)=0g™") (9@ and  ¢(eq) =1,

and let U := {g € G : ¢(g9) > 0}. Then U is an open, symmetric, relatively compact
neighborhood of eg. Let S be as in Lemma 1.2.4, and define f: G — [0, 00) through

flg):=> dlgs™) (9€@). (1.4)
s€ES
By Lemma 1.2.4(ii), the sum in (1.4) is finite whenver g ranges through an arbitrary compact
subset of G. This establishes at once that f is well-defined and continuous.
Then (i) is an immediate consequence of Lemma 1.2.4 and the definition of U.
Let K C G be compact. By Lemma 1.2.4(ii), there are s1, ... , s, such that

{ge KH: f(9) >0} = JUsNKH CUsyU---UUs,.
sES

Since Usy U --- U Us, is relatively compact, it follows that supp(f|x ) is compact. O
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Exercise 1.2.1 Let G be a locally compact group, and let H be a closed subgroup. Let f: G — C
be continuous such that supp(f|x#) is compact for every compact subset K of G. Show that, for
any ¢ € L°°(H), the function

G=C g [ oftg™ h)dmu(h)
H
is continuous. (Hint: Use the fact that Coo(G) C LUC(G) by Remark A.2.4.)

Proposition 1.2.6 Let G be a locally compact group, and let H be a closed subgroup of G.
Then there is a Bruhat function for H.

Proof Let f be as in Lemma 1.2.5, and define
0:G=C g [ flgh)dmu(h)
G

It follows from Lemma 1.2.5(ii) that « is well defined, and Lemma 1.2.5(i) and Exercise 1.2.1
establish that « is continuous. Also, Lemma 1.2.5 and Exercise A.1.4 yield that a(g) > 0
for all g € G. Define

6:G—C, gr— —=.

It is immediate from Lemma 1.2.5(ii) that § is continuous and satisfies Definition 1.2.3(i).
Since my is left invariant, « is constant on the left cosets of H. Hence, 3 satisfies Definition
1.2.3(ii) as well. O

Theorem 1.2.7 Let G be an amenable, locally compact group, and let H be a closed sub-
group of G. Then H is amenable.

Proof Let 8: G — C be a Bruhat function for H, and define T': Cp(H) — ¢°°(G) through

/ o(h W dmu(h) (g€ Q).

It is immediate that T is a contraction such that T1 = 1. By Exercise 1.2.1, we have
TCy(H) C Cp(G). Let m be a left invariant mean on Cp(G), and define m := T*m. It is
immediate that m is a mean on Cp(H).

Let h € H and ¢ € Cy,(H); we have:

T (6, % 6)(g /¢ hYE)B(g7 k) dmp (k)

/ o(k)3((g™ ) ) dmr (k)

= (T¢)(h™'g)
= (0n*xTP)(g) (9€G).

It follows that m is left invariant. O

Exercise 1.2.2 What’s wrong with the following simple “proof” of Theorem 1.2.77
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We define a map T': Cp(H) — L°°(G) as follows. Let (ga)a be a family of representatives of
the right cosets of H. Let g € G. Since G is the disjoint union of (Hga)a, there is a unique
ga such that g € Hga, so that gg;' € H. Define

(Te)(9) == dl99a") (¢ € Cy(H)).

It follows immediately from that definition that T'¢|rg, € Co(Hga) for all ¢ € C,(H) and
any ga. Consequently, T'¢ € L°(G) for all ¢ € Cy(H). The following properties of the map
T:Cy(H) — L*(G) are easily verified:

— T is a linear isometry;

- T1=1;

—T(nhx¢)=0*T¢  (h€H, ¢eC(H))

Let m be a left invariant mean on L*(G), and define m € Cp(H)™ through

(¢,m) := (Tp,m) (¢ €Cp(H)).
Then m is a left invariant mean on Cy(H).
Show that this argument does indeed work if H is open or G4 is amenable.
Together, Theorem 1.2.7 and Examples 1.1.5(a) yield:

Corollary 1.2.8 Let G be a locally compact group that contains a closed subgroup isomor-

phic to Fy. Then G is not amenable.
As a consequence, the converse of Corollary 1.1.10 does not hold:

Example 1.2.9 For n > 3, the group SO(n) is compact and thus amenable. However, by
Exercise 0.1.3, SO(n) has a subgroup isomorphic to Fa. Since in the discrete topology every

subgroup is closed, SO(n)y is not amenable.
Next, we consider short, exact sequences:

Theorem 1.2.10 Let G be a locally compact group, and let N be a closed, normal subgroup
such that both N and G/N are amenable. Then G is amenable.

Proof Let m be a left invariant mean on Cy(N). For ¢ € LUC(G), define T¢: G — C
through
(T'9)(9) := (3¢ * @) |, ).

Since ¢ € LUC(G), we have T¢ € Cp(G) (Why exactly?). Obviously, T: LUC(G) — Cy(G)
is a bounded, linear map. Let g1, g2 € G belong to the same coset of G, i.e. there is n € N
such that g1 = ngs. For ¢ € LUC(G), this means

(T$)(91) = (65, * P)|ws 1) = (On % ((0g, * P)|n), ) = ((bg, * @), 170) = (TP)(92),

i.e. the value of T'¢ at a point g € G depends only on the coset of g. Hence, T'¢ drops to a
function in Cy(G/N), so that T in induces a bounded linear map T': LUC(G) — Cy(G/N).
It is immediate that 71 = 1 and that T'¢ > 0 for ¢ > 0.

Let m be a right invariant mean on Cp(G/N). Define m € LUC(G)* through

(¢,m) = (To,m) (¢ € LUC(Q)).
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It follows that (1, m) = 1 and (¢, m) > 0 for ¢ € LUC(G) with ¢ > 0, so that, by Proposition
1.1.2, m is a mean on LUC(G). Let g € G, and let ¢ € LUC(G). Then we have

(85 % pym) = (T(8, % ¢), 1) = (Th) % 6y-1n,7m) = (Tp,m) = (¢, m). (1.5)
Therefore m is left invariant. O

Exercise 1.2.3 Justify in detail why the second equality in (1.5) holds.

Example 1.2.11 A group G is called solvable, if there are normal subgroups Ny, ..., N,
of G with

{e¢}=NoC---C N, =G;
N;/N,_; is abelian for j =1,... ,n.

Since abelian groups are amenable by Examples 1.1.5(c), it follows from successively applying
Theorem 1.2.10 that all solvable groups are amenable as discrete groups. If a locally compact
group G is solvable, G4 is amenable (since solvability does not depend on the topology), and

by Corollary 1.1.10, G is amenable.
Exercise 1.2.4 Show that the Heisenberg group

lxzy
01z]|:2,y,2€R
001

is solvable and thus amenable.

Finally, we consider directed unions:

Proposition 1.2.12 Let G be a locally compact group, and let (H,)s be a directed family
of closed sugroups of G such that |J, Ha is dense in G and each group H, is amenable.
Then G is amenable.

Proof For each H,, let m,, be a translation invariant mean on Cy(H,, ). Define m,, € Cp(G)*
through

<¢a ma> = <¢|Ha7ma> (¢ € Cb(G))

Let m be a w*-accumulation point of (14 ) in Cp(G)*. Then, certainly, m is a mean on
Cy(G). Let ¢ € Cy(G), and let g € |J,, Ho. Since the family (H, ), is directed, it follows that
(04 * ¢, m) = (¢, m). As in the proof of Proposition 1.2.1, we see that

(0g % ¢ym) = (d,m) (g9 €G, ¢ LUCA)),

i.e. m|Lug(g) is a left invariant mean on LUC(G). O

Example 1.2.13 A group G is called locally finite if every finite set of elements of G
generates a finite subgroup of G. Let F be the collection of all finite subsets of G. For each
F € F, let (F) denote the group generated by F. If G is locally finite, then ((F))pecr is a
directed family of subgroups of G such that |, z(F) = G. Since finite groups are amenable
(Why?), every locally finite group is amenable.
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Exercise 1.2.5 Show that

{m:N — N: 7 is bijective, and there is N € N such that 7(n) =n for n > N}
is amenable.

For n € N, let
GL(n,R) := {4 € M,,(R) : A is invertible}
and
SL(n,R) :={A e M,(R):det A =1};

analoguously, we define GL(n,C) and SL(n,C). We conclude this section with an exercise,
whose goal is to establish the non-amenability of these matrix groups:

Exercise 1.2.6 Recall from complex variables the notion of a linear fractional transformation

([Conw 1, Definition 3.5]). We use G to denote the group of all fractional linear transformations.

For each matrix [Z g] € GL(2,C), there is an element ha € G associated with it:

az+b
h = .
A(z) cz+d
(i) Show that the assignment
GL(2,C) — G, A ha (1.6)

is a group homomorphism.
(ii) Let PSL(2,R) be the image of SL(2,R) under (1.6), and let it be equipped with the quotient
topology. Show that PSL(2,R) = SL(2,R)/{—E2, E2}.

(iii) Let
Ky ={ze€C:|z+2|=1},
Ky :={2€C:|z—2 =1},
Ky :={2z€C:|z+5| =1},
and

Ky:={z€C:|z—-5=1}.

Further, define

_22+3

52+ 24
hi(z) :== PO =

and ha(z) :== por

(so that hi1,he € PSL(2,R)). Let j € {1,2}, and let z be exterior to both circles K; and K.
Show that then h;(z) is in the interior of K; and h;l(z) is in the interior of K;. (This and the
next part of the problem require some knowledge about the geometric properties of fractional
linear transformations; see, e.g., [Conw 1, §I11.3].)
(iv) Let K, K1, K3, and K> and hy and hs be as in (iii). Again, let 5 € {1,2}, and let z be
exterior to both K; and K. Show that h;(z) and h;l(z) are exterior to both K and Kj, for
k+#3j.
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(v) Let z be exterior to all of K UKk, UKQUR'Q, and let d be the distance of z to K1 UK UK3UK>.
Show that |h(z) — z| > d for any h € PSL(2,R) that corresponds to a reduced word w # €
in hi, ha, hl_l, and h;l, (Hint: Show by induction on the length of w that, depending on the
element of {hi,h2,h; ', hy '} with which w starts, h(z) belongs to the interior of one of the
circles K1, K1, K», and f(g.)

(vi) Show that the subgroup of PSL(2,R) generated by hi and hs is closed and isomorphic to
F2 (so that, consequently, PSL(2,R) is not amenable).

(vii) Conclude that SL(2,R) is not amenable.

(viii) Show that, for n > 2, the groups SL(n,R), GL(n,R), SL(n,C), and GL(n,C) are not

amenable.

1.3 Day’s fixed point theorem

In Examples 1.1.5(c), we used the Markov—Kakutani fixed point theorem to show that
abelian groups are amenable. In this section, we shall give a characterization of amenable,

locally compact groups — in principle due to M. M. Day — in terms of a fixed point property.
We leave a little bit of preparation to the reader:

Exercise 1.3.1 Let G be a locally compact group. Show that the set of means of the form

> tidy,  (MEN g, gn €G tr, .ty >0, i+t =1) (1.7)

j=1

is w*-dense in the set of all means on Cy(G).

Theorem 1.3.1 (Day’s fixed point theorem) For a locally compact group G, the fol-

lowing are equivalent:

(i) G is amenable.
(ii) If G acts affinely on a compact, convex subset K of a locally convex vector space E,

i.€.
g-(tz+(1-t)y)=tlg-z)+(1-t)(g-y) (9€CG, zyeK, tel01]),
such that
GxK—K, (gx)—g-x (1.8)
is separately continuous, then there is x € K such that g -x =z for all g € G.

Proof (of (i) = (ii)) Fix 29 € K once and for all. Let A(K) denote the set of all continuous,
affine functions on K; note that {{|x : £ € E*} C A(K). For each ¢ € A(K), define

¢yp: G—C, g 1(g-x0).

Since (1.8) is continuous in the first variable, it follows that ¢, € Cy(G). Let m be a left

invariant mean on Cp(G). We claim that
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— there is z € K such that

(Pgp.m) =t(z) (¥ € A(K)),
and that

— this z is the desired fixed point.

Let (mq)a be a net of means of the form (1.7) on Cp(G) such that m = w*-lim, m,,. It
is immediate (Really?) from (1.7) that, for each m,, there is z, € K such that (¢y, ma) =
Y(z,) for all ¥ € A(K). Without loss of generality, suppose that (z,), converges to some
x € K. Then we have, for any ¢ € A(K),

(@) =l () = iy, ma) = (dy, m),

as claimed.
For g € G and £ € E*, the function

Ve K —=C, z—(g-2,8)
belongs to A(K) (here, the continuity of (1.8) in the second variable is used). Note that

Py e (h) =Yg e(h-x0) = (gh-20,§) = (Og-1 % Py, )(h)  (9,h€G € EY)  (L9)

Then we have:

(g-2,8) = 1ye(x)
= (P, m)
= (0g-1 % ¢¢ec,57m>7 by (1.9),
= (Do 0 M)
= Yege(T)
=(2,§) (9€G L€k

Since E* separates the points of E, it follows that x is indeed a fixed point. O

Exercise 1.3.2 Prove (ii) = (i) of Theorem 1.3.1.

1.4 Representations on Hilbert space

To further illustrate the many nice properties of amenable, locally compact groups, we

present a classical application of invariant means to representation theory.

Definition 1.4.1 Let G be a locally compact group, and let E be a Banach space. A
representation of G on E is a group homomorphism 7 from G into the invertible bounded
operators on F, which is continuous with respect to the given topology on G and the weak

operator topology on L(E).
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For those of you who have forgotten: The weak operator topology on L(FE) is given by

the family of seminorms (ps.¢)zcE,¢cE~, Where
Pa(T) =Tz, ¢) (€ E, €k TecL(E)).

Similarly, the strong operator topology on L(E) is given through the family of seminorms

(Pz)ecE, Where
p=(T) =Tzl (z€E,T e L(E)).
It is obvious, that the weak operator topology on L(F) is coarser than the strong operator
topology.
Exercise 1.4.1 Let E be a Banach space.

(i) Show that the following are equivalent for a linear functional ¢: L(E) — C:
(a) &
(b) ¢ is continuous with resepct to the weak operator topology;
(¢) there are z1,...,z, € E and 1,... ,9, € E* such that

is continuous with respect to the strong operator topology;

n

(T,¢) = (Tzj,0;) (T € L(E)).

j=1
(ii) Show that the strong and the weak operator topology coincide if and only if dim F < co.
Despite Exercise 1.4.1(ii), we have:

Lemma 1.4.2 Let G be a locally compact group, let E be a Banach space, and let m: G —
L(E) be a representation of G on E. Then 7 is continuous with respect to the given topology
on G and the strong operator topology.

Proof Choose a compact neighborhood K of eg in G. Then {n(g) : ¢ € K} is compact
in the weak operator topology, so that, {w(g)x : ¢ € K} is compact in the weak operator
topology for each x € E. By the uniform boundedness principle, there is C' > 0 with

super [Im(9)ll < C.
Let U be another neighborhood of e such that U = U~! and U? C K. By Theorem

A.1.8, there is a bounded approximate identity let (eq ) for L'(G) consisting of continuous
functions with support in U. Let € E. Since {n(g) : g € K} is weakly compact, there is,
for each h € U, a unique element y € F such that

(4, ) = /G ea(h ') (n(g)z, d) dmale) (¢ € EY) (1.10)

(Why exactly?); we simply denote this y by [, eq(h™'g)m(g)z dma(g). One verifies (One
should indeed do this using (1.10)!) that

(1) ( / ea<g>w<g>xdma<g>> ~ [ caloyning)dmats
:/ ea(htg)m(9)x dma(g) (heU). (1.11)
G

Define a net (z,)o in E through
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ro = / ealg)n(g)z dmalg).
G

Then, for h € U, we have

() — zall = ]

[ catn) - %(g))w(g)xdmc;(g)H by,

< 10n * e — eal1C|z]|
It follows that the map
G—E, g—7(9)za

is continuous with respect to the norm topology on E (it is clearly sufficient to have continuity
at eg).
Let

F:={z€ E:G>gr 7w(g)z is continuous with respect to the norm topology on E}.

Clearly, F' is a linear subspace of E containing (zq)a. Let (2,)52; be a sequence in F'

converging to z € E, and let (g3)s be a net in K converging to eg. Then we have

Im(95)z = 2|l = llm(9p)z = m(gp)zall + [7(gp)2n — znll + [l20 — z||
< (C+Dllzn = 2] +[I7(g8)2n — 2l

Let € > 0. Choose ng € N such that ||z, — z|| < 577y for n > ng, and choose 3y such that
17(98)2no — 2Znoll < § for B8 > Bo. It follows that ||7(gs)z — z|| < € for B > [By. Therfore,
z € F as well. Consequently, F' is a closed subspace of E and thus weakly closed.

From (1.10) and the definition of (24 )q, it follows that « is the weak limit of (z4)4. Since
(Za)a is contained in F, this means = € F. Since z € E was arbitrarily chosen, we have
F = E. This completes the proof. O

The following is related, but much easier:

Exercise 1.4.2 Let $) be a Hilbert space. Then the weak and the strong operator topology coincide
on the group of unitary operators on §.

Definition 1.4.3 Let G be a locally compact group, and let E be a Banach space.

(i) Two representations m; and w3 of G on E are similar if there is an invertible operator
T € L(E) such that

m(g) = Tma(9)T" (g€ G).

(ii) A representation m of G on E is uniformly bounded if sup e ||7(g)| < oo.
(iii) A representation m of G on a Hilbert space is unitary if 7(G) consists of unitary

operators.

Exercise 1.4.3 Give an example of a representation of R on a Hilbert space which is not uniformly
bounded.
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Exercise 1.4.4 Let G be a locally compact group, let G be a Banach space, and let 7: G — L(E)
be a uniformly bounded representation. Show that there is an equivalent norm on E such that, with

respect to this new norm, 7(G) consists of isometries.

In the representation theory of locally compact groups, the unitary representations play
the predominant role because they establish a link between locally compact groups and
C*-algebras (see, e.g., [Dixm 2, Chapter 13]). So, when is an arbitrary representation of
a locally compact group similar to a unitary representation? A necessary requirement is,
obviously, that the representation be uniformly bounded. But is this necessary condition

also sufficient? This is indeed the case for amenable groups:

Theorem 1.4.4 Let G be an amenable locally compact group, let $ be a Hilbert space, and
let m: G — L(H) be a uniformly bounded representation. Then 7 is similar to a unitary

representation.

Proof For &,1n € §, define

pen: G—C, g (n(g & m(g " )n).

Let C := sup,cq ||m(g)|- Since, by Lemma 1.4.2, 7 is continuous with respect to the strong
operator topology on L($), it follows from

|0¢.n(9) — Pen(h)]
= [{m(g™ & m(g™"m) — (w(h=1)&, m(h™")n
< {m(g™")& m(g™"m) — (m(g™)& w(h™ "))

+ (g™ e, m(h™ ) — (w (A€, w(h™ )]
< Cllglllm (g™ = m(h= )l + llw(g7)s = a(R=HENCIn] - (9,h € G)

that ¢¢,, € Cy(G).
Let m be a left invariant mean on Cp(G), and define

/\/\

€,n] = (pey,m)  (§,n € N).

It is easy to see that [+, ] is a positive semidefinite, sesquilinear form on §. Let

el == [6.€12 (€€ ).

It is immediate that [||€]|| < C||€]| for £ € $. Also, since

I€l* < Il ()P de.e9) < C*eelg)  (E€9H, g€ ),

€]l < C|l1€]] for € € $. Consequently, || - || and ||| - ||| are equivalent. By elementary Hilbert
space theory, there is S € L($)) such that

(S&m =1[&m  (§,meN).

Since

[+, -] is positive definite, S is a positive operator and, in particular, self-adjoint. Letting
T:=82

, we thus have
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(T, Tn) =1[&n  (§;neN).

Since || - || and ||| - ||| are equivalent, it follows that T is invertible.
Noting that

Pr(g)en(om = 09 * Pen (9 € G, &mEN), (1.12)

we then have for £, € $ and g € G:

(Tm(9)T ¢, Tn(g)T ) = [m(g)T '€, m(g) T "]
= (@r(g)T-16,(g)T 11> M)

= (0g * Op—1¢7-15, M), by (1.12),
= (¢r-1¢7- 1,7,m>

= [T, T

= (&)

!is indeed unitary. 0O

This means that the representation T ()T~

Exercise 1.4.5 An unconditional basis for a Banach space E is a sequence (zn)n=; in F with the
property that, for each « € E, there is a unique sequence (An)52; in C such that = Y7 | A\pan,
where the series converges unconditionally. Use Theorem 1.4.4 to prove the Kéthe-Lorch theorem:
For any unconditional basis (e,)n=; of a Hilbert space $), there is an invertible operator T' € L($)
such that (Te,)52; is an orthonormal basis. (Hint: Let G = {—1,1}", and define a representation
w: G — L($) by letting 7(g)§ := 3 oo, Anenen for g = (en)nlq € Gand £ =307 | Anen € H. Then
apply Theorem 1.4.4 to this representation.)

1.5 Notes and comments

Amenable (discrete) groups were first considered by J. von Neumann, albeit under a different
name ([Neu]). The first to use the adjective “amenable” was M. M. Day in [Day], apparently
with a pun in mind: These groups G are called amenable because they have an invariant
mean on L% (@), but also since they are particularly pleasant to deal with and thus are truly
amenable — just in the sense of that adjective in colloquial English. The introductions of
[Pie] and [Pat 1] give sketches of the historical developement of the subject (including more
references to early papers).

Our exposition borrows heavily from the monographs [Gre], [Pie], and [Pat 1]. An alter-
native (but not easier) proof of Theorem 1.2.7, which avoids Bruhat functions, is given in
[Gre]; the underlying idea is essentially the same as in the false “proof” in Exercise 1.2.2. The
following question was open for quite some time: Is the class of amenable (discrete) groups
the smallest class of groups which contains all abelian and all finite groups and which is
closed under taking (a) quotients, (b) subgroups, (c¢) extensions, and (d) directed unions? A
counterexample was constructed in 1983 by R. I. Grigorchuk ([Gri]).

Let G be a locally compact group which has a paradoxical decomposition such that the
sets Ay,...,A, and By,..., B, in Definition 0.1.1 are Borel sets. Then G is not amenable:
This can either be seen directly, as in Exercise 0.2.1, or be infered from Corollaries 0.2.11 and
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1.1.10. The question of whether the non-existence of such Borel paradoxical decompositions
characterizes the amenable, locally compact groups seems to be open ([Wag]).

Theorem 1.4.4 is due to J. Dixmier ([Dixm 1]); the special case G = R was established
earlier by B. Sz.-Nagy ([SzN]). Lemma 1.4.2 is [G-L, Theorem 2.8]. The idea to use Theorem
1.4.4 to prove the Kothe-Lorch theorem is from [Wil]. It is a still open problem, posed by
J. Dixmier, whether a converse to Theorem 1.4.4 holds: Is a locally compact group such
that every uniformly bounded representation on a Hilbert space is similar to a unitary
representation already amenable? For each n = 2,... , 00, the free group in n generators has
a uniformly bounded representation that is not similar to a unitary representation ([Pis 2,
Corollary 2.3 and Lemma 2.7(iii)]). Other partial results towards a converse of Theorem
1.4.4 in the discrete case are given in [Pis 4].

Of course, our treatment of amenable, locally compact groups is far from exhaustive. In

fact, we have only scratched at the surface. For two reasons, we don’t feel too bad about it:

— There are at least three monographs devoted to the subject, namely the aforementioned
[Gre], [Pie], and [Pat 1].

— We are primarily interested in the Banach algebraic aspects of amenability, and we have
been dealing with amenable, locally compact groups mainly to set the stage for Johnson’s

theorem in the next chapter.

Nevertheless, in order to give the reader a rough impression of why Day’s name stuck,
we would like to mention two strikingly beautiful characterizations of amenability for locally

compact groups (if you want more, read [Gre], [Pie], and [Pat 1]):

Fglner type conditions

A locally compact group G is said to satisfy the Fglner condition if, for each compact subset
K of G and for each € > 0, there is a Borel subset E of G with 0 < mg(E) < oo such that

mg(gEAE)

mo(B) ¢ (9 € K),

where A denotes the symmetric difference of two sets. This condition is named in the honor
of E. Fglner, who studied it for the first time in [Fgl] (in the discrete case only). There are
variants of the Fglner condition — the weak Fglner condition, the strong Fglner condition,
the Leptin condtion —, some of which are formally weaker, some formally stronger. They

all turn out to be equivalent to G being amenable.

Weak containment of unitary representations

If 7 is a unitary representation of a locally compact group G on some Hilbert space §, it

induces a *-representation 7 of L'(G) on § via

F(F)Em) = /G Fo) (@&, m dmalg)  (f € LY(G), & € H),

which, in turn, extends to a *-representation 7 of the group C*-algebra C*(G) (the definition
of C*(G) is sketched on page 240; see [Dixm 2, Chapter 13] for further details). If m; and
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mo are two unitary representations of G — not necessarily on the same Hilbert space —,
we say that w1 is weakly contained in o if ker Ty C ker 1. Let Ao denote the left regular
represention of G on L?(G) (Definition A.3.1(i)). The following are equivalent:

(i) G is amenable.

(ii) Every (topologically) irreducible, unitary representation of G is weakly contained in
Ag.

(iii) The trivial represenation of G on C (the one that maps every element of G to 1) is

weakly contained in As.

The equivalence of (i) and (ii) originates with A. Hulanicki ([Hul]) whereas the equivalence
of (ii) and (iii) is due to R. Godement ([God]).

Let Cf,(G) denote the reduced group C*-algebra, i.e. the closure of Ao(LY(G)) with
respect to the operator norm. Then (i), (ii), and (iii) are equivalent to C*(G) = C5 (G).
Since C}_ (G) is, in general, much more tractable than C*(G), this is yet another nice feature

of amenable groups.



2 Amenable Banach algebras

We now switch from groups to Banach algebras.

There are various Banach spaces and algebras associated with a locally compact group
G (see Appendix A). Perhaps the most important one is the convolution algebra L!(G). It is
a complete invariant for G: If G1 and Gy are locally compact groups such that L!(G7) and
L'(G2) are isometrically isomorphic, then G; and G5 are topologically isomorphic. Hence,
all information about G is already encoded in L(G).

In 1972, B. E. Johnson proved that the amenable locally compact groups G can be
characterized by the vanishing of certain cohomology groups of L'(G). This is an important

result for two reasons:

— Homological algebra is an extremely powerful toolkit in mathematics. Knowing that a
certain property can be characterized in terms of cohomology is thus good in itself.

— The cohomological triviality condition used by Johnson to characterize the amenable, lo-
cally compact groups makes sense for arbitrary Banach algebras, which may have nothing
to do with locally compact groups. We can thus meaningfully speak of amenable Banach

algebras.

As in the case of amenable, locally compact groups, the notion of an amenable Banach
algebra has turned out to be an extremely fruitful one: We have a variety of interesting
examples — L'(G) for amenable, locally compact groups G, nuclear C*-algebras, algebras
K(E) for Banach spaces E with certain approximation properties, and even radical Banach
algebras — whose only common feature seems to be their amenability. On the other hand,
there is still an abundance of substantial theorems for general amenable Banach algebras.

We suppose in this chapter that the reader is familiar with the basics of Banach algebra
theory. Some of the background we require is not usually treated in an introductory course
on the subject; in particular, we need the basics on bounded approximate identities ([B-D,
§11]). We will also have to deal extensively with projective tensor products; a reader not

familiar with them should first consult Appendix B.

2.1 Johnson’s theorem

Johnson’s theorem asserts that amenable, locally compact groups G can be characterized
in terms of the Hochschild cohomology of their convolution algebras L!(G). We begin by

introducing the necessary concepts.

V. Runde: LNM 1774, pp. 37-61, 2002
(© Springer-Verlag Berlin Heidelberg 2002
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Definition 2.1.1 Let 2 be a Banach algebra. A Banach space E which is also a left 2-
module is called a left Banach 2A-module if there is k > 0 such that

la-zll < wllaflljzl] (o €A e E).

You can now guess the respective definitions of a right Banach 2-module and of a Banach
2A-bimodule . ..

Let 2 be a Banach algebra, and let £ be a Banach 2-bimodule. A bounded linear map
D: A — F is called a derivation if

D(ab) =a- Db+ (Da) -b (a,beA).
Let x € E. We define
ad,: A —-FE, a—a-z—2-a

It is easily seen (but should nevertheless be checked) that ad, is a derivation. Derivations of
this form are called inner derivations. For reasons that will become apparent later, the set
of all derivations from 2f into E is denoted by Z*(2l, E), and the set of all inner derivations
is denoted by B'(, E). Clearly, Z*(2, E) is a closed subspace of L(, E), and B(, E) is
a (not necessarily closed) subspace of Z1(2, E).

Definition 2.1.2 Let 2 be a Banach algebra, and let E be a Banach 2[-bimodule. Then
HY A, E) = ZY (A, E)/BY (A, E)

is the first Hochschild cohomology group of A with coefficients in E.
Since Z1(2, E) and B*(2, E) are linear spaces, H! (2, E) should rather be called a co-

homology space, but it is customary to speak of cohomology groups.

We have now defined cohomology groups — in fact only first order cohomology groups
—, but what can we do with them? Is there any relevant information on 2 and E encoded
in HY(A, E)?

Exercise 2.1.1 Let 2 be a Banach algebra. Verify the following;:

(i) If E is a left Banach 2A-module, then E* becomes a right Banach 2-module through
(x,¢-a):=(a z,¢) (aeU,z€E, p€E").

(ii) If E is a right Banach 2-module, then E* becomes a left Banach 2-module through
(z,a- @) :=(x-a,d) (aeA,z€E, ¢p€E).

(iii) If E is a Banach 2-bimodule, then E* equipped with the left and right module actions of
2 from (ii) and (i), respectively, is a Banach 2-bimodule.

Dual spaces of Banach modules (left, right, or bi-) equipped with the module operations
pointed out in Exercise 2.1.1 are called dual Banach modules.

Exercise 2.1.2 Let 2 be a Banach algebra, and let E be a Banach 2-module (left, right, or bi-),
and let F' be a w*-closed submodule of E*. Then F is a dual Banach module.
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One significant advantage of dual Banach modules is that we have the compact w*-
topology on their closed unit balls:

Proposition 2.1.3 Let 2 be a Banach algebra with a bounded right approximate identity,
and let E be a Banach A-bimodule such that 2 - E = {0}. Then H' (A, E*) = {0}.

Proof Tt is clear that E* -4 = {0}. Let D € Z}(A, E*). Then it follows that
D(ab) =a- Db (a,beA).

Let (en)a be a bounded right approximate identity for 2, and let ¢ € E* be a w*-
accumulation point of (Deg)q. Without loss of generality, we may suppose that ¢ =
w*-lim, De,. It follows that

Da = lim D(ae,) =lima - Dey, = a- ¢ (a e,

e

so that D = ady. O
Of course, there is an analogue of Proposition 2.1.3 for Banach algebras with bounded
left approximate identities where the module action from the right is trivial.

Exercise 2.1.3 Wendel’s theorem asserts: If G is a locally compact group, and if T € L(L*(G)) is
such that T(f * g) = f * Tg for all f,g € L*(G), then there is u € M(G) such that T'f = f % u for
all f € L*(G). Derive Wendel’s theorem from Proposition 2.1.3.

If A is a unital Banach algebra, a Banach 2-bimodule F is called unital if
ey T=XT- €y =T (r e E).

For non-unital Banach algebras 4 (such as L!(G) for non-discrete ), the following class of
Banach 2-bimodules plays a similar role:

Definition 2.1.4 Let 2 be a Banach algebra. A Banach 2A-bimodule E is called pseudo-
unital if

E={a-z-b:a,be, z € E}.

Similarly, one defines pseudo-unital left and right Banach modules.

Exercise 2.1.4 Let 2 be a Banach algebra, and let E be a Banach 2l-bimodule. We say that E is
essential if the linear hull of {a-z-b: a,b € A, x €} is dense in E. Use Cohen’s factorization theorem
[B-D, Theorem 11.10] to show: If 2 has a bounded approximate identity and if F is essential, then

FE is pseudo unital.
The following proposition is often useful:

Proposition 2.1.5 For a Banach algebra A with a bounded approximate identity the fol-

lowing are equivalent:

(i) HY(A, E*) = {0} for each Banach A-bimodule E.
(i) HY(A, E*) = {0} for each pseudo-unital Banach 2A-bimodule E.
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Proof Obviously, (i) = (ii) holds.
For the converse, let E be any Banach 2-bimodule, and let D € Z'(A, E*). Let

Ey:={a-z-b:a,be x € E}.

By Cohen’s factorization theorem [B-D, Theorem 11.10], Ey is a closed submodule of E.
Let m: E* — E§ be the restriction map. It is routinely checked that 7 is a module homo-
morphism, so that m o D € Z1(2, E}). Since H' (A, E) = {0}, there is ¢g € Ej such that
70D = ady,. Choose ¢ € E* such that ¢|g, = ¢o. It follows that D := D—ady € Z'(, Ef-).
We have Ey = (E/Ep)* (as Banach 2-bimodules). From the definiton of Ey, it follows that
2 - (E/Ey) = {0}, so that H'(A, Eg) = {0} by Proposition 2.1.3. Hence, there is ¢ € Eg-
such that D = ady, i.e. D =adg_y. O

It is often convenient to extend a derivation to a larger algebra. If a Banach algebra 2 is
contained as a closed ideal in another Banach algebra 98 then the strict topology on B with
respect to 2 is defined through the family of seminorms (p,).c9, where

Pa(b) := [lball + [lab] (b€ B).
Note that the strict topology is Hausdorff only if {be B :b-2A=2-b={0}} = {0}.

Proposition 2.1.6 Let A be a Banach algebra with a bounded approximate identity which
is contained as closed ideal in a Banach algebra B, let E be a pseudo-unital Banach -
bimodule, and let D € ZY(A, E*). Then E is a Banach B-bimodule in a canonical fashion,
and there is a unique D € Z'(B, E*) such that:

(i) D|91 =D

(ii) D is continuous with respect to the strict topology on B and the w*-topology on E*.
Proof Forx € E,let a € A and y € E be such that x = a-y. For b € B, define b-z := ba - y.
We claim that b - z is well defined, i.e. independent of the choices for a and y. Let o’ € 2

and y' € E be such that x = a’ -y, and let (ey)s be a bounded approximate identity for 2.
Then

ba -y =limbeqa-y =limbeaa -y =ba' -y (b€ B).
« «

It is obvious that this operation of B on E turns FE into a left Banach 8-module. Similarly,
one defines a right Banach B-module structure on FE, so that, eventually, £ becomes a
Banach ‘B-bimodule.

To extend D, let

D:%B — E*, b w*lim(D(bey) —b- Dey). (2.1)

[}

We claim that D is well-defined, i.e. the limit in (2.1) does exist. Let 2 € E, and let a € 2

and y € F be such that x = y - a. Then
(x,D(bey) —b- Dey) = (y-a,D(bey) —b- Dey)
y,a- D(bey) — ab - Deg,)

(
(
(y, D(abey) — (Da) - be,, — D(abey,) + D(abd) - e4)
(
(

€a Y, ( )> - <b€a : y7DCL>
y,D(ab)) — (b-y,Da) (b€ B),

!
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so that the limit in (2.1) exists. Moreover, for a € 2,
Da = w*-lim(D(aey) — a - Dey) = w*-lim(Da) - e, = Da,
« «

so that D extends D. Furthermore, we have for b € B and a € 2 that

(Db) - a = w*-lim(D(bey) -a—b- (Deg) - a)
= w*-lim(D(beqa) — bey - Da —b- D(eqa) + bey - Da)
= D(ba) — b - Da.

It follows (and you should provide the details) that D is continuous with respect to the strict
topology on 8 and the w*-topology on E*.
It remains to be shown that D is a derivation. From the definition of the strict topology
it is clear that be, — b in this topology for all b € ®B. Let b, ¢ € B. Then
D(be) = w*- lim w*- lién D((beq)(cegp))

[0}

= w*-lim w*- lién(bea - D(ceg) + D(bey) - ceg

=b-Dc+ (Db) -c,

ie. De Z(B,E*). O
For the case of 2 = LY(G) and B = M(G), where G is a locally compact group,
Proposition 2.1.6 yields:

Corollary 2.1.7 Let G be a locally compact group, let E be a pseudo-unital Banach L*(G)-
module, and let D € ZY(L*(G), E*). Then E is a Banach M(G)-bimodule in a canomnical
fashion, and there is a unique D € Z'(M(G), E*) that extends D and is continuous with
respect to the strict topology on M (G) and the w*-topology on E*. In particular, D is uniquely
determined by its values on {0, : g € G}.

Proof FEverything follows immediately from Proposition 2.1.6, except the last clause. How-
ever, by Exercise A.2.4(iii), £'(G) is strictly dense in M (G, which shows that D is uniquely
determined through its values on ¢!(G) and hence on {d, : g € G}. O

We can now prove the main result of this section:

Theorem 2.1.8 (Johnson’s theorem) For a locally compact group G, the following are

equivalent:

(i) G is amenable.
(i) HY(LY(Q), E*) = {0} for each Banach L*(G)-bimodule E.

Proof (i) = (ii): Let E be a Banach L'(G)-bimodule. By Proposition 2.1.5 there is no
loss of generality if we suppose that E is pseudo-unital. Let D € Z'(LY(G), E*), and let
D € ZY(M(G), E*) be the extension of D according to Corollary 2.1.7.

We shall see that D is inner using Theorem 1.3.1. Let K be the w*-closed convex hull of
the set {(DJy) - 6,-1 : g € G}. Then K is w*-compact and convex. Define an action of G' on
E* through
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g d=0g-¢ 041+ (DSy) 6,1  (g€G, ¢ €E").
We claim that this definition actually defines a group action:
gh - = 6gh oR 5(gh)*1 + (D5gh) . (S(gh)—l
=30y (On-¢-0n-1) g1 + (84 - D(63) + D(3y) - 0n) - Gp-1 * 641
=30, (On- ¢ 01+ D) - 6p-1)-6,-1 + D(3y) - 3,
=g-(h-¢) (9,heG, dpecE). (2.2)

-1

It is clear that, with this definiton, G acts affinely on E* It is also easy to see that this
group action is w*-continuous in the second variable. It is a bit harder to see that it is also
continuous in the first variable with respect to the given topology on G and the w*-topology
on E* (Try it yourself! Use the fact that, if (g ) is net in G converging to some g € G in
the given topology, then d,, — ¢, in the strict topology). It also follows from (2.2) that K
is invariant under the group action. By Theorem 1.3.1, there is thus ¢ € K such that

g d=034-¢-041+(Ddy) 6,1=0¢ (g€G)
or, equivalently,
ﬁ6g2¢'5g_dg'¢ (9 €@),

ie. D= ad_g.
(ii) = (i): Define an L'(G)-bimodule action on L*(G) through

Fro=gxo and o f=( [ f@anolo)o (LG o 17
Choose n € L>(G)* with (1,n) = 1, and define
D:LYG) = L™(G)*, f—f-n—n-f
Then
(1,Df) = </f Ydma(g) — f*1, n>=0 (f € LN@)) (2.3)

because f* 1= [, f(g)dmg(g) for all f € L'(G). It is easy to see that C1 is a submodule
of L*(G). Let E := L°°( )/C1. By (2.3), D(LY(G)) C E*. Since H'(L'(G), E*) = {0},
there is 7 € E* such that D = adj. Let m := n — @; then (1,7m) = 1. Further, we have for
¢ € L*(G) and f € P(G):

As in the proof of Lemma 1.1.7, we conclude that

(0g % ;) = ($,m) (9 €G,¢eL=(q)).

Finally, view 7 as a measure on the character space of the commutative C*-algebra L>°(G)
(by the Riesz representation theorem). Then || # 0 is left invariant (Why exactly?). Letting
m = (1,|m|)~|m|, we obtain a left invariant mean on L*(G). O
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Exercise 2.1.5 Use the Ryll-Nardzewski fixed point theorem ([Gre, Theorem A.2.2]) to prove:
HY(L(G), E) = {0} for every locally compact group G and for every Banach L*(G)-bimodule F

whose underlying Banach space is reflexive.

In light of Theorem 2.1.8, the use of the word amenable in the following definition makes

sense:

Definition 2.1.9 A Banach algebra 2 is called amenable if H*(, E*) = {0} for every
Banach 2(-bimodule E.

Exercise 2.1.6 Let 2 be a Banach algebra, let E be a Banach 2A-bimodule. A derivation D: 2l — E
is called approzimately inner if there is a bounded net (z4)a in E such that Da = limq ad,,, a for
all @ € 2. Show that a Banach algebra 2 is amenable if and only if every derivation from 2 into a

Banach 2-bimodule is approximately inner. (Hint: Same as for Exercise 1.1.6(ii).)

2.2 Virtual and approximate diagonals

In this section, we give an intrinsic characterization of amenable Banach algebras. We begin

with a preliminary result:

Proposition 2.2.1 Let A be an amenable Banach algebra. Then A has a bounded approxi-

mate identity.

Proof Let A be the Banach 2A-bimodule whose underlying space is 2, but on which 2 acts

via
a-z:=ar and zx-a:=0 (ae, zeA).

Let D: 2 — A** be the canonical embedding of 2l into its second dual. It is routinely
checked that D € Z1(2, A**) = BY(2, A**). This means that there is £ € A** such that
a=a-F forall a € 2. Let (eq)q be a bounded net in A such that £ = w*-1lim, e,. Then

a = w-lim ae,, (a ).

Passing to convex combinations, we can suppose (How exactly? Think of how you — hope-
fully — solved Exercises 1.1.6(ii) and 2.1.6.) that

a = limae, (a € ),

i.e. (eq) is a bounded right approximate identity for 2.
In an analoguous fashion, we obtain a bounded left approximate identity (fs)s for 2.

Define €,,5 := eq + f3 — ea fz. Then, for a € A, we have:
laéa,s — all < llaea —all +[lafp — aea fll < [laca — all + [la — aeq||l| f5]l — O.

Similarly, one sees that a = lim, g€, pa fora € A. O

If % is a Banach algebra, then the corresponding diagonal operator is defined through

Ag: ARXA - A, a®b— ab;
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if it is clear to which algebra 2 we refer, we simply write A. By Exercise B.2.13, A&
becomes a Banach 2-bimodule through

a-b®c):=ab®c and (b®c)-a:=bRca (a,b,c € ). (2.4)

It is clear that Ag is a bimodule homomorphism with respect to this module structure on
ARA.

Definition 2.2.2 Let 2 be a Banach algebra.

(i) An element M € (A®%0)** is called a virtual diagonal for 21 if
aM=M-a and a-AFM=a (a e ?A).
(ii) A bounded net (m,), in AR is called an approzrimate diagonal for 2 if
a-my,—my-a—0 and algm, — a (a €.

So, when does a Banach algebra 2 have a(n) virtual/approximate diagonal? We begin

with an easy example:

Example 2.2.3 Let 2 := M, the (Banach) algebra of complex n x n matrices. Let {e; x :

J,k=1,...,n} be the set of canonical matrix units of 2, and let
1 &
m:= o j%::l ejk Qe
Then

1 n
Am = — =
m - Znem E,,
7j=1
so that
aAm =a (a e ) (2.5)
and, for £,m € {1,... ,n}, we have
LY cmesn e = 2D e o=t S eue
€pm M= — €0.me; er; = — eriRejp=— €k ® ek jCom =M Cpom.
l, n - £, 7,k k,j n 4 0,7 3,4 n . 7,k k,jC¢L, 0,
7,k=1 Jj=1 J,k=1
It follows that
a-m—-—m-a=0 (a e ). (2.6)

Exercise 2.2.1 For a Banach algebra 2I, let 2(°P denote its opposite algebra, i.e. the algebra whose

underlying linear space is 2, but whose multiplication is the multiplication in 2 reversed.
(i) How does the module operation (2.4) of A°° on A°PRAP look like in terms of A and ARA?

We call any element m € AR satisfying both (2.5) and (2.6) a diagonal for 2. For the remainder
of this exercise, let A := M,,, and let m be as in Example 2.2.3. Note that, in Example 2.2.3, we
showed that m is a diagonal for 2.
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(i) Show that m is also a diagonal for A°P.

(ii) Let m’ € 2A®2A be a diagonal both for 2 and 2A°°. Show that m’ = m.

(iii) Let G be a finite, irreducible n X n matriz group, i.e. a subgroup of GL(n,C) whose linear
span in M, is all of M,,. Show that

_ 1 -1
m= g 2989
gea
Exercise 2.2.2 Let G be an amenable (discrete) group with left invariant mean m on £°°(G). For
¢ € 17(G x @), define ¢ € £=°(G) through
3g)=0(g.97") (9€Q)
Define M € £%°(G x G)* = (£1(G)®£'(G))** through
(@, M) :=($,m) (¢ €L7(Gx Q).

Show that M is a virtual diagonal for £(G).

This last exercise suggests some connection between amenability and the existence of

virtual diagonals, and, indeed, there is more than just some connection:
Theorem 2.2.4 For a Banach algebra 2 the following are equivalent:

(i) A is amenable.
(ii) There is an approzimate diagonal for 2.

(iil) There is a virtual diagonal for 2.

Proof (i) = (iii): By Proposition 2.2.1, 2 has a bounded approximate identity (e, ). Let
E € (A&A)** be a w*-accumulation point of (e, ® e,). Then, for a € 2, we have

A" (a-E—E-a)=w"- lién Alaes ® eq — €0 ® eqa) = lién(aei —e%a) =0,
so that adg(2) C ker A**. Since A is a bimodule homomorphism, so is A** (little, very easy
exercise), and consequently, ker A** is a Banach 2-bimodule. Also, since 2 has a bounded
approximate identity, Cohen’s factorization theorem ([B-D, Theorem 11.10]) implies that A
is surjective and thus open. Consequently, ker A** 2 (ker A)**, so that ker A** is in fact a
dual Banach 2-bimodule. Since 2l is amenable, there is N € ker A** such that adg = ady.
Letting M := E — N, we obtain

a-AYM =a- A*E = lim, ae? = a
(a e ),
a-M—M:a=adma =adg_na = adga — adna =0

so that M is a virtual diagonal for 2.
(iii) = (ii): Let M be a virtual diagonal for 2, and let (m,), be a bounded net in ARA
with M = w*-lim, m. It follows that

w-lim(a-my —m, -a) =0 and w-limaAm, =a (a € ). (2.7)

Passing to convex combinations (you should know by now how that goes), we can replace

the weak limits in (2.7) by norm limits and thus obtain an approximate diagonal.
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(i) = (i): Let (my), be an approximate diagonal for . Then (Am,), is a bound-
ed approximate identity for 2. Let E be a Banach 2-bimodule. We want to show that
H(2, E*) = {0}. By Proposition 2.1.5, there is no loss of generality if we suppose that E
is pseudo-unital. Let D € Z1(A, E*), and let

me =3 al®) @ b
n=1

be with > ||a£{l) | ||b£la)|\ < 00. Then (Z;o:l al?) . Dbﬁf”)) is a bounded net in E*, which
has a w*-accumulation point, say ¢ € E*; without loss of g%nerality, we may suppose that
¢ is the w*-limit of (Zoo al®) . Dbg,a)) Then, for a € A and = € E, we have:

n=1"""7

hE

(e}

(z,a-¢) =lim <a:, aal® . Dbgf‘)>

n=1

JH
NE
3%5

Il
JE
=

Il
=
@/\/H\/\
gk

-D<b£f>a>> (Why?)

3
Il
—

n

(al®b{) . Da + al® . Dbl . a)>

3
g L

Il
=
J:

oS 0o, Da> ogea)

—

Il
5
S
X
\_&
-
S

It follows that D = adg. O

Exercise 2.2.3 Let 2 be a unital, amenable Banach algebra. Show that 2l has an approximate

diagonal (maq)ae such that Ama = eq for all mg.

2.3 Hereditary properties

As in our discussion of amenable, locally compact groups, we now study the hereditary

properties of amenability for Banach algebras.

Proposition 2.3.1 Let A be an amenable Banach algebra, let B be a Banach algebra, and

let 0: A — B be a (continuous) homomorphism with dense range. Then B is amenable.

Proof Let (m,), be an approximate diagonal for 2. Then (( ® 6)m,), is a bounded
approximate diagonal for 8. By Theorem 2.2.4, this means that 8 is also amenable. 0O

Exercise 2.3.1 Give an alternative proof of Proposition 2.3.1 using only Definition 2.1.9.

Corollary 2.3.2 If 2 is an amenable Banach algebra and if I is a closed ideal in A, then

A/1I is amenable as well.

What about passing to substructures such as closed subalgebras and closed ideals? There
is virtually nothing that can be said about closed subalgebras. By Proposition 2.2.1, a
necessary condition for a closed ideal of an amenable Banach algebra to be amenable is that

is has a bounded approximate identity. We shall see that this condition is also necessary:
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Proposition 2.3.3 Let AU be an amenable Banach algebra, and let I be a closed ideal of 2.

The the following are equivalent:

(i) I is amenable.

(ii) I has a bounded approximate identity.

Proof Only (ii) = (i) needs proof.

Let E be a Banach I-bimodule. By Proposition 2.1.5, we may suppose that E is pseudo-
unital. By Proposition 2.1.6, the module action of I on E extends to 2 in a canonical fashion.
Let D € ZY(2, E*). Then, again by Proposition 2.1.6, D has an extension De ZY(A, E).
Since 2 is amenable, we have D € BY(2, E*), so that D = D|; € B'(I, E*). O

Exercise 2.3.2 Prove Proposition 2.3.3 using Theorem 2.2.4 instead of Definition 2.1.9.

Example 2.3.4 Let 2 be a commutative C*-algebra. First, consider the case where 2 is

unital. Then A = C(£2) for some compact Hausdorff space (2. Let
G = {exp(if): f € C(£2), f(£2) C R}.

Then G is a (necessarily abelian) subgroup of Inv C(£2), so that £}(G) is amenable. Define

0: 01(G) = C(2), Y Ay > Agg.
geG geG
Then 6 is a homomorphism whose range is dense by the Stone—Weierstrafl theorem. By
Proposition 2.3.1, C(§2) is amenable. Suppose now that 2 is not unital. Then its unitization
A# is a unital C*-algebra and thus amenable by the foregoing. Since 2 is a closed ideal in
A# and, like any C*-algebra, has a bounded approximate identity, 2 itself is amenable by
Proposition 2.3.3.

There is another characterization of the closed ideals of an amenable Banach algebras

which are amenable themselves.

Definition 2.3.5 Let F be a Banach space. Then a closed subspace F' of E is called weakly

complemented in E if
Ft={¢pcE*:(x,¢)=0forallz € F}

is complemented in E*.

It is easy to see that every complemented subspace is weakly complemented. The con-
verse, however, is not true:

Exercise 2.3.3 Show that ¢g is weakly complemented in £°°, but not complemented:

(i) Show that there is an uncountable family (Aa)q of infinite subsets of N such that A, N Ag
is finite for all @ # (. (Hint: Replace N by Q (you can do that because they have the same
cardinality), use R as your index set, und utilize the fact that every real number is the limit of
a sequence in Q.)

(ii) There is no countable subset of (£°°/co)* that separates the points of £°°/co. (Hint: Choose
(Aa)a as in (i) and consider the family (¢q)a of the cosets of the indicator functions of the sets
Aq; show that, for fixed m € (£°°/co)™, the set {¢pa : (¢, m) # 0} is at most countable.)
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(iii) Conclude from (i) and (ii) that ¢y is not complemented in £°°.
(iv) Show that ¢o is weakly complemented in £°°.

Lemma 2.3.6 Let A be an amenable Banach algebra, and let L be a closed left ideal of 2.

Then the following are equivalent:

(i) L has a bounded right approzimate identity.

(ii) L is weakly compelemeted in 2.

Proof (i) = (ii): Let (eq)a be a bounded right approximate identity for L, and let U be

an ultrafilter on the index set of (e, ), that dominates the order filter. Define
P:A* A", o w*-libr[n(¢ —en D).
Since
(a, Pp) = lig{n(a,d) —eq - O) = lilrln<a —aeq,d) =0 (a €L, p €AY,
it follows that PA* C L*. If ¢ € L+ and a € 2, we have

{a, P¢) = lim({a, ¢) — <&€fa/, ) = (a,9),

cL

so that P? = P. (Have we used at all in this part of the proof that 2 was amenable?)
(ii) = (i) : Let (m,)o be an approximate diagonal for A, where

00
ma = 30l @ b
n=1

with >0 | ||a£LO‘)H||b7(1a)|| < o0. Let P: 2* — 2A* be a projection onto L*. Let Q := idg~ —
P**. Then Q: A** — A** is a projection onto L1 = L**. Define

E, = Z al® . Qb

n=1

Then, for a € L, we have:

ima-E. = li (@) . Ople)
h('gna E, llglz:laan Qb

(o)
= lim Z al® . Q(b\¥a)
n=1

——
€L

= lién i alMbq
= a. "
If F is a w*-accumulation point of (E, ), this means
a-E=a (a € L).

As in the proof of Proposition 2.2.1, we obtain a bounded right approximate identity for L.
O
For closed ideals (two-sided), we finally obtain:
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Theorem 2.3.7 Let A be an amenable Banach algebra, and let I be a closed ideal of 2.

Then the following are equivalent:

(i) I is amenable.
(ii) I has a bounded approximate identity.

(iii) I is weakly complemented.

Proof Most of the theorem has already been proved (Proposition 2.3.3 and Lemma 2.3.6).
Only (iii) = (i) still needs some consideration: By Lemma 2.3.6, I has a bounded right
approximate identity. Passing to 2°P and applying Lemma 2.3.6 once again yields a bounded
left approximate identity for I. As in the proof of Proposition 2.2.1, we form a bounded (two-
sided) approximate identity for I out of these two one-sided bounded approximate identities.
O

Since ideals with finite dimension or codimension are trivially complemented, we have:

Corollary 2.3.8 Let 2 be an amenable Banach algebra, and let I be a closed ideal of U

with finite dimension or codimension. Then I is amenable.

This corollary applies, in particular, to the maximal modular ideals of amenable, com-
mutative Banach algebras.

Exercise 2.3.4 Let 2 be an amenable Banach algebra, and let I be a finite-dimensional ideal of 2.
Show that I has an identity. Conclude that an amenable Banach algebra 2 whose Jacobson radical

rad(2() is finite-dimensional must be semisimple.
For group algebras, Theorem 2.3.7 allows for further improvement:
Theorem 2.3.9 For a locally compact group G, the following are equivalent:

(i) G is amenable.
(ii) The augmentation ideal

56 = {1 € 2 [ 1tg)dmats) =0}

of LY(G) has a bounded right approzimate identity.
(iii) Ewvery closed ideal of L'(G) that is weakly complemented has a bounded approzimate
identity.

Proof Tt is easily checked (Exercise 2.3.5 below) that L{(G) is a closed ideal of L!(G) with
codimension one. Hence, only (ii) = (i) still needs proof.

Let (e4)a be a bounded right approximate identity for L} (G). Without loss of generality,
suppose that (e4)q is w*-convergent in LUC(G)* (with the canonical identification of L!(G)
with a subspace of LUC(G)*). Let f € L}(G), and let ¢ € L>(G). Then f x ¢ € LUC(G)
by Proposition A.2.3 and

Hm(f « ¢, ea) = Hm(e, f * ea) = (6, f) = (f * ¢)(ec), (2.8)
with f defined as in Exercise A.1.7. Define

i LUC(G) =€, = dleq) — lim(@ ca).
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Then, certainly, (1,m) = 1. Let g € G, and let ¢ € LUC(G). By Exercise A.2.3(i), there are
f € LYG) and ¢ € LUC(G) such that ¢ = f % 1. Note that §, * f — f € L}(G). It then
follows that

(3g & — pm) = d(g7") — plec) —im((dy * f — f) ¥, ea)

P(g7") = dlea) — (0 f — f) *¥)(ec), by (2.8),
$g7") = dlec) = (8(g™") — dle))

0

)

ie.

(0g x ¢, m) = (¢,m) (9 € G, ¢ € LUC(G)).

Although m need not be positive, we obtain a left invariant mean on LUC(G) as in the
proof of Theorem 2.1.8: Consider m as a measure on the character space of LUC(G), and
normalize |m|. O

Exercise 2.3.5 Let G be a locally compact group. Show that L§(G) is a closed ideal of L'(G) with

codimension one.
Next, we consider short, exact sequences:

Theorem 2.3.10 Let A be a Banach algebra, and let I be a closed ideal of % such that both

I and A/1 are amenable. Then A is amenable.

Proof Let E be a Banach 2-bimodule, and let D € Z1(2, E*). Then D|; € Z(I, E*).
Since I is amenable, there is ¢; € E* such that

Da=a-¢1—¢1-a (a €1).

Let D = D — adg,. Then D|; = 0 and thus induces a map from /I into E*, which we
denote likewise by D. Let

F={¢eE :a-¢p=t¢-a=0foralacl}
and
Ey:=lin{a-z+y-b:abel, x,y € E}.

Then F' 2 (E/Ep)* is a dual Banach 2/I-bimodule.

Let a € I and b € 2. Then a- Db = D(ab) — (Da) - b = 0 because D vanishes on I;
similarly, Db - a = 0. It follows that D(/I) C F. Since /I is amenable, there is ¢y € F
such that D = adg,. Consequently, D = adg,+¢,. O

Corollary 2.3.11 A Banach algebra 2 is amenable if and only if its unitization A# is

amenable.

We now take a first look at splitting properties of exact sequences of Banach modules

over amenable Banach algebras:
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Definition 2.3.12 Let 2 be a Banach algebra, let E be a Banach 2(-module (left, right, or

bi-), and let F' be a closed submodule of E. Then the short, exact sequence
{0 = F—-ES E/F — {0} (2.9)

(i) is admissible if 7: E — FE/F has a bounded right inverse, and
(ii) splits if m has a bounded right inverse that is also a module homomorphism (left,
right, or bi-).

Obviously, (2.9) is admissible if and only if F' is complemented in F, and (2.9) splits if
and only there is a projection onto F' that is also a module homomorphism. Certainly, (2.9)

is admissible whenever

— F or E/F is finite-dimensional, or

— the underlying Banach space of F is a Hilbert space.

Clearly, every short exact sequence of Banach modules that splits is admissible. For

modules over amenable Banach algebras we have a partial converse:

Theorem 2.3.13 Let 2l be an amenable Banach algebra. Then every admissible, short, exact

sequence (2.9) of left Banach A-modules splits provided that F' is a dual module.

Proof Without loss of generality, we may suppose that 2 is unital, and that E is a unital
left Banach 2-module, i.e. eg - = x for all x € E. Otherwise, replace 2 by its unitization,

which is also amenable by Corollary 2.3.11, and extend the module action by letting
(a+Xe)-x:=a-z+ M\ (aeU, NeC,ze k).

Let (my ), be an approximate diagonal for 2(, where

me =3 0l & b
n=1

with >°°7 Ha%a)HHbELa)H < 00. By Exercise 2.2.3, we may suppose that

Z alp(@) = eg.
n=1

Let Q: E — E be a projection onto F. Let U be an ultrafilter on the index set of (mg)q
that dominates the order filter. Define

: *_1i (@) . (b . 2):
P:E—E, z—w er{nZan Qb)Y - x);

n=1
since the expressions whose limit is taken always belong to F', and since F' is a dual space,
this definition makes sense.
For a € A and x € E, we have

cz) = w*-li (@) . O g .
Pla-z) =w hbrlnnzz:lan Qb a - x)

— w*-1i (@) (@),
w llg{n;aan QLY - x)

=a- Pz,
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so that P is a module homomorphism. Furthermore, for x € F,

Pr = w*-1i (), (@) . ) — w*-1i ()p(@) | o — o
r=w gnnz_:lan QY -x)=w g{nz_:lan by cx=x
B €r n=

Since PE C F by definition, it follows that P is a projection onto F. 0O
Clearly, there is also a right module variant of Theorem 2.3.13. We leave it to the reader
to prove a bimodule version of Theorem 2.3.13.

Exercise 2.3.6 Let 2 be a Banach algebra.

(i) Suppose that 2l is amenable, and that B is also an amenable Banach algebra. Show that A&
is amenable. (Hint: Construct an approximate diagonal for A®%B from approximate diagonals
for A and for B.)

Let £2 be a locally compact Hausdorff space, and let Co(£2)®@2 be equipped with the unique
extension of e to Co(2)®A (Exercise B.2.6).

(ii) Suppose that 2 is amenable. Show that Co(£2)®@% is amenable as well.
(iii) Let A be a C*-algebra. Show that Co(§2)®@% is a C*-algebra in a canonical fashion.

Exercise 2.3.7 Prove Theorem 2.3.13 for short, exact sequences of bimodules. (Hint: Note that,
for a Banach algebra 2, every Banach 2-bimodule E becomes a left Banach 2&2°P-module via

(a®b)-z:=a-z-b (a,bed, z € E).
Then use Exercise 2.3.6(i) and Theorem 2.3.13 for left modules.)

In fact, amenable Banach algebras can be characterized by the splitting of particular
short, exact sequences:

Exercise 2.3.8 Let 2 be a Banach algebra with a bounded left or right approximate identity.

(i) Show that the short, exact sequence
{0} — A" 2 (AGA)* — (ker A)* — {0} (2.10)

of Banach -bimodules is admissible.

(ii) Show that the following are equivalent:
(a) 2 is amenable.
(b) (2.10) splits.

(¢) The short, exact sequence

ok
% A

{0} — (ker A)™ — (ARA)™* = A — {0}
of Banach 2(-bimodules splits.
An application of Theorem 2.3.13 is the following;:

Theorem 2.3.14 Let A be an amenable, uniform Banach algebra, i.e. a closed subalgebra

of a commutative C*-algebra. Then A is a commutative C*-algebra.
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Proof Without loss of generality, let 2 be unital with compact character space (2. As-
sume towards a contradiction that A C C(£2). By the Hahn-Banach theorem and the Riesz
representation theorem, there is u € M (£2) \ {0} such that

/fduzO (fe).
2

Let 9 := L?(|u|), and let & be the closure of 2 in §. Then both § and & are (left) Banach
2A-modules via left multiplication. Clearly, the short, exact sequence

{0} = R—9H—9/8— {0}

is admissible and thus splits by Theorem 2.3.13. Let P : $ — $ be a projection onto
£ which is also a left -module homomorphism. For f € C(£2), let Ly :  — $ be the
corresponding multiplication operator; clearly, Ly is normal with L; = Ly. Since P is an

2A-module homomorphism, we have

L;P=PL; (fe9). (2.11)
The Fuglede-Putnam theorem ([Conw 2, IX.6.7]), implies that also

L;P=PL;  (fe9). (2.12)

Clearly, {f € C(2) : LyP = PL;} is a closed subalgebra of C(£2) which, by (2.11), (2.12),
and the Stone-Weierstrafl theorem must be all of C(§2). It follows that

fZLleLfPlZP(Lfl):PfER (fEC(.Q)),

so that $H = R.
Let f € C(£2). Then there is a sequence (f,,)2; in A such that ||f — fnll2 — 0 in H.
Then,

()P = [(f = i) < / |f = Ful?dlul = If = full3 — 0,
2

contradicting that p # 0. O
We wish to conclude this section with an analogue of Proposition 1.2.12. We require

another definition:

Definition 2.3.15 Let C > 1. A Banach algebra 2 is called C-amenable if it has an ap-
proximate diagonal bounded by C.

Clearly, every amenable Banach algebra is C-amenable for some C, and it doesn’t make
much sense to define C-amenability for constants C' < 1 (Why?).

Exercise 2.3.9 Let C' > 1 and let 2 be a Banach algebra. Show that 2 is C-amenable if and only

if 2 has a virtual diagonal with norm not exceeding C'.
Exercise 2.3.10 Let G be an amenable (discrete) group. Show that £(G) is 1-amenable.

Exercise 2.3.11 Show that every unital, commutative C*-algebra is 1-amenable.
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Example 2.3.16 For n € N and p € [1, 0], let #£ be C™ equipped with the corresponding
fP-norm, i.e.

n

H()‘lav)‘n)Hp = Z|)‘]|p ()‘17"'7>‘n€(c)

j=1
in the case where p < oo and
AL, - s A lloo := max{|A1], ..., |Anl} M,y A €C)

We can algebraically identify £(¢P) with M,,. Let m € M,, ® M,, be the diagonal defined
in Example 2.2.3. We wish to estimate ||m| in L(/2)QL(¢E). Fix j € {1,...,n}. We shall
use the description of m in Exercise 2.2.1(iv) for an appropriate choice of G. Let &,, be
the group of permutations of {1,... ,n}; for every o € &,,, let A, denote the corresponding
permutation matrix, and, for every ¢ € {—1,1}", let D, be the corresponding diagonal

matrix. Let
G:={D.A,:ec{-1,1}", 0 € 6,}.

Then G is a finite, irreducible n X n matrix group (check it), and, certainly, ||g||, = 1 for all
g € G. It follows that

1 _
Jm]| < Il > lglllg™ 1 =1,

geG

so that £(¢F) is 1-amenable.

Proposition 2.3.17 Let C > 1, let A be a Banach algebra, and let (Uy)a be a directed
family of closed, C-amenable subalgebras of A such that |J, Aa is dense in A. Then A is

C-amenable.

Proof Let F be the family of all finite subsets of | J, Un. Let F' € F, and let € > 0. Choose
2, with F C 2l,. Since 2l,, is C-amenable, there is mp, € A,&%, with ||mpg.| < C such
that

la-mp. —mpe-al| <e and [ecAmp,—al <€ (a € F).

It follows that (mpg ) rer >0 is an approximate diagonal for 2 bounded by C. 0O

Exercise 2.3.12 Show that ¢?> equipped with pointwise multiplication does not have a bounded
approximate identity. Use this example to refute the following “improvement” of Proposition 2.3.17:
If 2 is a Banach algebra and if (24 )« is a directed family of closed, amenable subalgebras of 2 such
that Ua A, is dense in A, then 2 is amenable.

Example 2.3.18 Let E = ¢y or E = (P with p € (1,00). For n € N, let P,: E — E
be the projection onto the first n coordinates, and let A, := P,K(E)P,. It follows that
U2, A, = K(E). Since A, = L(¢2) for E = (P with p € (1,00) and 2, = L({) for
E = ¢y, all the algebras 2,, are 1-amenable by Example 2.3.16. By Proposition 2.3.17, K(E)
is 1-amenable.
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Exercise 2.3.13 Does the argument in Example 2.3.18 also establish the amenability of x(£')?

It is not hard to see (Really?) that, for C-amenable Banach algebras 2;,... ,2,, their
£°°-direct sum 2, G- - - B2, is also C-amenable. Together with Proposition 2.3.17 this yields:

Corollary 2.3.19 Let C > 1, and let (U,)a be a family of C-amenable Banach algebras.

Then their co-direct sum co- P, Ao is C-amenable.

2.4 Hochschild cohomology

At the beginning of this chapter, we introduced, for a Banach algebra 2l and a Banach 2~
bimodule E, the spaces Z1(2, E), BY(2, E), and H!(2, E), and we called H!(2, E) the first
Hochschild cohomology group of 2l with coefficients in E. This suggest that there should be
second and third, etc., cohomology groups, and indeed there are.

We begin by introducing the basic notions of Hochschild cohomology:

Definition 2.4.1 Let 2 be a Banach algebra, and let E be a Banach 2-bimodule.
(i) Let LA, E) := E, and, for n € N, let
LA, E) :={T: A" — E : T is bounded and n-linear}.

The elements of L™(2, E) are called n-cochains.
(ii) For n € Ny, define 6": L(A, E) — L1 (2, E) through

(0"T)(a1y-.. yant1) :=a1-T(ag,... ,ant1)
+ Z(—l)kT(al,,., s Ak @Ryl - - 5 Angl)
k=1

+ (=)™ T(ar,... ,an) - a1
(T el™UE),a1,... ,ant1 €2A).

The map ™ is called the n-coboundary operator.

(iii) Let B°(2A, E) := {0}, and, for n € N, let B*(2, E) := ran"~!. The elements of
B (U, E) are called n-coboundaries.

(iv) For n € Ny let Z™(2, E) := ker 6™. The elements of Z™(2, E) are called n-cocycles.

The sequence

6n+1

6:1 E”(QL E) 6_"} £"+1(Ql, E) — e (2.13)

0 - ES e S e e S
is called the Hochschild cochain complex.

Exercise 2.4.1 Let 2 be a Banach algebra, and let E be a Banach 2-bimodule. Describe Z°(2, E),
and show that the definitions of Z'(, E) and B'(2, E) from Section 2.1 and Definition 2.4.1

coincide.
The next lemma is crucial for the definition of Hochschild cohomology:

Lemma 2.4.2 Let A be a Banach algebra, and let E be a Banach 2A-bimodule. Then
B*(, E) C Z™(, E) for all n € Ny.
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For n = 0, the conclusion of Lemma 2.4.2 is trivial, and for n = 1, we have already
checked it. The proof of the general case is lengthy and extremely tedious — so tedious
that we omit it altogether. If you want to get an impression of just how tedious the proof
of Lemma 2.4.2 is, try to prove it only for n = 2. Anyway, with Lemma 2.4.2, the next
definition makes sense:

Definition 2.4.3 Let 2 be a Banach algebra, and let £ be a Banach 2-bimodule. For
n € Ny, let

HM (A, E) := Z"(A, E)/B" (A, E)

be the n-th Hochschild cohomology group of A with coefficients in E.

So, for a Banach algebra 2, a Banach 2-bimodule F, and n € N, we have defined

H"™ (A, E), and two questions come (at least, should come) to mind immediately:

— What is H" (2, E) good for, i.e. what relevant information is encoded in H" (2, E)? Thanks
to Theorem 2.1.8, we have seen that there is some use for H!(2, E) (in case E is dual).
But what about n > 27

— How do we lay our hands on, i.e. calculate, H™ (2, E)?

We don’t have the space here to deal with these questions in any depth, and will only
indicate possible answers. We deal with the second question first.

Lemma 2.4.4 Let 2 be a Banach algebra, and let E be a Banach A-bimodule. Then, for
k € N, the space LF(, E) becomes a Banach A-bimodule through

(a-T)(ar,...,ax) =a-T(ay,...,ax) (e €A, T e LKA E), ar,...,a, €A)
and
(T-a)(ay,...,ar) :=T(aay,... a)
k—1
+Z(—1)jT(a,a1,... QA1 5 O)
j=1

+ (—1)kT(a,a1,... ,Ak—1) - Gk
(acUA TeLlF(AE) ar,...,a, €.

Let A be a Banach algebra, let E be a Banach 2-bimodule, and let £ € N. If the space
LF(A, E) is turned into a Banach A-bimodule as in Lemma 2.4.4, we let

G LA, L5 (A, B)) — LA, LU, E) (n € No)

denote the corresponding n-coboundary operator, whereas the coboundary operators of
(2.13) are still denoted by 0™ for n € N.

Lemma 2.4.5 Let 2 be a Banach algebra, let E be a Banach A-bimodule, and let k € N.
Then, for n € Ny, the map

™ LR E) — £, LF (UL E)),
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defined by
(7" T (a1, - yan))(@nt1y- - Cnik)
= T(ala cee 5 GnyAngdy .- aan—Hc)
(T € LM E), a1,... ,Gn, Gpgts- - s Gnir €A)

18 an isometric isomorphism such that

52 o7 = 7_n+1 ° 6n+k_

Exercise 2.4.2 Prove Lemmas 2.4.4 and 2.4.5

Theorem 2.4.6 (reduction of dimension) Let 2 be a Banach algebra, let E be a Banach
2A-bimodule, and let k € Ng. Then we have

HTRA E) = HY(A, LM (A, E)) (n € Np).

Proof For k = 0, the claim is trivially true. Therefore, let £k € N. For n € N, let 7" :
LU E) — LA, LF(, E)) be as in Lemma 2.4.5. We want to show that 7" induces an
isomorphism H"T*(2A, E) = H" (A, L¥ (A, E)).
By Lemma 2.4.5,
5T =0
(Tl o " = 0
(bpom™T =0
™T € ZM(A, LA, E))

T c 2R E)

Free

holds.
Let T € B"*(2, E). By definition, there is S € £»~D+*( F) such that §*~D+*k§ = T
Again by Lemma 2.4.5, we have

T = (77 0 6D S = 1 (7)€ B, L4, ).

Conversely, let T € L"F(R(, E) with 7°T € B*(A, L*¥(A, E)). Again by definition, there
is § € L YA, LF(A, E)) such that 77T = 6, 'S. Since 7" is an isomorphism, there is
S e L=~k E) such that 7715 = S. Hence, we have:

T = (6Z_1 o 7_71—1)5« — (Tn o 5(n—1)+k>5« _ 7-"(6("_1)““5).

Since 7" is injective, this means that T = §(*~D+kS e k(A E).
This establishes the claim for n € N. O

Exercise 2.4.3 Prove Theorem 2.4.6 for n = 0.

Roughly speaking, Theorem 2.4.6 asserts that every Hochschild cohomology group is
already a first Hochschild cohomology group. This does not mean that higher Hochschild
cohomology groups are uninteresting: In order to reduce the order of the cohomology group
as in Theorem 2.4.6, we have to trade the (perhaps quite simple) coefficient module E for
the much more complicated module £*(2, E).

An application of Theorem 2.4.6 is the following:
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Theorem 2.4.7 For a Banach algebra U the following are equivalent:

(i) 2 is amenable.
(if) H™(™A, E*) = {0} for each Banach A-bimodule E and for all n € N.

Proof Of course, only (i) = (ii) needs proof.
For n € N, let
Fi= 2&.--8% QF.
—_———
(n — 1)-times

Define a bimodule action of 2( on F' by letting
(M1 ® ®ap_1Q) =01 R Qa1 QT a (a,a1y...,ap—1 €A, x € E)
and

a- (01 Q@ Qa1 Q%) :=0aa1 Q@+ ® Ap_1
n—2
+Z(71)ja®a1®«~~®ajaj+1®'-'®an_1®x
j=1

+(-1)"a®ar® R an-2®ap_1 T
(a,a1,... ,an—1 €A, x € E).

Identifying F* with £7~1(2, E*) as in Exercise B.2.10, we see that the dual module action
of 2 on F* is the module action of 2 on £~ (2, E*) (Check this!). By Theorem 2.4.6, we
then have

HY (A, E*) = HYA, LA, EB)) = HY(A, FY) = {0}

This establishes (ii). O

We want to conclude this section with an application of second Hochschild cohomology
groups.

If 2 is a finite-dimensional algebra with (Jacobson) radical R, then the classical Wedder-
burn decomposition theorem asserts that there is a subalgebra 9B of 2 such that A =B D R
(¢ denoting a vector space direct sum). If an arbitrary algebra has such a decomposition,
we say that 2 has a Wedderburn decomposition. Not every algebra has a Wedderburn de-
composition.

For Banach algebras, the following variant is often more appropriate:

Definition 2.4.8 Let 2 be a Banach algebra with radical R. We say that 2 has a strong
Wedderburn decomposition if there is a closed subalgebra 8 of 2 such that A =8 ¢ R.

The question that we wish to now briefly touch upon is which Banach algebras have a
strong Wedderburn decomposition.

Lemma 2.4.9 Let A be a Banach algebra whose radical R is complemented and satisfies
R? = {0}. Then, if p: A/R — 2 is a bounded right inverse of the quotient map m: A — A/R,
we turn R into a Banach 2A/R-bimodule by letting

(a+R)-r:=pla+R)r and r-(a+ R):=rpla+ R) (aeU reR).

This module action is independent of the choice of p.
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Proof Let by, by € 2/R. Obviously,
7(p(b1)p(b2) — p(biba)) = w(p(b1))m(p(b2)) — m(p(brba)) =0
holds, so that p(by)p(bs) — p(bibs) € R. Since R? = {0}, we have
by (ba 1) = (bib2) - 7 = [p(b1)p(b2) — p(brbo)lr =0 (r€R)

meaning that R is a left Banach 20/ R-module. Analoguously, one sees that R is also a right
Banach 20/ R-module. It is easy to see that the two module actions are compatible in such a
way that R becomes a Banach /R-bimodule.

Let p be another continuous right inverse of m. Then, we have p(b) — p(b) € R for all
b € A/R. Again due to the fact that R? = {0}, we obtain

p(b) -r=p(b)-r (beA/R, r € R).

Analoguously, one shows that the right module action is independent of the choice of p. O

In the next theorem, we refer to the module action defined in Lemma 2.4.9.

Theorem 2.4.10 Let A be a Banach algebra whose radical R is complemented and satisfies
R? = {0}. Suppose that H2(A/R, R) = {0}. Then 2 has a strong Wedderburn decomposition.

Proof Once again, let p: 2/R — 2 be a bounded right inverse of the quotient map 7: 2 —
2/R. Define T € £L?(2/R, R) through

T'(b1,b2) = p(b1)p(b2) — p(brb2) (b, b2 € A/R).
For by,ba,b3 € A/R we have

(52T) (b1,ba,b3) = b1 - T'(ba, b3) — T'(b1ba, bg) + T'(b1, babs) — T'(b1,ba) - bs
= p(b1)[p(b2)p(b3) — p(b2b3)] — p(b1b2)p(bs3) + p(b1b2bs)
+ p(b1)p(b2bs) — p(b1babs) — [p(b1)p(b2) — p(brb2)]p(bs)
= p(b1)p(b2)p(b3) — p(b1)p(babz) — p(b1b2)p(bs) + p(b1babs)
+ p(b1)p(b2bs) — p(b1b2bs) — p(b1)p(b2)p(bs) + p(brb2)p(bs)
—0,

meaning that T € Z%(A/R, R). Since H?(A/R, R) = {0}, there is S € L}(A/R, R) with
T =6'S. Let 6 := p — S. Then we have for by, by € A/R:

0(b1)0(b2) — O(b1b2) = (p(b1) — Sb1)(p(b2) — Sb2) — p(b1ba) + S(b1b2)
= p(b1)p(b2) — p(b1b2) — p(b1)Sba + S(b1b2) — (Sb1)p(b2)
= T(b1,bs) — by - Sby + S(bibz) — (Sby) - b
= (T — 6'8) (b1, o)
=0.

Hence, 6: A/R — 2 is a bounded homomorphism of Banach algebras such that
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(moB)(b) = (mop)(b)— (mroS)(b)=(mop)(b)=0 (b e A/R). (2.14)

Let B := 6(A/R). Clearly, B is a subalgebra of 2. It follows from (2.14) that BNR = {0}.
Fora € A, let b:= (A om)(a) and r :==a — (f o)(a), so that a = b+ r. By (2.14),

m(r) =m(a— (0 om)(a)) = m(a) —7(a) =0

holds, so that » € R. All in all, we have 2 = B @ R. Let (b,)22, be a sequence in B
converging in A to some element a. It is immediate that m(a) = lim,_,o 7(b,). Again by
(2.14), 6 o m = idss; hence,

a= lim b, = lim (6 o7)(b,) = 6(m(a)) € B.

n—oo n—oo
holds. Consequently, B is closed, and 2l has a strong Wedderburn decomposition. O

Corollary 2.4.11 Let 2 be a Banach algebra with radical R such that dim R < oo and R? =
{0}, and suppose that A/R is amenable. Then A has a strong Wedderburn decomposition.

Proof Since R is finite-dimensional, R is complemeted in 2 and trivially reflexive. Since
2A/R is amenable, Theorem 2.4.7 yields:

H?(A/R, R) = H*(A/R, R*™) = {0}.

By Theorem 2.4.10, this yields the claim. O

2.5 Notes and comments

B. E. Johnson’s memoir [Joh 1] is the big bang of amenable Banach algebras. It contains
Theorem 2.1.8 along with most of Section 2.1. Our pseudo-unital Banach modules are called
neo-unital in [Joh 1] (and in most of the existing literature). The proof of (i) = (ii) of
Theorem 2.1.8 we give (with Day’s fixed point theorem) is different from the one in [Joh 1],
and was suggested by R. Stokke. This approach not only shows that any D € Z(LY(G), E*)
is inner, but also that the implementing element can be chosen from the w*-closed, convex
hull of the set {—(Dd,) - d,-1 : g € G}.

Theorem 2.2.4 is from [Joh 2]. If 2 is a Banach algebra, then an element of 2% is called
symmetric if it is a fixed point of the flip map AXA > a @ b — b ® a. If A has an approx-
imate diagonal consisting of symmetric tensors, it is called symmetrically amenable. The
symmetrically amenable Banach algebras were introduced in [Joh 8]. They have hereditary
properties similar to those of amenable Banach algebras. If G is a locally compact group,
then L!(G) is already symmetrically amenable.

The hereditary properties of amenable Banach algebras as we present them go back to
[Joh 1]. Theorem 2.3.13 was first obtained by the Russian school of Banach algebraists led
by A. Ya. Helemskii ([Hel 3]). Our proof is from [C-L]. Theorem 2.3.14 is due to M. V.
Sheinberg ([Shei]).

Examples of amenable Banach algebras which are not 1-amenable can be found in [Joh 7]
and [L-L-W].
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Hochschild cohomology is named in honor of G. Hochschild who introduced it in [Hoch 1]
and [Hoch 2]; one of his motivations was to generalize Wedderburn’s decomposition theo-
rem. In [Hoch 1] a proof of Lemma 2.4.2 is given; it is the only reference for a proof I
know. Hochschild’s original definitions were for arbitrary associative algebras, i.e. without
any topology. The functional analytic overtones required to adapt the theory for Banach
algebras were added by H. Kamowitz ([Kam]; see also [Gui]). For this reason, the Banach al-
gebraic Hochschild cohomology we are discussing is sometimes called Kamowitz—Hochschild
cohomology (another name by which it goes is Johnson—Hochschild cohomology).

Theorem 2.4.7 motivates the following definition: Let n € N. Then a Banach algebra A
is called n-amenable if H™ (2, E*) = {0} for all m > n ([Pat 2]). There is a characterization
of n-amenable Banach algebras similar to Theorem 2.2.4; see [Pat 2] for details.

Already Kamowitz used Hochschild cohomology to show that certain Banach algebras
have strong Wedderburn decompositions. Our Theorem 2.4.10 is essentially due to him
(Kamowitz only considers commutative Banach algebras, but all the ideas are already given
in [Kam]). In fact, Theorem 2.4.10 is rather feeble: The hypotheses concerning the radical
can be weakened substantially. Strong Wedderburn decompositions are a just one instance
of what are called strong splittings of extensions of Banach algebras. A recent account of
splittings of extensions of Banach algebras is [B-D-LJ.

Third Hochschild cohomology groups occur naturally in the study of perturbations of
Banach algebras ([Joh 3], [R-T]). I don’t know of any Banach algebraic interpretation of
n-th Hochschild cohomology groups for n > 4.

Of course, one can also consider, for a Banach algebra 2l and a Banach 2-bimodule F,
the purely algebraic cohomology groups H™ (2, E) as originally defined by Hochschild. For
each n € Ny, there is a canonical group homomorphism ¢*: H*(, E) — H"(2, E), the
cohomology comparison map. Clearly, c® is an isomorphism, and ¢! is injective. Already for
2, the situation becomes more complicated ([Sol] and [D-V]). In [Wod], M. Wodzicki showed
that, if 2 is amenable and has the cardinality N,, then ¢™ = 0 for all m > n + 3. If we
assume the continuum hypothesis, this means that for amenable Banach algebras with the
cardinality of the continuum, ¢ = 0 for all m > 4. Hence, algebraic and “our” Hochschild
cohomology can be surprisingly unrelated. Nothing seems to be known about 3.

The introduction to Hochschild cohomology we have presented in this chapter is fairly
straightforward. A more sohpisticated and more powerful approach is propagated by Helem-

skii’s Russian school. We give an introduction to that approach in Chapter 5.
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What are the amenable Banach algebras we know so far? First, there are, of course, the group
algebras of amenable groups. Then we have commutative C*-algebras, and the algebras of
compact operators on certain classical sequence spaces. And we can use constructions like
quotients, tensor products, cg-direct sums, etc., to get further examples from the old ones.
If you think that’s not impressive, you're probably right.

In this chapter, we shall thus look out for more amenable Banach algebras that aren’t

just obtained by applying standard constructions to algebras we already know.

3.1 Banach algebras of compact operators

In Example 2.3.18, we saw that K(F) = A(F) is amenable whenever E = ¢y or E = (P
for p € (1,00). A natural questions is thus to ask for which Banach spaces F precisely the
Banach algebra K(E) — or rather: A(E) — is amenable. For every E, perhaps?

Since amenable Banach algebra have bounded approximate identities by Proposition
2.2.1, we first look at the question of when KC(E) — or rather: A(E) — has a (bounded) ap-
proximate identity. The approximation property and related notions are discussed in Section
C.1.

Proposition 3.1.1 Let E be a Banach space with the approzimation property. Then K(E)
has a left approzimate identity belonging to F(E). In particular, K(E) = A(E) holds.

Proof For each compact subset K of E and for each ¢ > 0, there is Sk € F(F) such that
sup{||lz — Sk.cz|| :x € K} <e.

Since, for any T' € IC(F), the the image of the closed unit ball of F under T is relatively
compact, it follows that limg ) [|Sk T — T|| = 0, so that (Sk )r,c is a left approximate
identity for (E). O

We don’t know if the converse of Proposition 3.1.1 holds, i.e. if E necessarily has the
approximation property when K(E) has a left approximate identity belonging to F(FE). For

the bounded approximation property, the situation is better understood:
Theorem 3.1.2 Let E be a Banach space, and let C > 1. Then the following are equivalent:

(i) E has the C-approximation property.
(ii) K(E) has a left approzimate identity bounded by C' and belonging to F(E).
(iii) A(E) has a left approzimate identity bounded by C.

V. Runde: LNM 1774, pp. 63-81, 2002
(© Springer-Verlag Berlin Heidelberg 2002
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Proof (i) = (ii) is proved like Proposition 3.1.1, and (ii) = (iii) is clear.

For the proof of (iii) = (i), let E be such that A(E) has a left approximate identity
(Sa)a bounded by C. We may suppose that (Sq)q lies in F(E). It follows that S, — idg in
the strong operator topology, and thus on all finite subsets of E. Since (S, )4 is bounded, it
follows that S, — idg uniformly on all compact subsets of E. O

Corollary 3.1.3 The following are equivalent for a Banach space E:

(i) E has the bounded approzimation property.
(ii) A(E) has a bounded left approzimate identity.

In particular, if we are looking for Banach spaces E such that A(E) is amenable, spaces
without the bounded approximation property are out. But, of course, being amenable is
much stronger a demand than just having a bounded left approximate identity. So, what
does the existence of a bounded right approximate identity or even a bounded (two-sided)
approximate identity for A(FE) imply for E?

Theorem 3.1.4 For a Banach space E and a constant C > 1, the following are equivalent:

(i) E* has the C-approximation property.

(ii) There is a net (Sa)a in F(E) bounded by C such that lim,, S} = idg~ uniformly on
the compact subsets of E*.

(iii) A(E™*) has a left approzimate identity bounded by C.

(iv) A(E) has a right approzimate identity bounded by C.

Proof (i) = (ii): Let ¢1,...,¢, € E*, and let € > 0. By (i), there is S € F(E*) with
|S|| < C such that ||¢; —S¢;|| < eforj=1,... ,n. Let ¥1,... , ¢y, € E* and Xy,..., X, €
E** be such that S = Z;nzl ¥; © X;. Let F' be the linear span of Xi,...,X,, in E**. By
the local reflexivity principle Theorem C.3.3, there is 7: F' — E such that ||7| < 14 € and

(1(X),¢5) = (65, X) (X eFj=1L...,n) 3.1

Let S = dois1 ¥ © 7(X;) € F(E¥). Then, clearly, S is the adjoint of an operator in F(E).
Moreover, we have

I — Sejll = ll¢; — Sosll <e  (j=1,...,n)

by (3.1). Identifying A(E*) with E*®FE** as in Proposition B.2.7 and invoking Exercise
B.2.3, we see that ||S|| < C(1+ ¢€). This implies that a net as required in (ii) exists (Why?).

(ii) = (iv): As in the proof of Proposition 3.1.1, we see that lim, ST =T for all T €
A(E*). In particular, we have lim, S:T* = T* for all T € A(FE). Consequently, lim, T'S,, =
T for all T € A(E).

(iv) = (ii): Let (Sa)q be a right approximate identity for A(E) bounded by C'. We may
suppose that (Sy)e is contained in F(E). Then lim, SXT* = T* for all T € A(FE). As in
the proof of Theorem 3.1.2, one sees (How exactly?) that lim,, S} = idg« uniformly on the
compact subsets of E*.

(ii) = (i) is trivial, and (i) <= (iii) is Theorem 3.1.2. O

Since a Banach space F such that E* has the C-approximation property for some C' > 1
itself has the C-approximation property (Exercise C.3.1), we obtain:
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Corollary 3.1.5 The following are equivalent for a Banach space E:

(i) E* has the bounded approximation property.
(ii) A(E) has a bounded right approximate identity.
(iii) A(E) has bounded approximate identity.

Proof Suppose that E* has the bounded approximation property. By Theorem 3.1.4, A(E)
has a bounded right approximate identity. Since E also has the bounded approximation
property, A(FE) has a bounded left approximate identity by Theorem 3.1.2. As in the proof
of Proposition 2.2.1, we can combine these two one-sided approximate identities to obtain a
bounded approximate identity. O

Hence, for A(E) to be amenable we have to require — at least! — that E* have the

bounded approximation property.

Example 3.1.6 Let § be a infinite-dimensional Hilbert space. Then ($&$)* = £($) lacks
the approximation property ([Sza]). Consequently, A($&@$) does not have a bounded ap-
proximate identity and thus is not amenable. Note that, however, A($$) has a bounded
left approximate identity by Exercise C.1.2 and Theorem 3.1.2.

We now introduce a rather strong approximation property for a Banach space E which
forces A(E) to be amenable.

Definition 3.1.7 Let F be a Banach space. A finite, biorthogonal system for F is a set
{(xj7¢k):j7k:15“- ,Tl} (32)
with z1,... ,2, € E and ¢1,... ,¢, € E* such that

<xj7¢k>:6j,k (]ak:L ﬂn)'

Exercise 3.1.1 Let F be a Banach space, and let (3.2) be a finite, biorthogonal system. Then the
map 6: M,, — F(E) given by

0(A) := Z a; kT © Pk (A = [aj,x]

Jrk=1

is a homomorphism.

Definition 3.1.8 A Banach space E has property (A) if there is a net of finite, biorthogonal

(00 5k =1 )

for E with corresponding homomorphisms 6, : M,,, — F(E) such that:

systems

(i) limg 0, (FE,, ) = idg uniformly on the compact subsets of E.
(ii) limg 04(E,,)* = idg- uniformly on the compact subsets of E*.

(iii) For each index «, there is a finite, irreducible n, x n, matrix group G, such that

sup sup [|0a(g)[| < co.
a geGg,
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It is immediate from this definition that each Banach space with property (A) has the
bounded approximation property (Why?).
Exercise 3.1.2 Show that (i) and (ii) in Definition 3.1.8 are equivalent to (6(Enr,))a being an

approximate identity for A(E).

Theorem 3.1.9 Let E be a Banach space with property (A), and let C denote the supremum
in Definition 3.1.8(iii). Then A(E) is C?-amenable.
Proof With notation as in Definition 3.1.8, let
1 _
= @ Z 0a(9) @ 0a(g 1)7

9€Ga

m,

so that ||m,| < C2. We claim that (m,,), is an approximate diagonal for A(E).
Let P, := 0(E,,) = A(gymq. Then (P,), is a bounded approximate identity for A(E),
so that, in particular,

TAA(E)IHQ — T (T € .A(E))
Let T € A(F) be arbitrary. Then

T -mg—mg T = (T —P,TP,) -mg —m, - (T — P,TP,) + P,TP, -m, — m, - P,TP,
= (T = P,TP,) mg —mg - (T — P,TP,)  (Why?)

— 0,

since (P,)q is a bounded approximate identity for A(F). O

Exercise 3.1.3 Let 2 be a Banach algebra. An element of A®2 is called symmetric if it is invariant
under the flip map AR A S aRb — bR a. If A has an approximate diagonal consisting of symmetric
tensors, it is called symmetrically amenable (see the notes and comments at the end of the previous

chapter). Show that, if E is a Banach space with property (A), then A(F) is symmetrically amenable.

It is easy to see that what we did in Example 2.3.18 to show that IC(E) = A(E) is
amenable for E = ¢y or E = (P with p € (1,00) was in fact a demonstration that these
spaces have property (A). Before we exhibit further examples of spaces with property (A),
we first take a look at the hereditary properties of (A):

Theorem 3.1.10 Let E be a Banach space such that E* has property (A). Then E has
property (A) as well.

Proof Let

{(qs;“),x,g")) Cik=1,... ,na} (3.3)

be a net of finite, biorthogonal systems for E* as in the definition of property (A).
Let F and F* be the collections of all finite subsets of £ and E*, respectively. For each
index «, for each F' € F, and for each & € F*, the principle of local reflexivity yields a

linear map

Topo: lin ({X}‘” =1, ,na} UF) ~F
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SuCh that ||Ta7p7¢|| S 2, Ta,F,q§|F = idF, and

<Ta,F,4s (X](-“)) ,¢> - <¢,X§°‘>> (j —1,... ,Na, & € lin ({¢§“) =1, ,na} u@)) .

It is then immediate that

{(TQ,F@(XJ-),@“)) k=1, ,na} (3.4)

is a net of finite, biorthogonal systems for E. It is also clear that (with G ro = Ga)
Definition 3.1.8(iii) is satisfied (the supremum increases at most by a factor 2).

Let 04: M,,, — F(E*) and 0, ps: M,,, — F(E) be the homomorphisms corresponding
o0 (3.3) and (3.4), respectively, and let P, := 0,(E,,) and Py p o = 0o ro(Ey, ). The net
(Pa,F,@)a,Fe is clearly bounded, and for any F' € F and @ € F*, we have

| Po.ror — || = |Ta,ra(Par) — 2| = [|Ta,re(Paz — 2)|| < 2[|Pix — x| (v € F).

It follows that Definition 3.1.8(i) holds (Why exactly?). Similarly,
Pl pat = Z (s (X)) X =3 (6. X)X — o (0e )
7j=1

holds, so that Definition 3.1.8(ii) is equally satisfied. O
We shall soon encounter a Banach space enjoying (A) whose dual lacks that property.
For a discussion of the Radon-Nikodym property, see Section C.2.

Theorem 3.1.11 Let E and F be Banach spaces with property (A) such that

(i) E* or F* has the approximation property, and
(ii) E* or F* has the Radon—Nikodym property.

Then EQF has property (A) as well.

Proof Let

{(a:gg),gi)](ca)):j,k:l,...,na} and {<(B)7¢k ):j,k:l,...,ng}

be the nets of finite, biorthogonal systems for E and F', respectively, as required by Definition
3.1.8. We then define a net of finite, biorthogonal systems for EQF:

{(m(a (5) (b(a w&ﬂ)):j,kzl,...,nm V“u:l,...,nﬁ}.

Identifying Ml,,, ® M, with M, ,, (Exercise B.1.7(iii)), we see that Definition 3.1.8(i) is
satisfied. By Theorem C.2.3, (EQF)* = E*®@F* holds. In particular, E* ® F* is dense in
(E®QF)*; it follows that Definition 3.1.8(ii) is satisfied as well. Finally, if G, C GL(n,,C)
and H, C GL(ng,C) are finite, irreducible matrix groups, then G, ® Hg C GL(nyng,C) is
also a finite, irreducible matrix group. Hence, Definition 3.1.8(iii) is satisfied. O

Theorem 3.1.11 is no longer true if we replace the injective tensor product by the pro-
jective tensor product, as we will soon see.
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Examples 3.1.12  (a) Let (2,8, 1) be a measure space, and let p € (1,00). Consider
the collection of all families 7 consisting of finitely many, pairwise disjoint sets in S such
that (A) € (0,00) for each A € 7. For two such families 77 and 73 define 7; < 75 if
each member of 77 is the union of a subfamily of 75. For each 7', we have a corresponding

finite, biorthogonal system:

1 1
{<M<A>%XA’M<B>%XB> D ET}’

where ¢ € (1,00) is dual to p, i.e. % + % = 1. Let 67 : M,,, — F(LP(£2,8,p)) the
corresponding homomorphism. It is immediate that

Or(Eny)xa=xa and O07(E,;)"xa=xa (Ae S, {A} < T).

This implies that Definition 3.1.8(i) and (ii) are satisfied (Why?). Let G7 be the finite,
irreducible matrix group introduced in Example 2.3.16. For 0 € &,,, and € € {—1,1}"7,
and 7 = {4,...,A,,}, we have:

p
s €5 1
107 (DeAs) fII = Z( . 1/ fdu> ———— X4,
: j=1 p(Aj)? Ja; H(Ao(j))q v »

p

j=1 n(Aj)e
< 5 11(A;) / |fIP d, by Holder’s inequality,
=1 1(Aj)a Aj

nr
:Z/ 1P dp
=174

= £ (f € LP(£2,8, ).

/A_fdu

J

P
q

Consequently, LP(£2,S, 1) has property (A), and, by Theorem 3.1.9, A(LP(£2,S,p)) is
amenable (in fact, 1-amenable).

(b) Similarly, L'(£2,S, i) has property (A), and A(L'($2,S, 1)) is 1-amenable (Exercise
3.1.4).

(c) Let £2 be a locally compact Hausdorff space. Then Co(£2)* =2 M(£2) is an Ll-space
for an approriate measure space: This follows from the Kakutani-Bohnenblust—-Nakano
theorem ([Al-B, Theorem 12.26]). Hence, Cy(£2)* has property (A) by (b) and so has
Co(£2) by Theorem 3.1.10.

(d) For any measure space (§2,S,u), the space L*>®(§2,S,u) equipped with pointwise
multiplication is a commutative C*-algebra. By the Gelfand—Naimark theorem, there is
a compact Hausdorff space K such that L>(§2,S, ) = C(K). It thus follows from (c)
that L>°(£2,S, ) has property (A).

(e) Let 2 be a locally compact Hausdorff space, and let E be a Banach space with
property (A) such that E* has the Radon—Nikodym property. It follows from Theorem
B.2.5 and Theorem 3.1.11 that Co (2, E) has property (A).
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Exercise 3.1.4 Verify Example 3.1.12(b). (Hint: First, treat the case of a finite measure space,
and proceed as in Examples 3.1.12(a). Then “approximate” an arbitrary measure space with finite

measure spaces.)

Remark 3.1.13 Let $ be an infinite-dimensional Hilbert space. By Examples 3.1.12(a),
$ has property (A), and so has @9 by Theorem 3.1.11. However, as we have seen in
Example 3.1.6, A(ﬁ@f)) is not amenable, so that (f_)®5§)* >~ BR$H cannot have property
(A). This shows at the same time that, in Theorem 3.1.10, the réles of E and E* cannot be
interchanged and that, in Theorem 3.1.11, the injective tensor product cannot be replaced

by the projective one.

Does every Banach space E such that A(FE) is amenable have property (A)? It seems
doubtful: By Exercise 3.1.3, this would mean that any amenable A(FE) is already symmet-
rically amenable, which seems too good to be true.

Concluding this section, we want to give an example of a (otherwise very nice) Banach
space E such that A(E) is not amenable. In fact, E = % @ (7 will do if p € (2,00) and
q € (1,00) is such that % + % =1.

We first need some purely Banach algebraic prerequisites:

Definition 3.1.14 A Banach algebra 2 has trivial virtual center if, for each X € 24** that
commutes with every a € U, there is A € C such that

a-X=X=X-a (a € ).

For the notion of the multiplier (or: double centralizer) algebra M(2L) of a Banach algebra
A, we refer to [Pal].

Proposition 3.1.15 Let A be an amenable Banach algebra, let Py € M(2L) be a projection,
and let Py := idg — Py. Then, if both PiAP; and PoAP, have trivial virtual center and if
not both PiAP, and Po2AP; are zero, one of the following holds:

(1) Am(lePQ(g)PQQlPl) = Plglpl,'
(i) Ag(PAP,QPIAP,) = PyAP;.

Proof For notational simplicity, let ;i := P;AP; for 5,k =1,2. For 5,k = 1,2 with k # j,
let A3 := Ag (A @A ;) be equipped with the quotient norm || - [|$. Note that A2 is an ideal
in 2; ; for j =1,2. Let

E:={a€: PjaP; €A, j =1,2}.
For z € E, let
][} = max{|[ PPy}, | PraPol|, || Pra Py, | Pax P2}
It is routinely checked (Do it!) that (E, ||| - |||) is a Banach 2-bimodule. Define
D:A— E, aw— PiaPy,— PaP(= Pia—aPy).

Then D is a derivation, and from the amenability of 2, it follows that there is X € E** such
that D = adx.
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For j,k = 1,2, let X, = P;X P, € P;E**P;. Note that X ; € (Q[;)** If a € Y ; for
some j € {1,2}, we have Da = 0,ie. a- X —X-a=0and thusa - X,; — X;,;-a=0.

* 3k

Since the bitranspose of the inclusion A — ; ; embeds (7)™ into A%,

and since 2 ;
,

has trivial virtual center, there is A; € C such that
a-Xjj=Xa=Xjj-a (a€;;)

Without loss of generality suppose that 2, 2 # {0}. Choose a € 24 2\ {0}. It is not hard
to show (Exercise 3.1.5 below) that 2 5 is a pseudo-unital left Banach 2l; ;-module as well
as a pseudo-unital right Banach 23 o-module. This means that there are a’ € A3 2, b € Ay 1

and ¢ € Ay 5 such that a = ba’c. Since
a=PaP, — PP =a-X—-X-a=a-X25—Xy-q,
this yields
a="bdc-Xoo— X171 -ba'c=Nba'c— A\iba'c = (\y — \1)a,

so that Ao — A\; = 1.

Without loss of generality suppose that A; # 0. Then a - )\I1X1,1 =g forall a € Ay ;.
With essentially the same argument as in the proof of Proposition 2.2.1 (Work it out if
you have doubts!), we obtain a bounded (with respect to || - ||) net (eq)n in A which is a
right approximate identity for 2 ;. Let C' := sup,, ||eq||S. Then, for each a € 2, ; and for
each € > 0, there is b with [ja — b|| < € and [|b]|3 < 2C|al]| — just choose b := ae, for
an appropriate index «. Inductively, (How precisely?) we thus obtain, for each a € %, 1, a
sequence (b,,)5%; in A with >°>7 | [|bs]|§ < oo and Y| b, = a. This means that A; = A 1
as claimed. O

Exercise 3.1.5 Verify that 20 2 is a pseudo-unital left Banach 2;; module and a pseudo-unital
right Banach 2z 2-module. (Hint: Given a bounded approximate identity (eq)a for 2, show that
(PreaPi)a is a bounded left approximate identity for 201 2, and apply Cohen’s factorization theorem
([B-D, Theorem 11.10]). Proceed similarly with (PzeqPs)a.)

The situation we want to apply Proposition 3.1.15 to is the following: Given two Banach
spaces F and F, let 2 := A(E & F), and let P, € L(F & F) be the projection onto E
corresponding to the direct sum decomposition. Of course, in order to be able to apply
Proposition 3.1.15, we require that both A(E) and A(F) have trivial virtual center:

Exercise 3.1.6 Let E be a Banach space.

(i) Show that A(FE) is topologically simple, i.e. it has no closed (two-sided) ideals other than {0}
and A(FE). (Hint: Show first that F(FE) is (algebraically) simple, i.e. it has no ideals other than
{0} and itself.)

(ii) Show that A(FE) has trivial virtual center. (Hint: Let X € A(E)** be such that T-X = X -T
for all T € A(FE). Pick a rank one projection P on E and show that there is A € C such that
P - X = A\P. Then use (a) to conclude that T- X =XT = X - T for all T € A(E).)

Corollary 3.1.16 Let E and F be Banach spaces such that A(E @ F') is amenable. Then

one of the canonical maps
A(F,E)®A(E,F) — A(E)  and  A(E,F)®A(F,E) — A(F)

18 surjective.
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Example 3.1.17 Let p, ¢ € (1,00) such that A(¢? @& ¢7) is amenable. Then Corollary 3.1.16

implies that one of the maps
A(01, (P)S AP 07) — A(C) (3.5)
and
AP ()& AL, 07) — A(£7) (3.6)

is surjective.

Assume first that (3.5) is surjective. Then, by the open mapping, theorem, there is C' > 0
such that, for each T' € A(¢?) there are sequences (S,)22; in A(¢9,¢P) and (R,)5>; in
AP, 07) with Y07 ISull|Rall < C|T|| and T = Y07 | Sy Ry, Since 2 22 ¢P- @77 | (P (and
similarly for £2), it follows (How exactly?) that, for each T' € A(¢P) there are S € A(¢4, ¢P)
and R € A(¢P,¢7) with [|S[|||R|| < C||T|| and T' = SR.

For n € N, let P, € A(¢?) be the projection onto the first n coordinates. Let S,, €
A€, 0P) and R, € A((P,£7) with ||S,|[|Rn]] < C and P, = S,R,. Let Qn := R,Sn;
certainly, Q,, € A(¢?) is a projection with ||@Q,| < C. Define 7, := Q,R,P, and o, :=
P,S5,Qyp. Then 7, is an isomorphism from P,¢” onto Q,¢¢ whose inverse is o, |qgea. It is
immediate from the definitions of 7,, and o, that |7, [|||7, ! @,.ee]| < C3. Since J{Pnt? : n €
N} is dense in ¢P, it follows from Theorem C.3.7 that ¢P is finitely representable (Definition
C.3.2) in £2. By Corollary C.3.10, this is impossible for p > 2 and ¢ < 2, so that (3.5) cannot
be surjective in this case.

Assume now that (3.6) is surjective for p > 2 and ¢ such that 11—) + é = 1; in particular,
g < 2. Then, for each T' € A(¢P), there are (S,)22, in A(¢P,¢?) and (R,)5>; in A(¢9,(P)
with Y07 [ISulll|Rnll < o0 and T* = Y7 | S, R,. Taking the transpose, we obtain 7' =
oo | R:Sk, so that (3.5) is a surjection. But as we have just seen, this is impossible.

Allin all, if p > 2, and if ¢ € (1,00) is such that % + % = 1, then neither (3.5) nor (3.6)

is surjective, so that A(fP @ £9) cannot be amenable.

Nevertheless, A(/P @ ¢7) has a bounded approximate identity for all p,q € [1, 00).

3.2 A commutative, radical, amenable Banach algebra

So far, all the examples of amenable Banach algebras we have encountered have been
semisimple. However, the class of amenable Banach algebras is much richer: We shall now
present C. J. Read’s construction of a commutative, radical, amenable Banach algebra.
The idea underlying the construction is simple: We construct a sequence of finite-
dimensional, nilpotent, commutative Banach algebras such that the inductive limit will
have an approximate diagonal (bounded by 1). Nevertheless, the technical difficulties of the

construction are considerable.

Definition 3.2.1 Let B be a commutative Banach algebra, let 2 be a subalgebra of 9B,
and let 6 > 0. A metric, d-approzimate unit for 2 is an element u € B with |lu]| < 1 such
that

[ua —a|| < dflal]  (aeA).
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For the sake of brevity, we shall call a finite-dimensional, nilpotent, commutative algebra
an FDNC-algebra. A Banach FDNC-algebra is a Banach algebra which is also an FDNC-
algebra, and a Banach FDNC-extension of a Banach FDNC-algebra 2 is a Banach FDNC-
algebra B containing 2 as a subalgebra such that the canonical embedding is an isometry.

Lemma 3.2.2 Let 2 be a Banach FDNC-algebra, and let § > 0. Then there is a Banach

FDNC-extension of 2 that contains a metric, 6-approximate unit for 2.
We postpone the proof.

Definition 3.2.3 Let 2 be a commutative Banach algebra, let a,u € 2 be such that |Ju|| <
1, and let {,n > 0.

(i) An element m € A®2A with |[m| < 1 is called a metric, (-approzimate commutatant

for a with image u if Agm = u and
la-m—m-af <(la].

(i) An element m € A®2 with |m| < 1 is called a weak metric, (n,()-approzrimate

commutant for a with image u if Agm = u, and if there is x € 2 such that
[z —all <nlla]l  and [z -m-m-z[ <(]a].

There is an analogue of Lemma 3.2.2 for weak metric, approximate commutants:

Lemma 3.2.4 Let 2 be a Banach FDNC-algebra, let w € A with ||u|| < 1, let { > 0, and
letn e [1%, 1]. Then for each a € A, there is a Banach FDNC-extension B of 2 such that
BB contains a weak metric, (0, )-approxvimate commutant for a with image u.

Again, we postpone the proof.

Once Lemmas 3.2.2 and 3.2.4 have been established, the remainder of the construction

is relatively easy.

Lemma 3.2.5 Let A be a Banach FDNC-algebra, let u € A be such that ||u|| <1, let ¢ > 0,
and letn € [35,1]. Then, for each a € A with ||a|| < 1 and for each n € N, there is a Banach
FDNC-extension B, of A such that B,®%B,, contains a weak metric, (n™, n)-approvimate

commutant for a with image u™.

Proof We proceed by induction on n. For n = 1, the claim follows immediately from Lemma
3.2.4.

Suppose that 9B,, as required has already been found. Then there is x € B,, and m,, €
B,,@B,, with Ag m,, = u" such that

|z —al <n" and |z - my, —m, - z| <nd.

Let b := #(m — a), so that ||b] < 1. Again by Lemma 3.2.4, there is a Banach
FDNC-extension 98,11 of 9B, containing a weak metric, (7, ()-approximate commutant

m € B, 1®B,, for b with image u. In particular, there is y € B,,41 such that

ly—bl<n and [y-m-m-y[ <.
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Let m, 41 := mem,. Then |m,| <1, and Ay, ,m,4; =u""!. Let z := z — n"y. Then

Iz —all = llo —a—n"y| =n"[Ib—yl <"
and

lz - myi1 —mpyr 2| <o mppr — mppr -zl + 0"y mp =m0 0"yl
< [mflllz - my —my, - 2| + [[my|[{|7"y - m —m- "yl
<z my —my, -z + 0"y - m—m-n"y|
<nC+n"¢
< (n+1)¢,

so that m,,; is a weak metric, ("1, (n + 1)()-approximate commutant for a with image
utt O

Lemma 3.2.6 Let 2 be a Banach FDNC-algebra, and let § > 0. Then there is a Banach
FDNC-extension B of A such that:

(i) B contains a metric, d-approrimate unit u for A.
(i) BRXB contains an element m which is a metric, 5-approrimate commutant for each

a € A with image u.

Proof Choose a basis a1, ... ,a, of /U, and choose C > 0 such that, for each a € 2 with

n
a= )iy Ajaj, we have:

>l <Cllal
j=1

(Why does such a constant C' exist?). Further, choose n € [1—90, 1) and n € N such that
2n"C < g Then choose ¢ > 0 such that n(C < g.

By Lemma 3.2.2, there is a Banach FDNC-extension B, of 2 containg a metric, %—
approximate unit ug for 2. Then use Lemma 3.2.5, to find a Banach FDNC-extension
B of By such that B;@MB; contains a weak metric, (", n¢)-approximate commutant m;
for a; with image ug. Successively we obtain, from Lemma 3.2.5, Banach FDNC-algebras
Bo, ..., B, such that, for j =2,... | n,

— the algebra B, is a Banach FDNC-extension of 9B;_1, and
- %J@%j contains a metric, (7", n¢)-approximate commutant m; for a; with image ug.

Let B := 9,41, and let m := m; e---em,,. Then, clearly, |m| < 1, and for u := u32 =

Agpm, we have

n?-1

+1
lua —all < Y Jup™a - udal| < n2§||a|| =dllal  (ae),
7=0

so that u is a metric, §-approximate unit for 2A.
Let a = >37_, A\ja; € 2, and note that
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n
a-m—m-azZ/\j(aj-mj—mj~a,j)onk.
j=1 k#j
It follows from the choice of C' that
n
Ja-m—m-all <3 Illla; - m; —m; - al| < Cllall max |, -my —m;-agl. (37)
j=1 n
=
For each j =1,... ,n, there is x; € B; C B such that
[z —a;ll <n™  and  [lz; - m; —m; -z < nc.
Since, clearly,
Iz —a;) - my —my - (z; —a)|| < 2[lz; — allmy]| < 27",
it follows that
laj-m; —m;-qj[ <20" +n¢  (j=1,...,n).
Together with (3.7), this implies that
la-m—m-al < Cllaf (27" +n¢) < dlla|

(Remember how 7 and ¢ were chosen?). Since a € 2 was arbitrary, this means that m is
indeed a metric, d-approximate commutant for each a € A. O

We are now in a position to prove the main theorem of this section:

Theorem 3.2.7 A Banach FDNC-algebra can be isometrically embedded into a commuta-

tive, radical, 1-amenable Banach algebra.

Proof Let 2 be Banach FDNC-algebra. Choose a sequence (d,,)22; of positive numbers
such that lim,,_,~ d, = 0. Applying Lemma 3.2.6, we inductively obtain a sequence (2,,)52 ,

of Banach FDNC-algebras with the following properties:

-2 =9
— For each n € N, the algebra 2,1 is a Banach FDNC-extension of 2.
— For each n € N, the tensor product 2,1 ®%,,1 contains an element m, which is a

metric, d,-approximate commutant for each a € 2,, and such that Ag ., m, is a metric,

n+1
dp-approximate unit for 2.

Let R be the completion of | J;—, 2,. Let a € |J,—, A, be arbitrary. Then there is N € N
such that a € ™Ay. It follows that, for n > N,

[(Anmy)a —af <dpllall  and  [la-m, —m, -a] < ,al,

so that (m,,)%°; is an approximate diagonal for & (bounded by 1). Hence, R is amenable.
By construction, the set of nilpotent elements is dense in fR. Since R is commutative,
this means that every element of R is quasi-nilpotent, i.e. R is radical. O

Corollary 3.2.8 There is a non-zero, commutative, radical, amenable Banach algebra.
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What remains to be done, of course, is to prove Lemmas 3.2.2 and 3.2.4. And this is, in
fact, where the real work for the proof of Theorem 3.2.7 will be done.

We begin with the proof of Lemma 3.2.2 because it is easier and will thus (hopefully)
better clarify the idea common to the proofs of both Lemma 3.2.2 and Lemma 3.2.4. As a
preparation for both proofs we give an easy exercise:

Exercise 3.2.1 Let 2 be a commutative, unital, normed algebra, and let S be a subsemigroup of

the multiplicative semigroup of 2 containing eg and bounded by C' > 0.

(i) Show that

n n
llalls := inf{2|aj| neN, ar,...,an €Y, s1,...,8, €S, a:Zaij} (a eA)

j=1 j=1

defines an algebra norm on 2( such that
1
Slall < llals <l (@e2)  and  Jsls<1 (s€S).

(if) Show that ¢ € A* has norm at most one with respect to || - ||s if and only if |{as, ¢)| <1 for
all s € S and a € A with ||a]| = 1.

Proof of Lemma 3.2.2 Let the unitization 2% of 2 be equipped with the ¢!-norm, i.e.
[Ae + a| := |A| + ||al| (ANeC,ac). (3.8)

Consider the algebra A#[X] of all polynomials in one variable with coefficients in A*. We
use 2#[X]o to denote the subalgebra consisting of those polynomials whose constant term
lies in 2. For N € N, let Iy be the principal ideal in 2#[X] generated by XV. Obviously,
Iy C A#[X]g so that B := A#[X]o/Ix is well defined. It is clear from this definition that
B is an FDNC-algebra. In fact, if d € N is such that a® = 0 for all a € 2, then bN+td-1 =0
for all b € B (check this for yourself). For ag,... ,an_1 € A# define

N—-1 N—-1
> a X =) layll-
j=0 j=0

Clearly, this defines an algebra norm on A#[X]/Ixy = B# that extends the norm on 2A#.
Let

k
1
S = 5—kH(an—aj):k€No, ap ... ap €, |lar] =--- = |lax]| =1} € B,
j=1

Then S is a subsemigroup of the multiplicative semigroup of B# and contains the identity
of B#. Let n := dim®A. Then a; ---a,q = 0 for all a1,... ,a,q € A (Why?). It follows that

= (2)" s

(at least if we suppose that § < 2, which we may do). Let || - ||s be the algebra norm on B#
defined as in Exercise 3.2.1. Then, for each a € 2 with ||a|| = 1, we have 3(aX —a) € S, so
that
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laX —alls < dllalls  (a €.

Since || X||s < || X|| = 1, it follows that X (or rather its coset in 9B) is metric, J-approximate
unit for (A, | - [|s)-

We shall now see that, for sufficiently large N, the norm || - ||s coincides on 2 with the
given norm, so that B becomes a Banach FDNC-extension of 2. We do so by dualizing: We
show that, for NV sufficiently large, each ¢ € A* with ||¢|| = 1 has a norm one extension to
(B#,| - ||s)- First extend ¢ to 2 by letting (e, ¢) = 0 and then define ¢: B# — C through

k

(aX®, p) = (l_ﬁ) (a,¢) (aeU¥, k=0,...,N—1)

By Exercise 3.2.1(ii), it is sufficient to show that |(bs, )| < 1 for all s € S and b € B# with
|6]| = 1. Without loss of generality (Really?), we can suppose that b is of the form a X' with
a € A# such that ||al| = 1 and [ € {0,... , N — 1}. The element c := bs is then of the form

k

1
c= 5—kaXl H(an —aj), (3.9)
j=1

where ay, ... ,ar € A are such that ||a1]| = -+ = |lan]| = 1. If £ = 0, it is easy to see that
|{c,d)| <1 (How?). Thus, let k € {0,... ,dn}.
Case 1: k+1 < N. In this case, the highest power of X occurring in ¢ is N — 1. Hence,

- k
with a = a[[;_, a;, we have

(e, ) = 5ik<a,¢>i<—1>”(’j) (-5 (3.10)

For k > 1, we have

v=0 v=0
so that (3.10) becomes
1,
<C @: m<a7¢>7k_17
0, k> 1.

For N > %, we thus have |(c,¢)| < 1.
Case 2: k+1 > N. Since k < dn, for each j = 0,... ,k, we have either aX’*! € Iy (if
j+1>N)or incase j+1 <N,

jax,a) = (1- 55 ol < -

Using (3.9) to compute {c, ¢), we thus obtain

k k dn
- 1 k\ dn 2\" dn 2 dn
< — — = = — < (= _
e, @)l < 5 VZ:O (u)N <5) N = <5) N’
where the last inequality holds due to the fact that without loss of generality 6 < 2. Choosing

N > (%)dn dn, we obtain again that |(c, ¢)| < 1. OIf you now think that the proof of Lemma
3.2.2 was hard, you haven’t seen yet what lies ahead ...
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Proof of Lemma 8.2.4 First of all, there is no loss of generality if we suppose that ||a|| = 1.
The idea of the proof is similar to that of the proof of Lemma 3.2.2: Equip 2% with the norm
defined in (3.8), and consider the algebra A¥[Xy,..., Xx] of polynomials in N variables
with coefficients in A%. We write A#[X,... , Xn]o for the subalgebra of A#[X1,... , Xy]
consisisting of those polynomials whose constant term lies in 2. We use the customary
multiindex notation, i.e. for a = (aq,... ,ay) € NJ', we let X* := X -+ XN and write
|a| for oy + -+ + an; one particular multiindex is 1 = (1,...,1). Our Banach FDNC-
extension B of A will be a quotient of A#[X1,... , Xn]o-

Let Iy be the ideal of A¥[X;,... , X ] generated by the set {X* : |a] > N2d} (where
d € N is again such that a% = 0 for each @ € 2). Furthermore, let I; be the principal ideal of
A#[X1,..., Xn| generated by XN —u. Then I := I+ 1 is contained in A#[X1,... , Xn]o,
so that B := A#[X1,..., Xn]o/I is well defined with B# = A#[X,,...  Xy]/I. Clearly,
(Once again: Why?) B is an FDNC-algebra.

We first extend the norm on A% to A#[X,... , Xn]/Iy by letting

Z A X% = Z llaa]l

|a|<N2d |a|<NZ2d

for a, € A#. This induces a quotient norm on B#, which we will likewise denote by || - ||.
Let

k

N
. 1 a. N #
S:={ = m;xj—a X*:keNy, aeN) 3 cB?.

Then S is a finite (Why?) subsemigroup of the multiplicative semigroup of 8% containing the

identity, so that we may define again another algebra norm ||-||s on 6% as in Exercise 3.2.1.

Let z := ﬁzyﬂ X;. Then, since %(m —a) €S, we have ||z —alls <n.For j=1,...,N,
let
| N
— k N—k 5

Clearly, [m;|js <1 and || X; - m; — m; - X;[|s < 5>5. Let m := m; e --- emy, so that
|m|s <1 and

2
[X; -m—m-X;|s <

i=1,...,N).
<y—7 U=L....N)

It follows that ||z -m —m-z| < 5. For N > 1+ %, this means that ||z - m —m - z| < (.
Furthermore, it is clear from the definition of I; that Agxm = u. All in all, it is clear that
m is a weak metric, (7, {)-approximate commutant for a — provided 2 is equippped with
(the restriction of) || -||s. Hence, all we have to show is that for sufficiently large N the norm
|| - ls coincides with the given norm on 2. And this is the really hard part of the proof ...

As in the proof of Lemma 3.2.2, we proceed by dualizing. Given ¢ € A* with ||¢| =
1, we first extend again ¢ to 2% through (e,¢) = 0. We then define an extension ¢ :
A#[X1,...,Xn] — C as follows: For a € NY and a € A%, let
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(GX, B = (uFala, @), if o = kN1 + 3 with k € [0,d) and |3| =1 € [0,d),
o 0, otherwise

If N2 > d, this is well defined (You should check this for yourself).

We first claim that (]3 vanishes on both Iy and Iy, and thus induces a linear functional
on B#.

Let @ € A#, and let o € N}¥ be such that |a| > N2d. Assume that (aX?,¢) # 0. By
the definition of ¢, however, this implies that |a| € [kN? kN2 + d) with k € [0,d), so that
la| < (d—1)N? +d—1 < N%d since N2 > d, which is a contradiction. Hence, ¢ annihilates
I.

In order to prove that ¢ vanishes on I as well, it is sufficient to show that we have
( (XN — )X @) = 0 for all « € NYY and all @ € 2#. Suppose that a = kN1 + 3 with

k,|B| € [0,d). Then, by the definition of ¢, we have

(auX®, ¢) = (**'d"a, ).

For all other o € NY', we have (ayX®,¢) = 0. Suppose now that « = kN1 + 3 with
|8| € [0,d), but k € [0,d — 1). Then, again by the definition of ¢, we obtain

(@xVre,g) = (ut1al’la, ¢) (= (ayX*, ).

Finally, let a € NY¥ be such that a = (d — 1)N1 + 3 with |3| € [0,d). Then, since u? = 0, it
follows that

(@xNte @) = 0(= (auX®, @)).

Hence, ¢ does indeed vanish on I;.
By Exercise 3.2.1(ii), it is sufficient to show that

k

N
(1 Ay
R @ < .
<a 2Nj§:1X] a| X ,¢> <7 (3.11)

for all k € Ny, a € Ny and @ € 2% with ||| = 1. As in the proof of Lemma 3.2.4, we have
to treat several cases separately.
Case 1: k > %. We have
k

1 1 k _

1BI<k
Since a? = 0, no coefficient of X in the right hand side of (3.12) has a norm larger
than 4% times the norm of the corresponding coefficient in the multinomial expansion of
k
(ﬁ Zjvzl X; — ia) . Since ||a|]| = 1, the sum of those norms is at most (%)k Hence, the

sum of the norms of the coeffiecents of the right hand side of (3.12) is at most 44 (%)k. Since

lla]| = 1, we have
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k

1 N
Al ==Y Xj—a| X*=) bsx”

with >~ [|bg]| < 44 (%)k. From the definition of ¢, it follows that |(bs X?, )| < ||bs|| (Why?).
The triangle inequality then yields

1 N k 3 k
il-c> X;-a Xa,<5> §4d<—)
< 2N = 4

Consequently, (3.11) is satisfied provided that k > bg&#’%. This, however, does indeed
hold since n > % and k > —dlogd

log6—log 5"
Case 2: k < m‘%)fghiys and o = vN1 + v where v € [0,d) and v € N} with |y| € [0, d).
Again, we use a multinomial expansion:
k
1 i PP & k1815 xo+8
a| — Xj—a] X*= —( )(—a) ax*®
151
2N j=1 18|<k (2N) /817 761\7
— Z ; k )(—a)k_w'dX”Nl""Y"'ﬁ. (3.13)
@2N)IPIABy, ... B

18I<k

In case |y] 4 || < d, the definition of ¢ yields
<ak7|,8|C~LXVN1+7+,87 (Z_5> _ <uuak+|7|&’ ¢> (3_14)

If d < |y| +|B8| < N2, we have k + |y| > |8] + |y > d, so that a**+171 = 0. This means,
however, that both sides of (3.14) are zero in this case, so that again the equality (3.14)
holds. Provided that N is sufficiently large, i.e. if N2 > d (1 + %), the case where
|v| + |8] > N? can never occur. Hence, we obtain from (3.13) that

k

1 & " - 1 k s 3
<a ﬁ;Xj—a X ,¢> = Z 7(2]\[)“3\ <ﬁ1,..- 75N>(1)k w(u akﬂﬂa,@

|BI<k

1 k
- (5 - 1) (wa*hla, ¢)  (Why?),

so that
k

1 & 1\*
al —> X, - X oV <([2) <k
(lagoe) =)=6) =

This, again, establishes (3.11).
Case 3: k < % and all values of a not covered under Case 2. Unless every summand
in the multinomial expansion
k

. 1 N a 7\ _ 1 k Bl kBl vt
<“ ﬁ;Xj—a X ,¢>— ZW(ﬂl,---,ﬂN>(_l) (a axe+s, g)

1BI<k
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is zero — in which case nothing has to be shown —, it follows from the definition of ¢ that
at least for some 3 € NY¥ with |3| < k, we have o + 8 = vN1 + v with v € [0,d) and
v € N} such that |y| € [0,d). If we choose N? > d (1 + loglg%gﬁ), the smallest interval in
N}’ containing all possible values of |a| + |3] must have a width less than N? — d. Hence,
there is only one possible value v € [0,d) such that « + 8 = vN1 + v with v € N(J)V such
that |y| € [0,d). Let Sy be the positive part of vN1 — «; note that |By| > 1. Then all other
multiindices § for which a + (8 can be expressed in the aforementioned way must satisfy

B > Bo. Consequently, we obtain:

<a LZN:X—a an&> < ¥ < k )#
v 225 )= L e e e

k_‘ﬁo‘ k'
: p 2
<3 e (v
n=
|
_ (k1)
- 2N

(3.15)

Let K := {%J, and choose N > WLK@ Then (3.11) follows from (3.15). O

3.3 Notes and comments

The results on bounded approximate identities in Banach algebras of compact or rather
approximable operators can be found in [B-P], [C-L-M], [Dixo], [G-W], and [Sam]; there
seem to be a lot of re- and parallel discoveries in this area.

Our discussion of Banach algebras of compact operators is taken from [G-J-W]. Our
Example 3.1.17 is a poor man’s version of [G-J-W, Theorem 6.9]: As we have seen in
Example 3.1.17, the amenability of AP @& ¢9) for any p,q € (1,00) implies that ¢P is
finitely representable in £¢ (and vice versa). Using more sophisticated Banach space theoretic
arguments than we have at our disposal here, N. Grgnbaek, B. E. Johnson, and G. A. Willis
show that this is impossible whenever p # ¢ and p # 2 # ¢. The big open question in
connection with the amenability of algebras of compact or rather approximable operators is:
What is the property — described in Banach space theoretic terms — which characterizes
those spaces E for which A(F) (or K(FE)) is amenable? It is plausible to expect it to be
some strong form of approximation property, but still weaker than property (A).

A related question about which very little is known is whether there is an infinite-
dimensional Banach space E such that £(E) is amenable. We shall see in our chapter on
C*-algebras that £(9) for a Hilbert space $) is amenable only if dim$ < oco. Further, if
E is a Banach space such that E* has the approximation property and L£(E) is amenable,
then A(E) must be amenable as well (this is a consequence of Corollary 3.1.5 and Theorem
2.3.7). Consequently, L(¢7 & ¢7) cannot be amenable if p,q € (1,00) \ {2} with p # ¢. It
seems to be unknown whether £(¢P) is amenable for p € (1,00) \ {2}. Only very recently, C.
J. Read was able to prove that £(¢!) is not amenable ([Rea 2]); his proof involves the theory

of random hypergraphs. As an inspection of Read’s proof shows, the argument in [Rea 2]
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also yields the non-amenability of L(cg). It is not clear at all, however, if Read’s proof can
be modified in such a way that it establishes the non-amenability of L(¢P) for p € (1, c0).

The question of whether a (commutative) radical, amenable Banach algebra exists was
raised for the first time by P. C. Curtis, Jr., in 1989. A first example of a radical, amenable
Banach algebra was given in [Run 1]. That example, however, is not commutative and de-
pends on deep results from abstract harmonic analysis due to J. Boidol, H. Leptin, and
D. Poguntke (the radical algebra arises as the quotient of the group algebra of a peculiar
amenable group). The example we present (due to C. J. Read) is from [Rea 1].

It is easy to obtain a commutative, amenable Banach algebra that is not semisimple:
Let G be a non-compact, locally compact, abelian group with dual group I'. By Malliavin’s

theorem ([Rud 1, 7.6.1, Theorem]), I" contains a closed set F' which is not of synthesis, i.e.

J(F) :={f € A(I') : supp(f) is compact and does not intersect F'}
CH{feAD): flr =0}
=: I(F).

Then 2 := A(I")/J(F) is amenable with radical I(F)/J(F') # {0}.
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Let 2 be a Banach algebra, and let £ be a class of Banach 2A-bimodules. If £ is the class of
all dual Banach 2A-bimodules, then 2l is amenable if H*(2, E) = {0} for all E € £.

What happens, if we choose another class €& of modules? What if £ is the class of all
Banach 2A-bimodules? What if £ consists of all finite-dimensional Banach 2(-bimodules, or
of all finitely generated Banach 2-bimodules, or just of A or 2* alone? For each such class
&, we can define a corresponding notion of amenability. The question, is, of course, whether
the class of Banach algebras we single out through such a definition is a good one: Do we
get both strong theorems and a sufficient number of interesting examples?

We discuss two such notions of amenability in this chapter: super-amenability (£ is the
class of all Banach 2-bimodules) and weak amenability (£ = {*}).

Two more classes of Banach algebras we deal with in this chapter are the biprojective
and the biflat Banach algebras. Although these Banach algebras can also be characterized
through an appropriate class £ of bimodules, we define them via the existence of certain
module homomorphisms.

Finally, we study Connes-amenability — a notion of amenability that only makes sense
for Banach algebras which are dual spaces. As we shall see in Chapter 6, Connes-amenability
is the right notion of amenability for von Neumann algebras.

This chapter is less self-contained than the previous ones: We need some basic facts from
the theory of von Neumann algebras, all of which can be found in [K-R] and [Sak], as well
as Haagerup’s non-commutative Grothendieck inequality ([Haa 3]); we also require some
background on the representation theory of Banach algebras and on Banach algebras with

non-zero socle, for which we refer to [B-D] and to [Pal].

4.1 Super-amenability

In Definition 2.1.9, we used the first Hochschild cohomology group of a Banach algebra
with coefficients in a dual module to define amenable Banach algebras. Let’s consider the

following variant:

Definition 4.1.1 A Banach algebra 2 is called super-amenable if H' (2, E) = {0} for every
Banach 2(-bimodule E.

Certainly, every super-amenable Banach algebra is amenable. But what about the con-

verse?

V. Runde: LNM 1774, pp. 83-117, 2002
(© Springer-Verlag Berlin Heidelberg 2002
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Many of the basic results for amenable Banach algebras have analogues for super-
amenable Banach algebras. The proofs are often similar and, in fact, are even easier in
the super-amenable situation. We thus leave them to the reader as a series of exercises.

Exercise 4.1.1 Show that every super-amenable Banach algebra is unital.

Exercise 4.1.2 Let 2 be a super-amenable Banach algebra. Show that H" (2, E) = {0} for all
n € N.

Remember the definition of a diagonal? If not, go back to Exercise 2.2.1.

Exercise 4.1.3 Show that a Banach algebra is super-amenable if and only if it has a diagonal.

Conclude that, for ni,... ,nx € N, the algebra M, & --- & M, is super-amenable.

Exercise 4.1.4 Prove the following hereditary properties for super-amenability:

(i) If 2 is a super-amenable Banach algebra, 9B is a Banach algebra, and 6 : A — B is a
homomorphism with dense range, then B is super-amenable.

(ii) If2lis a super-amenable Banach algebra, and I is a closed ideal of 2, then I is super-amenable
if and only if it has an identity and if and only if it is complemented in 2.

(iii) If A is a Banach algebra and I is a closed ideal of 2 such that both I and /I are super-
amenable, then 2 is super-amenable.

(iv) If 2 and B are super-amenable Banach algebra, then A% is super-amenable.

Is there an analogue of Proposition 2.3.17 for super-amenable Banach algebras?

Exercise 4.1.5 Let 2 be a super-amenable Banach algebra. Show that every admissible, short,

exact sequence
{0} = F—-FE— E/F — {0}
of Banach 2A-modules (left-, right- or bi-) splits.

Exercise 4.1.6 Let 2 be a unital Banach algebra.

(i) Show that the short, exact sequence
{0} — ker A — ARA 3 A — {0} (4.1)

of Banach 2-bimodules is admissible.

(ii) Show that the following are equivalent:
(a) 2 is super-amenable.
(b) (4.1) splits.

Hence, super-amenable Banach algebras seem to have very nice properties — nicer than
amenable Banach algebras. So, why don’t we study super-amenable Banach algebras in the
first place? The answer to that question is that Definition 4.1.1 is so strong that, although
it allows for nice theorems, all known examples are dull; if there are any non-dull examples,
they have to be extremely pathological in terms of Banach space geometry.

We prepare the ground with the following proposition, for which we require some back-

ground on the representation theory of Banach algebras ([B-D, Chapter III]):
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Proposition 4.1.2 Let A be a super-amenable Banach algebra such that all mazimal ideals

of A have finite codimension. Then there are nq,... ,ny € N such that
A=M,, & &M,,

Proof Let Ily be the structure space of 2, i.e. the collection of the primitive ideals of
2 equipped with the Jacobson topology ([B-D, Definition 26.3]). We start by showing that
every primitive ideal of 2l must be maximal. Let P € I1y be any primitive ideal, and consider

@. By the definition of the Jacobson topology, we have
{P}=hull(P)={Q € Ily: PCQ}.
By Zorn’s Lemma, @ contains a maximal ideal M. Consider the short exact sequence
{0} = M - A —2A/M — {0}. (4.2)

of Banach 2-bimodules. Since M has finite codimension, (4.2) is admissible and thus splits
by Exercise 4.1.5, i.e. there is a closed 2-submodule I of 2 (in other words: an ideal) such
that A = M & I. Let Q € Iy \ {M}. Since MI = {0}, it follows from [B-D, Proposition
24.12(iii)] that I C @, i.e. @ € hull(I). Consequently, { M} = IIy \ hull(I); by the definition
of the Jacobson topology, this means that {M} is open. Therefore, {P} \ {M} is closed; by
the definition of {P} as the smallest closed set containing P, this is possible only if M = P.

We have thus seen that ITy consists entirely of maximal ideals and that the singleton
subset of [Ty corresponding to each such ideal is open, i.e. Iy is discrete. Since 2 is unital,
however, ITy is also compact ([B-D, Corollary 26.5]). Hence, ITy consists of only finitely
many ideals, say My, ... , My, all of which have finite codimension. Hence, rad(2() = M; N
-+« N My, has finite codimension and thus is complemented. By Exercise 4.1.4(ii), this means
that rad(2l) itself is superamenable and thus has an identity by Exercise 4.1.1. This is
possible only if rad(2() = {0}, so that 2 is semisimple.

It follows that

A A/M; & - & U/ M.

Hence, it suffices to show that 2/M; = M,,, withn; € Nfor j =1,... , k. By the definition of
a primitive ideal, Mj is the kernel of an irreducible representation 7 of 2 on some vector space
E. Since 2/M; is finite-dimensional, it follows directly from the definition of an irreducible
representation ([B-D, Definition 24.3]), that E has to be finite-dimensional. With Jacobson’s
density theorem ([B-D, Corollary 25.5]), it is easily seen (How?) that 21/M; = L(E) = M,,,,
where n; = dim E. O

Corollary 4.1.3 Let A be a commutative, super-amenable Banach algebra. Then there is
n € N such that A = C™.

We now move on to show that the hypothesis of Proposition 4.1.2 is already satisfied

under rather weak conditions. The crucial step is the following lemma:

Lemma 4.1.4 Let U be a super-amenable Banach algebra, and let L be a closed left ideal
such that A/L has the approzimation property. Then /L is finite-dimensional.
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Proof For a € 2, we use @ to denote its coset in /L.

By Exercise 4.1.3, 2 has a diagonal

m:ian@)bn

n=1

with 307 [lan[|[[bn | < co. Let (Sq)a be a net in F(2/L) that converges to idg 7, uniformly
on the compact subsets of 2/L. Define

T.:%A/L—A/L, ar Y ay- Salby-a).
n=1
Then each T, is compact (Why?). Moreover, we have
Taa:Zan-Sa(bn-&):Zaan-Sa(Bn):a-Taém (a ).
n=1 n=1

However, lim,, T,,€g = €y (Once again: Why?), so that (T ). converges to idg,r, in the norm
topology. It follows that idg /7, is compact. O

Theorem 4.1.5 Let A be a super-amenable Banach algegbra such that one of the following

is satisfied:

(i) A has the approxzimation property.

(ii) For each mazimal ideal M of 2, the Banach algebra A/M has the approzimation
property.

(iil) For each maximal left ideal L of A, the left Banach A-module A/ L has the approxi-

mation property.

Then there are nq,... ,ni € N such that
A=M,, &---&M,,.

Proof It is obvious from Lemma 4.1.4 that 2 satisfies the hypothesis of Proposition 4.1.2
if (i) or (ii) are true. If (iii) holds, then, for every maximal ideal M, there is a maximal left
ideal L such that M = {a € A : a? C L} (by the definition of a primitive ideal). Since 2/ L is
finite-dimensional by Lemma 4.1.4, it follows that also 2A/M =~ £(A/L) is finite-dimensional.
Hence, again, the hypothesis of Proposition 4.1.2 is satisfied. O

If there is an infinite-dimensional, super-amenable Banach algebra, then, by Theorem
4.1.5, the algebra as well as at least one of its quotients by a maximal ideal and by a
maximal left ideal must lack the approximation property. No such algebra is known. The
first Banach space without the approximation property discovered “in nature” was £($) for

an infinite-dimensional Hilbert space §. This algebra, however, can never be super-amenable:

Corollary 4.1.6 Let 2 be a super-amenable C*-algebra. Then there are ny,... ,nx € N
such that

where = denotes *-isomorphism.
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Proof If L is a closed maximal left ideal of 2, then, by [Mur, Theorem 5.3.5], we have
L={aeU:{(a"a,¢) =0}

for some pure state ¢ on 2. By [Mur, Theorem 5.2.4], this means that 2/L is a Hilbert space
and thus has the approximation property. By Theorem 4.1.5, we have A = M,,, ®--- &M,
as a Banach algebra for certain ni,...,n; € N; in particular, 2 is finite-dimensional. By
[Mur, Thereom 6.3.8], this means that A = M,,, @ --- & M,,, as C*-algebras. O

Exercise 4.1.7 Let G be a locally compact group. Show that L'(G) is super-amenable if and only
if G is finite.

We conclude this section with an analogue of Theorem 2.3.9:

Exercise 4.1.8 Let G be a locally compact group. Show that L$(G) has a right identity if and
only if G is finite. (Hint: First, show that L'(G) has an identity, so that G has to be discrete. Then
proceed as in the proof of Theorem 2.3.9 to construct a left invariant mean on ¢*°(G) that belongs
to £1(@G). Finally, apply Exercise 1.1.7.)

4.2 Weak amenability

As the name suggests, weak amenability is weaker than amenability:
Definition 4.2.1 A Banach algebra 2 is called weakly amenable if H*(A,A4*) = {0}.

Exercise 4.2.1 Let 2 be a weakly amenable Banach algebra.

(i) Show that 22, the linear span of products of elements in 2, is dense in 2. (Hint: Let ¢ € A*
be such that ¢|y2 = 0. Then consider A 3 a — (a, ¢)¢.)

(ii) Show that, if A is commutative, then H'(A, E) = {0} for every symmetric Banach 2A-
bimodule E, i.e. for every Banach 2-bimodule E such that

a-r=z-0a (a2, z€E).
Exercise 4.2.2 Let 2 be any of the following Banach algebras:
AD) := {f € C(D) : f|p is analytic};
H®(D) :={f € £>°(D) : f is analytic};
c™(0,1]) := {f € C([0,1]) : f is n-times continuously differentiable} with n > 1.

Show that 2 is not weakly amenable.

How much weaker than amenability is weak amenability? In particular, which are the
locally compact groups G for which L!(G) is weakly amenable?
The following lemma is standard, but, nevertheless, we give a proof:

Lemma 4.2.2 Let X be a locally compact Hausdorff space, and let p be a positive, regu-
lar Borel measure on X. Then LE(X, ), i.e. the real Banach space of those functions in
L>(X, p) with real-valued representatives, is order complete, i.e. each non-empty, bounded
subset @ of LE (X, 1) has a supremum.



88 4 Amenability-like properties

Proof Let LY (X, ) denote the cone of those functions in L'(X, ) that have a positive
representative.

Let @ # @ C L (X, ) be bounded, i.e. there is ¢g € L (X, i) such that ¢ < ¢¢ for all
¢ € . For any f, fi,..., fn € LL(X,p) with fi+---+ f, = f and ¢1,... , ¢, € B, we have

n

D (L5 85) <D (f5,d0) = ([, bo)-

j=1 j=1
Consequently, the supremum

n

sup Z<f]7¢j>n€N7 fla"' 7fn€L}}(Xvu>7f1++fn:f7 ¢17"' 7¢n€¢

J=1

(4.3)

is finite for each f € L1 (X, u). Define ¢: L} (X, ) — R by letting (f, %) be the supremum
(4.3). It is immediate from this definition that 1 is positively homogeneous, i.e. (tf,¢) =
t(f,) for all f € L} (X,u) and ¢t € [0,00). Equally obvious is the superadditivity of ¥,
Le. (f,) + (g9,0) < (f +g,¢) for f,g € LL(X,pn). To prove the converse inequality, let
fr9 € LA(X,p), and let hy,..., h, € LY (X, p) be such that hy +--- + h, = f + g. For
j=1,...,n, define f; € L} (X, pu) through
f@hj(x) .
fa) = { Flo) +glay T/ IO ZO

0, otherwise.

(x € X)

Likewise, define g1,...,9, € LY (X, p). Then fi+ -+ f, = fand g1 + -+ + g, = g, s0
that, for any ¢1,... ,¢, € @, we have

(hisd3) =Y (Fir03) + D (95 05) < (£,9) + (g,9).

1 j=1 j=1

J

It follows that (f +g,¢) < (f,¥) + (g,9).
All in all, 9 is positively homogeneous and additive on L} (X, y) and thus extends to

n

L4 (X, p) as a real-linear functional through

<f_gv1/)> = <f7¢>—<971/’> (f,gEL}'_(X“U))

Identifying ¢ with an element of Lg*(X, i), we see that it is the required supremum of &.
O

Exercise 4.2.3 Let G be a locally compact group. Let @& be a non-empty, bounded subset of
Lg°(G), so that, by Lemma 4.2.2, ¢ := sup @ exists. Show that

{sup(ag B §,1) =8y BB,

sup(t) + ) = ¥ + ¢ } (9G¥ e Ix'(G)

Theorem 4.2.3 Let G be a locally compact group. Then L*(G) is weakly amenable.
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Proof We identify L'(G)* with L>(G).
Let D € ZY(LY(G),L®(G)). Since L'(G) is pseudo-unital, D has an extension D €
ZYM(G), L>=(@G)) according to Proposition 2.1.6. Let g, h € G. Then we have:

(D(Sg) . (ngl = (D((Sh * 5h*1g)) . 5971
= (6 - Dép-1y + (D)) - 6-14) - Gy
= 0n - (Dép-14) - Sn-1g)-1) - 1 + (D3p) - 61 (4.4)

The set {Re (Dd,) -04-1 : g € G} is bounded in L (G) (By what?), and thus has a supremum
¢1 € LE(G) by Lemma 4.2.2. Together, Exercise 4.2.3 and (4.4), imply that

¢1 =04 ¢1-0,-1 +Re(Ddy) - 0,1 (g€ Q)
or, equivalently,
Re(Ddy) =¢1-6, -85 -1 (g€ Q). (4.5)
Similarly, we obtain ¢2 € Lg*(G) such that
m(D8,) = ¢2-0,— 0,02 (g€QG). (4.6)

Letting ¢ := —(¢1 + i¢2), (4.5) and (4.6) imply that D = ad,. O

So, for every non-amenable, locally compact group G, its group algebra L'(G) is weakly
amenable, but not amenable.

Until now we have dealt with C*-algebras — undoubtedly the most important and best
understood class of Banach algebras — only in a rather superficial way: We haven’t used
any of the deep and beautiful theorems available for these algebras. This will change with

our next theorem:
Theorem 4.2.4 Let A be a C*-algebra. Then A is weakly amenable.

In view of how elementary the proof of Theorem 4.2.3 is and the fact that C*-algebras are
generally much more tractable than group algebras, one might think that proving Theorem
4.2.4 is even easier, but as we shall soon see this is not the case. For the first time, we deviate
substantially from our policy of keeping our exposition self-contained. First, we require some
basic facts about von Neumann algebras; for most of them, we will give references to [K-R].
We also need the fact that a von Neumann algebra is a dual space (we’ll discuss this in
Examples 4.4.2(c)). Most importantly, however, we rely at one point on U. Haagerup’s non-

commutative Grothendieck inequality ([Haa 3, Theorem 1.1 and Proposition 2.3]):

Theorem 4.2.5 (Grothendieck inequality) Let A and B be C*-algebras, and let V €
L2(A,B;C). Then there are states ¢p1,do of A and 1,1 of B such that

[V (a,b)| < VIV {a*a, ¢1) + (aa*, p2)/ (b*b,1b1) + (bb*, 1ba) (a e, beB).

If A and B are von Neumann algebras and V' is normal in each variable, then ¢1, ¢2, 11,

and Yo can be chosen to be normal.

Before we begin with the actual proof of Theorem 4.2.4, let us note the following conse-
quence of Theorem 4.2.5:
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Corollary 4.2.6 Let 2 and B be C*-algebras, and let T: A — B* be a bounded, linear map.
Then T factors through a Hilbert space, i.e. there are a Hilbert space $ and linear operators
S e LA, 9) and R € L(H,B*) such that T = RS. In particular, T is weakly compact.

Proof The Grothendieck inequality yields states ¢1, ¢2 on 2 and 1,12 on B such that

(b, Ta)| < TV (a*a,61) + (aa*, ¢2) v/ (b*b,v1) + (bb%,9b2)  (a €A b€ B),

so that

|Tall < V2|Tlv/{a*a,é1) + (aa*, d2)  (a € ). (4.7)

Define

[a,b] := (b a, 1) + (ba*, po) (a,be), (4.8)

and let N := {a € 2 : [a,a] = 0}. Then (4.8) induces an inner product on 2A/N turning
it into a pre-Hilbert space; let $) be the completion of that pre-Hilbert space. By (4.7),
N C kerT, so that T induces an operator R: 2A/N — B*; also from (4.7), it follows that R
is continuous with respect to the norm on 21/N induced by the inner product. Consequently,
R extends to . With S: 2 — A/N C § as the quotient map, we obtain 7= RS. 0O

We prepare the ground for the proof of Theorem 4.2.4 by recalling some basic notions

about von Neumann algebras:

Definition 4.2.7 Let 9 be a von Neumann algebra, and let p, ¢ € 9 be projections, i.e.

self-adjoint idempotents.

(i) p and q are called (Murray—von Neumann) equivalent — in symbols: p ~ ¢ —, if there
is u € 9 such that wu™ = p and u*u = q.

(ii) p is called finite if ¢ ~ p and ¢ < p imply p = q.

(iii) 907 is called finite if egn is finite.

(iv) 9 is called properly infinite if 0 is the only finite projection in Z(91).

If A is a unital C*-algebra, an isometry is an element v € 2 such that v*v = eg. The
semigroup of all isometries of 2 is denoted by Z ().

Lemma 4.2.8 Let 9 be a properly infinite von Neumann algebra. Then, for each x € M,

zero is contained in the closed, convex hull of {vxv* : v € Z(IM)}.

Proof Let x € 9. Since M is properly infinite, there is a sequence (p,)52; of pairwise
orthogonal projections in 9 such that p,, ~ egn for all n € N ([K-R, 6.3.3. Lemmal).

oo

By the definition of ~, there is a sequence (v,,)52; in M with v,v} = p,, and v} v, = e

for all n € N; in particular, each v, is an isometry. Let

1 < . .
Tn = Zvjxvj € co{vzv* :v € Z(M)} (n € N).

j=1

Since z*x < ||z||egn, it follows that

vt zvh < ||z *viv, = ||z % (n €N).
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It follows that
S vatavi|| < 2l |Dops|[ < 2P (neN) (4.9)
j=1 j=1
(Why?). Note also that
nxlx, = Zvjx*xvj*- (n e N) (4.10)
j=1

(Once again: Why?). Together, (4.9) and (4.10) imply that n?||z}x,| < |z|%, so that

lim,, ooz, =0. O

Lemma 4.2.9 Let M be a von Neumann algebra. Then there is a bounded, normal, linear
map T: M — Z(IM) such that:

() T(zy) =T(yz)  (z,y €M).
(ii) For each x € M, the element Tx is contained in the closed, convex hull of {vzv* :
veI(M)}.

Proof Case 1: M is finite. Then [K-R, 8.3.6. Theorem] implies the existence of T as
required.
Case 2: M is properly infinite. Then, by Lemma 4.2.8, T' = 0 is the required map.
Case 3: M is arbitrary,. By [K-R, 6.3.7. Proposition], there is a projection p € Z(91) such
that 9% := pIN is finite and My = (egn — p)MM is properly infinite. Let T : M; — Z(M;)
be the maps which exist according to the cases 1 and 2, and define

T:M—M, z+— Ti(pz)+ Ta((em — p)z).

It is routinely checked (Do it!) that T" has the required properties. O
Recall that, for a C*-algebra 2l a positive element of Z°(2,2*) is called a trace.

Corollary 4.2.10 Let 9 be a von Neumann algebra. Then, for each ¢ € IM*, the w*-
closed, convez hull of {v*-¢-v:v € Z(IM)} contains an element T € Z°(M, IM*). Moreover,

7l < ||#ll, and T is a trace if ¢ is positive.

Proof Let ¢ € M*, and let T: M — 9 be as in Lemma 4.2.9, and let 7 := T*¢. By Lemma
4.2.9(i), it is immediate that 7 € Z°(9, 9M*). Assume now that 7 is not in the w*-closed
convex hull of {v* - ¢ v :v € Z(M)}. By the Hahn—Banach theorem, there is € 9 such
that

Re(z,T) > supco{Re(z,v* - ¢-v) : v € Z(M)}
= sup co{Re({vzv™, ¢) : v € Z(M)}

Since (z,7) = (T'z, ¢), this means that Tz cannot be contained in the closed, convex hull of
{vzv* : v € T(OM)}, which contradicts Lemma 4.2.9(ii).

The remaining claims are easily checked (by you!). O

We now come to the place in the proof of Theorem 4.2.4, where Theorem 4.2.5 is invoked.
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Exercise 4.2.4 Let 2 be a unital C*-algebra, let E be a unital Banach 2A-bimodule, and let
D € 24, E). Show that

v* - D(wav*) — Da=a- (Dv*) - v — (Dv*)-va  (a €A, v e I(A)).
Proposition 4.2.11 Let 9 be a von Neumann algebra, and let D € Z1(9M,9*). Then
there is a trace tr on I with ||tr]| < 1, and Dy € Z1(OM, IM*) such that:

(i) D — Do € BY(9n, m*).
(ii) [y, Doz)| < 2V2|D|llxll/yy, tr)  (2,y € M).
Proof Apply the Grothendieck inequality (Theorem 4.2.5) to
MxM—C, (x,y)— (y,Dz),

and obtain states ¢1, @2, %1, 12 on M such that

{y, Da)| < DV (@*z, dr) + (wa*, da)/(y*y, 1) + (yy*,dba)  (,y € M).
Letting ¢ := %(wl + 12), we obtain

[y, Dz)| < 2||Dlflzllv(y*y +yy*¢)  (2,y € M). (4.11)

By Corollary 4.2.10, there is a trace tr in the w*-closed, convex hull of {v*-¢-v : v € Z(IM)},
so that, in particular, |[tr| < 1. For each function f: Z(9t) — [0,00) with finite support
such that 3, o7y f(v) = 1, define Ty: " — 9" through

Trg:= Z fw*-¢-v (¢ € M*).
veEZ (M)
Let F denote the collection of all finite subsets of 9. For each finite subset F' € F and for
each n € N, there is a function fr,;,: Z(9) — [0, co) with finite support and }©, c 7oy f(v) =
1 such that

o, Tpe o=t < (w € F)

(this is a consequence of Corollary 4.2.10). It follows that tr := w*-limg,, Ty, . For (F,n) €
F x N, let

Y. fw)Dv
vEZ(M)
Let U be an ultrafilter on F x N that dominates the canonical order filter. Define ¢ :=
w*-limy ¢, and let Dy := D + ady, so that (i) is satisfied. For x,y € 9, we obtain:
(y,adypz) = lim(yx — XY, PFn)

=lim Y fra(v){yz—zy, Dv"-v)

vEZL(M)

—hm Z frn(){y,z- Dv* - v — Dv* -vx)
vEZ(M)

= hm Z frn(v D(vzv*) -v — Duz), by Exercise 4.2.4,
vEZL(M)

= lim > fralv D(vav*) - v) — (y, Dx). (4.12)

vEZ (M)
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This yields for xz,y € M:

[y, Doz)| = |lim  fra(v){y,v* - D(vav®) -v)| by (4.12),

vEZ(M)

< limsup Z frn(0)|{y,v* - D(vav™) - v)]
Enez(m)

<timsup 3 21D| el fra(o)y Ty ye + oo ), by (410),
T wez(om)

< 2Dl limsup | > frn(0)(oyryor +vyytor, ) (Why?)

s

veZ (M)

= 2Dl tim \/(y*y + yy*, Ty, )
= 2[|D[l[[=[|/(y*y + yy*, tx)
< 2v2 D] lallv/Ty*y, ),

which establishes (ii). O

If 2 is a unital C*-algebra, we write U(2) to denote its unitary group. The following
exercise is solved in the same way as Exercise 2.1.5 (and can, in fact, be derived from a
solution to that exercise):

Exercise 4.2.5 Let 20 be a unital C*-algebra, let E be a Banach 2-bimodule whose underlying
Banach space is reflexive, and let D € Z'(2, F). Show that D = ad_, for some z in the closed,
convex hull of {D(u) - u* :u e U®)}.

We need one more lemma:

Lemma 4.2.12 Let A be a unital C*-algebra, let D € Z1(A,A*), and let tr € A* be a trace
such that there is C > 0 with

(b, Da)| < Cllall /b, tr)  (a,b € 2A). (4.13)

Then D is inner.

Proof Let
I:={a€U:{a"a,tr) =0}

Then I is a closed ideal in 2(, and 2/I is a pre-Hilbert space whose inner product is given
by

[a+I,b+41I]:=(b"a,tr) (a,beA).

Let $) be the completion of 2(/I with respect to the norm induced by this inner product,
and define T": $ — A* through

(a, T¢) :=[a+1,¢] (ae, £€n).

It is clear from this definition (Why?) that T is injective. We may thus equip 79 with the

inner product
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(T¢,Tn) == [&,n]  (§;mE€N).

Certainly, 7§ is a Hilbert space. For a € 2, let R, € L($) be the operator induced by
multiplication with a from the right. For £ € $, we have

(ba-T€) = ba+ 1€ = [Ra(b+1),6] = b+ LR = (0, T(RLE)  (be )
so that a - T¢ € T$ and, moreover
la-T¢|| = [[R | < llallll]l = llall[|T€]]-

Hence, T'$) is a left Banach 2f-module. Analoguously, one sees that T'9 is a right Banach
2-module and, in fact, a Banach 2-bimodule.

It is immediate from (4.13) that b € ker Da for all @ € 2 and b € I. For each a € 2, we
may thus define

¢o: A/ T —C, b+ 1w (b, Da).

It is easily seen (How?) that ¢, is continuous with respect to the norm induced by the inner
product on /I, and thus extends to $. Consequently, there is £, € $) such that

<b7Da>:<b+Ia¢a>:[b+I,£a}:<va£a> (bem)

It follows that Da = T¢, € T$. Furthermore, (4.13) implies that ||T¢,]| = ||| = ||¢a]l < C
for each a € 2. Hence, D : A — T$§ is bounded. It now follows from Exercise 4.2.5 that
D e BY2,4%). O

We are now in a position to prove Theorem 4.2.4, at least in the von Neumann algebra

case:
Corollary 4.2.13 Let I be a von Neumann algebra. Then M is weakly amenable.

Proof Let D € Z'(9M,9*). By Proposition 4.2.11, there is a trace tr € 9* and Dy €
ZY(9m, m*) with D — Dy € B9, 91%) and

|{y. Dox)| < 22| Dllellv/{y*y. tr)  (z,y € M).

This, however, implies that Dy € B (9, M*) by Lemma 4.2.12, so that D € B (9, M*).
O
Before we treat the general case, we ask the reader to do some preparations:

Exercise 4.2.6 If FE is a Banach space, then there is a canonical projection from E*** onto E*

(by restriction), the Dizmier projection.

(i) Let A be a Banach algebra, and let E be a Banach 2-module (left, right, or bi-). Show that
the Dixmier projection from E*** onto E* is a module homomorphism.
(ii) Let 2 be a Banach algebra such that H'(2, E**) = {0} for each Banach 2-bimodule E.

Show that 2[ is amenable.
Exercise 4.2.7 Let 2 be a normed algebra. For A, B € A" ¢ € A", and a € 2, define

(a,B - ¢) := (¢ a,B) and (¢, AB) := (B - ¢, A).
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Show that this defines a product on 2** (the first Arens product) that extends the product on 2,
turns 2 into a Banach algebra, and is w*-continuous in the first variable. How would you define
a product on A** turning A** into a Banach algebra and extending the product on 2 which is

w”-continuous in the second variable (the second Arens product)?

If you want to know more about Arens products, [Pal] is a good source to learn from. If
you want to dig deeper, have a look at [Gro] (if you aren’t deterred by the fact that it’s in
German).

To prove Theorem 4.2.4, we need the following facts about the bidual of a C*-algebra 2:

— The first and the second Arens product on 2** coincide, i.e. A is Arens regular; in par-
ticular, the product on A** is separately w*-continuous.

— More generally, whenever B is another C'*-algebra, E is a Banach space, and V belongs
to £2(A,B; E), then V has a — necessarily unique — separately w*-continuous extension
V e L2(A, B**; E**) with | V|| = ||V]|. This follows from Corollary 4.2.6 and [Gro, Satz
1.29].

— If 7: A — L($) is the universal representation of , then 7 extends to an isometric linear
map from 2A** onto m(2A)” which is continuous with respect to the w*-topology on 2**
and the ultraweak topology on L£(£)). It follows that 2** with its Arens product is a von
Neumann algebra ([Dal, Theorem 3.2.36]).

Proof of Theorem 4.2.4 Let D € Z1(2,2*), and define
V:AxA-C, (a,b)— (b,Da).
Since D is a derivation, V satisfies
V(ab,c) = V(a,bc) + V (b, ca) (a,b,c € ).

Let V € £2.(2A**,C) be the separately w*-continuous extension of V. It follows (How?) that
V satisfies

V(ab,c) = V(a,bc) + V (b, ca) (a,b,c € A™).
Define D: A** — 2*** through
(b, Da) := V(a,b) (a,b € A™™).

It is easily seen that D € Z1(**, A***) (Please, check this and argue that D = D**). From
the von Neumann algebra case, we obtain (ZS € A*** such that D = adq;. Letting ¢ := é|91,
Exercise 4.2.6 implies that D = adg. O

4.3 Biprojectivity and biflatness

Definition 4.3.1 A Banach algebra 2 is biprojective if A: A®A — A has a bounded right

inverse which is an 2-bimodule homomorphism.
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Why do Banach algebras satisfying this definition carry the strange name “biprojective”?
The reason will be revealed in the next chapter ...

In view of Exercise 4.1.6, it is clear that every super-amenable Banach algebra is bipro-
jective. The following two exercises ask you to clarify the relation between amenability,
super-amenability, and biprojectivity:

Exercise 4.3.1 Show that a biprojective Banach algebra 2( is super-amenable if and only if it has

an identity and if and only if A% is biprojective.

Exercise 4.3.2 Let 2 be a biprojective Banach algebra with a bounded approximate identity.
Show that 2( is amenable.

How strong is biprojectivity relative to super-amenability? Is it also so strong that we

only get dull examples? Fortunately, the class of biprojective Banach algebras is much richer.

Examples 4.3.2  (a) Let (E,F,(-,-)) be a dual pair of Banach spaces, i.e. a pair of
Banach spaces (F, F') with a non-degenerate, bounded, bilinear map (-,-): E x F — C.
Examples of dual pairs of Banach spaces are, for example, (E, E*, (-,-)) and (E*, E, (-, ")),

where F is an arbitrary Banach space, and (-, -) is the usual duality. Define
(z@y)(uev):=(u,y)z v (x,u€ E, y,v € F). (4.14)

It is routinely checked that (4.14) defines a product on EQF turning it into a Banach
algebra (Do you believe that without actually checking it?). Fix (zg,yo) € E x F such
that (zg,yo) = 1. Define p: EQF — (EQF)&(E®F) through

plrRy)=(2y)® (@ ®y) (r€E yeF).

It is routinely checked that p is the desired right inverse of A, so that E&F is biprojective.
In particular, if E has the approximation property, ' = E*, and (-,-) is the canonical
duality, N'(E) = E®QE* is biprojective.

(b) Let G be a compact group, and identify L!(G)®L(G) with L!(G x G) as in Exercise
B.2.17 (How does an element of L' (G) act on L*(G xG)?). Define p: L' (G) — LY (G xG)
through

p(f)(g:h) := f(gh)  (f € LY(G), g,h € G).
If f1, f» € L'(G), then
A e 1)(a) = [ A dmo(h)
= [(he mah™ mdmat) (96,
so that

A(f)(g) = /G fgh™ Ry dma(h)  (f € ING X G), g € G).

It follows that Ao p = idzi(g). It is equally easy to see that p is an L'(G)-bimodule

homomorphism (but, please, check it nevertheless).
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Exercise 4.3.3 Show that ¢! (with pointwise multiplication) is biprojective.

Exercise 4.3.4 Let 2 be a Banach algebra with compact multiplication, i.e. for each a € 2 mul-
tiplication with a both from the left and from the right is a compact operator. Show that, if 2 is
amenable, it is biprojective. (Hint: Let (mq ). be an approximate diagonal for 21, and let U be an
ultrafilter on the index set of (m, ), that dominates the order filter. Define p: 2 — A&®2A through
p(a) :=limy a - m, for a € A. Why does this limit exist?).

Exercise 4.3.5 Let 2 be a commutative Banach algebra with character space {29 . Show that 2y
is discrete if 2 is biprojective. (Hint: Use the fact ([B-D, Proposition 42.19]) that £2y g = Qo x .
Then show that {(w,w) : w € 2} is open in 25y .) Conversely show that, if A is a commutative
C™-algebra with 2y discrete, then 2 is biprojective.

The algebras in Examples 4.3.2(b) are amenable, but what about Examples 4.3.2(a)? To

answer this question, we first require a definition and then a lemma:

Definition 4.3.3 Let (E, F, (-, )) be a dual pair of Banach spaces. A linear operator T: E —
E is called F-nuclear if there are sequences (z,,)22; and (y,)5%; in E and F, respectively,
with Y07, | ||[|lyn|| < oo such that

o0

Tz = Z(m,yn>xn (x € E). (4.15)
n=1
Its F-nuclear norm is the infimum over all Y 07| [|[zn|/||lyn || with Y07 |lznl/|lyn | < oo for
which (4.15) holds. The collection of all F-nuclear operators on E is denoted by Np(E).

Of course, if ' = E*, the F-nuclear operators are just the usual nuclear operators.
Exercise 4.3.6 Let (E, F,(-,-)) be a dual pair of Banach spaces. Prove the following:

(i) Show that Nz (E), equipped with the F-nuclear norm, is a Banach algebra which is a quotient
of the Banach algebra E®F in a canonical fashion.

(ii) If E or F has the approximation property, then the canonical quotient map from E®F onto
Nr(E) is an isomorphism.

Lemma 4.3.4 Let (E,F,{-,-)) be a dual pair of Banach spaces, and let (Ty)a be a net in
Np(E) which converges to idg in the strong operator topology and which is bounded in the

F-nuclear norm. Then E and F have the same finite dimension.

Proof The canonical embedding of Nz (E) into A(E) is continuous and thus turns A(E)
into a left Banach Ng(FE)-module. As in the proof of Theorem 3.1.2, we get lim, T,,S = S
for all S € K(E). From Cohen’s factorization theorem in its module version ([B-D, Theorem
11.10]), each operator in A(E) is the product of an F-nuclear operator and another operator
in A(E). Since Np(E) C N(E), and since N'(E) is an ideal in A(FE), this means that
A(E) = N(E). If (T,,)q is bounded in the F-nuclear norm, it is also bounded in the operator
norm, so that I/ has the approximation property. It follows that

EQE* = N(E) = A(E) & EQE* (4.16)

with the canonical identifications.
Define Tr: F(E) — C through
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Tiw©¢) = (v,6) (v€ B, ¢€ ).

Clearly, Tr is continuous on F(FE) & F ® E* with respect to the projective norm and thus,
by (4.16), extends to A(E) as a continuous linear functional.

It is easy to see (How?) that either both E and F' are infinite-dimensional or both E
and F' have the same finite dimension. Assume towards a contradiction that E is infinite-
dimensional. Then, for each n € N, there is a projection P,, € F(FE) onto some n-dimensional
subspace of E such that ||P,|| < y/n (the existence of such projections a guaranteed by
Theorem C.3.1). It is clear that

ZHTHE) < T (e ) (4.17)

For each n € N, there is a finite, biorthogonal system {<x§”)7 ¢§n)) cj=1,... n} such that
Pp=3% $§-n) o ¢§-n). It follows that

n

TTr )= =S () = v e,

which contradicts (4.17). O

Jj=1

Theorem 4.3.5 For a dual pair (E, F, (-,-)) of Banach spaces, the following are equivalent:

(i) EQF is super-amenable.
(ii) EQF is amenable.
(iii) EQF has a bounded approximate identity.
(iv) EQF has a bounded left approvimate identity.
(v) Nr(E) has a bounded left approzimate identity.
(vi) dim F = dim F < 0.
Proof The implications (i) = (ii) = (iii) = (iv) are clear.
Exercise 4.3.6(1) yields (iv) = (v).
Suppose that ANr(F) has a bounded left approximate identity, (T} ), say. As in the proof
of Theorem 3.1.2, it follows that T, — idg in the strong operator topology. By Lemma 4.3.4,
this implies (vi).
For (iv) = (i), just observe that EQF = M,,, where n = dim E. O

As a consequence of Theorem 4.3.5 and Exercise 4.3.6(ii), we get:
Corollary 4.3.6 Let (E, F,{-,-)) be a dual pair of Banach spaces. Then:

(i) Np(E) is amenable if and only if dim E = dim F' < oo.
(ii) Ng(FE) is biprojective whenever E or F has the approximation property.

Hence, for a wide range of dual pairs (E, F, (-,-)) of Banach spaces, the algebras Np(F)
are biprojective. As we shall see towards the end of this section, these algebras are the
smallest “building blocks” out of which more general biprojective Banach algebras (with a
few, relatively mild restrictions) are constructed. To prepare the ground for this structure
theorem, we first have to consider other algebras of operators associated with dual pairs of
Banach spaces.
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Definition 4.3.7 Let (E, F, {-,-)) be a dual pair of Banach spaces. An F-bounded operator
on FE is an operator T' € L(F) such that T*F C F, where F' is canonically identified with a
subspace of E*. The collection of all F-bounded operators on E is denoted by Lr(E).

Exercise 4.3.7 Let (E, F,(-,-)) be a dual pair of Banach spaces.

(i) Let T € Lr(FE). Show that 7| is continuous with respect to the norm on F'.
(ii) Show that Lr(E) equipped with the norm

1Tl 2y := max{[|T|| ccey, 1T el (T € Lr(E))

is a Banach algebra.
(iii) Show that Np(F) is an ideal of Lr(F) and that the canonical embedding of Nz (FE) into
Lr(FE) is a contraction when N (F) is equipped with the F-nuclear norm.

Definition 4.3.8 Let (E, F,(-,)) be a dual pair of Banach spaces.

(i) Let Fr(E) = F(E)N Lp(E).
(ii) A Banach F-operator algebra on E is a subalgebra 2 of Lr(FE) containing Fr(F)
which is a Banach algebra under some norm such that the embedding of 2 into L (F)

is continuous. In case F' = E*, we say that 2 is a Banach operator algebra on E.

Exercise 4.3.8 Let (E, F,(-,-)) be a dual pair of Banach spaces.

(i) Let T € Fr(E). Show that there are z1,... ,z, € E and y1,... ,yn € F such that T =
>_j—1 Tj ©y;, where the notation is chosen in (obvious) analogy with Definition B.2.6.
(ii) Show that Fr(E) is simple. If you have done Exercise 3.1.6(i), this should pose no problems

(iii) Show that Nz (E) is topologically simple.

For the following proposition, we require the notion of the socle of a (semiprime) algebra.
If you don’t know what that is, have a look a [Pal, 8.2].

Proposition 4.3.9 For a Banach algebra A, the following are equivalent:

(i) A is primitive with soc(2A) # {0}.
(ii) There is a dual pair (E,F,{-,-)) of Banach spaces such that 2 is isomorphic to a
Banach F-operator algebra on E, where the embedding of A into Lr(E) is a contraction.

Proof Suppose that (ii) holds. Since Fr(FE) is easily seen to act irreducibly on F, it follows
that 2 acts irreducibly on E and thus is primitive. Also, each rank one projection in P €
Fr(FE) is a minimal projection in 2, so that soc() # {0}.

For the converse, note first that, due to the fact that soc(2) # {0}, there is a minimal
idempotent e € XA. Let E¥ := e and F := e2. Let F and F be equipped with their respective

quotient norms, i.e., for example in the case of F,
|z|| ;== inf{|la| : a € A, ae = z} (x € E).
Define a bilinear form

() ExF—=C, (2,y) —yz
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(Why is this well defined?). In the proof of [Pal, Theorem 8.3.6], it is shown that (-,-) is
non-degenerate. Let 2 act on E via left multiplication. It is immediate that 2 C Lp(E)
such that the canonical embedding is a contraction. By [Pal, Theorem 8.3.6], soc(2) when
viewed as a subalgebra of Lp(FE) is precisely Fr(FE). O

Exercise 4.3.9 Understand the proof of [Pal, Theorem 8.3.6].

In view of Proposition 4.3.9, our first goal is to establish that (certain) biprojective
Banach algebras have non-zero socle. Towards that goal, we proceed through a series of
lemmas and propositions.

Let 2 be a Banach algebra. In Exercise 2.1.4, we introduced the notion of an essential
Banach 2(-bimodule. Analoguously, we call a left Banach 2-module E essential if the linear
span of {a-xz :a € A, x € E} is dense in E. For any left Banach 2-module, we write Ay g
for the map from A E to E defined through Ay g(a® ) := a-z. If AQE is equipped with

the module operation
a-b®z)=ab®x (a,be U, z € E),

Ag  becomes a left A-module homomorphism.

Lemma 4.3.10 Let 2 be a biprojective Banach algebra, and let L be a closed left ideal of A
which is essential as a left Banach A-module. Then the module map Ag g/1, has a bounded

right inverse which is also a left A-module homomorphism.

Proof Let p: A — A®A be a bounded right inverse to Ag which is also an 2-bimodule
homomorphism. Let 7: 2 — 2(/L denote the quotient map. Then

(idg ® 7)(p(ab)) = (idgy ® 7m)(p(a)b) =0 (acU be ).

Since L is essential, this means that (idyg ® 7) o p vanishes on L and thus induces a bounded
linear map p: A/L — AS(A/L). Tt is routinely checked (by you!) that 5 is both a right
inverse of Ag /1, and a left A-module homomorphism. O

Exercise 4.3.10 Let 21 be a biprojective Banach algebra, and let I be a closed ideal which is
essential as a left Banach 2-module. Show that /I is biprojective.

Lemma 4.3.10 enables us to establish a converse to Examples 4.3.2(a):

Exercise 4.3.11 Let G be a locally compact group. Show that L'(G) is biprojective if and only if
G is compact. (Hint: Apply Lemma 4.3.10 with L = L§(G).)

Proposition 4.3.11 Let A be a biprojective Banach algebra with the approzimation prop-
erty, and let L be a closed, essential left ideal of A. Then, for each x € A\ L, there is a left
A-module homomorphism 0: /L — 2A such that 0(x + L) # 0.

Proof Let x € A\ L, and let p: A/L — A& (A/L) be as specified in Lemma 4.3.10. Since
x ¢ L, it follows that p(x + L) # 0. Since 2 has the approximation property, the canonical
map of A (A/L) into AR (A/L) is injective by Theorem C.1.5. From the definition of the
injective norm, it follows that there are ¢ € 2A* and ¢ € (2/L)* such that (p(z+L), Y @¢) # 0
and thus (idy ® ¢)(p(x + L)) # 0. Let 6 := (idy ® ¢) o p. Then 0 is easily seen to be a left
A-module homomorphism; by definition, (z + L) #£ 0. O
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Exercise 4.3.12 Let 2 be an algebra. For any subset S of 2, the left annhilator of S in 2 is defined
as lann(S) := {a € A : aS = {0}} (the right annihilator rann(S) is defined analoguously). Let I
be an ideal of 2.

(i) Show that both lann(I) and rann(I) are ideals of 2.
(ii) Suppose that 2 is semiprime. Show that lann(/) = rann([I).

Lemma 4.3.12 Let A be a semiprime, biprojective Banach algebra with the approzrimation
property, and let L be a closed left ideal. Then L is essential.

Proof Let L be the closed linear span of {ab:a €U be L}; clearly, L is a closed, essential
left ideal of 2. Assume that there is x € L\I~/ By Proposition 4.3.11, there is a left 2-module
homomorphism 6 : Ql/f/ — 2 with (x + f/) # 0. For any a € 2, the element ax belongs to
L, so that

0=0(ax+ L) = ab(x + L) (a €).

This means that 6(z+ L) lies in the right annihilator rann(2). By definition, rann(2)? = {0}.
Since 2 is semiprime, this means rann(2) = {0}, which contradicts f(z + L) # 0. O

Proposition 4.3.13 Let 2 be a semiprime, biprojective Banach algebra with the approxima-
tion property, and let E be an irreducible left A-module. Then there is a minimal idempotent

e € A such that E = e.

Proof By [B-D, Lemma 25.2], we may suppose that £ = /L, where L is a maximal
modular left ideal of 2. By Lemma 4.3.12, L is essential, and thus, by Proposition 4.3.11,
Ag 9/z has a bounded right inverse which is a left 2-module homomorphism such that
O(x + L) # 0 for some = ¢ L. Since ker 6 C /L is a submodule of 2(/L, and since 2A/L is
irreducible, it follows that 6 is injective, so that (/L) is an irreducible submodule of 2,
meaning that it is a minimal left ideal of (. By [Pal, Proposition 8.2.2], there is a minimal
idempotent e € 2 such that 6(A/L) =2e. O

Corollary 4.3.14 Let 2 be a semiprime, biprojective Banach algebra with the approxima-
tion property, and let E be an irreducible left Banach A-module. Then E has the approxi-

mation property.

Proof By Proposition 4.3.13, F is (topologically) isomorphic to a complemented subspace
of A and thus has the approximation property (Exercise C.1.1). O

Proposition 4.3.15 Let A be a semisimple, biprojective Banach algebra with the approxi-

mation property. Then soc(2) is dense in 2.

Proof Let I be the closure of soc(2) in 2. Then I is a closed ideal in 2 and thus, by
Lemma 4.3.12, is essential as a left Banach A-module. Assume that there is a € A\ I.
By Proposition 4.3.11, there is a left A-module homomorphism 6 : 2/I — 2 such that
O(a+1I) #0. As in the proof of Lemma 4.3.12, we see that 6(a + I) € rann(7). By Exercise
4.3.12(ii), rann(I) = lann(I), so that, in particular, lann(I) # {0}.

Let a € lann(soc(2)) = lann(]). Let E be an irreducible left A-module. By Proposition
4.3.13, we may suppose that E = Rle for some minimal idempotent e € 2. Since e C
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soc(2), it follows that aE = {0}. From the definition of the Jacobson radical of 2, it follows
that a € rad(2). Since a € lann(I) was arbitrary, and since 2 is semisimple, this means
lann(7) C rad(2A) = {0}, which is a contradiction. O

Let 2 be a primitive (and hence semisimple), biprojective Banach algebra with the
approximation property. Then, by Proposition 4.3.15, we know that soc(2l) is dense in 2
and thus, except in the obvious trivial situation, is non-zero. Hence, by Proposition 4.3.9,
there is a dual pair (E, F, (-,)) such that 2 is isomorphic to a Banach F-operator algebra
on E. Our next goal is thus to identify the biprojective F-operator algebras on F; to achieve

it, we require another lemma:

Lemma 4.3.16 Let (E,F,(-,-)) be a dual pair of Banach spaces, let 2 be a Banach F-
operator algebra, and let I be a non-zero ideal of A which is a Banach algebra under some
norm such that the embedding of I into A is continuous. Then Ng(FE) is contained in I, and

the embedding of Ng(E) into I is continuous.

Proof Let T € I\ {0}. Then there are g € E and yy € F with (T'zg,yo) # 0. Define
S =129 ®yp. Then S € Fp(E) C A and STz # 0. Since both I and Fr(FE) are ideals of
2, it follows that ST € Fp(E) NI, so that, in particular, Fr(E) NI # {0}. Since Fp(FE) is
simple by Exercise 4.3.8(ii), it follows that Fr(E) C I. Hence, [ is also a Banach F-operator
algebra, and we may suppose without loss of generality that A = 1.

Consider the bilinear map

ViEXF—-UA (z,y)—z0y.

Fix z € E, and let (y,)22; be a sequence in F' such that y, — 0 and z © y, — T € 2 with
respect to the norm topology on 2. For any 2’ € E, we then have

Tz' = lim (z ©y,)(z") = lim (@', y,)z =0

n—oo n—oo

(Why does the first equality hold?). From the closed graph theorem, we conclude that V'
is continuous in its second variable. A similar argument shows that V is also continuous in
its first variable, and the uniform boundedness principle yields that V' is jointly continuous.
From the universal property of the projective tensor product, it follows at once, that V
induces a continuous linear map from E®F into U; obviously, the range of this linear map
is Np(FE). Consequently, Np(E) is contained in 2, and the embedding is continuous. 0O

Theorem 4.3.17 Let (E, F,{-,-)) be a dual pair of Banach spaces such that E or F has the
approzimation property. Then, for a Banach F-operator algebra A on E, the following are
equivalent:

(i) 2 is biprojective.

(ii) A = Np(E) (with an equivalent, but not necessarily the same norm).

Proof By Corollary 4.3.6, (ii) = (i) is clear.
For the converse define, for x € F and y € F,

€& A—-FE T—Tx and e:A—-F, T—T"y.
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Let p: 2 — ARA be a bounded right inverse of Ag as required in the definition of biprojec-

tivity, and consider the following diagram:

Ne(E) — 2 -2 6462 <25 B&F
| | (4.18)
A — G

here, the map from N (F) into 2 is the canonical inclusion (justified by Lemma 4.3.16),
the first vertical arrow is

Vo : AKA — A, ST — TS,

the second vertical arrow is the given duality between F and F', and the horizontal arrow

in the second row is given by
A—C, T (Tz,y).

A straightforward diagram chase (which you should nevertheless carry out), shows that
(4.18) is commutative for all z € F and y € F.

We claim that Vg o p is non-zero on Ng(E). Let g € E and yo € F with (zo,50) = 1,
and let P := x9 ® yo. It follows that P is a projection in Fr(F). Let (S,)52; and (T3,)22
be sequences in 2, respectively, such that > > S, ||[|T.]| < oo and p(P) = >"07 | S, @ Th,.
Since P3 = P, it follows that

p(P)=p(P*)=P-p(P)-P =Y PS,®T,P.
n=1
With x,, = T2 and y, = S}yo for n € N, we obtain PS,, = 2o ® y, and T,,P = z,, © yo,
as well as

9] [eS) oo
Z xnyyn Z T nZ0, nyO Z S T, anZIO <P$0790> =1 (419)
n=1 n=1 n=1

It now follows that

o0

p(P) = (20 ©yn) @ (n ©10) € Np(E)ENp(E)
n=1
(Why does this series converge in Np(E)QNFp(E)?), so that Va(p(P)) = Y07 2p © Y.
Since E' or F has the approximation property, we may identify the F-nuclear opera-
tor 07 | x, © y, with the element Y °7  x, ® y, € EQF (Exercise 4.3.6(ii)). Since
oo (T, yn) = 1 by (4.19), it follows that Vg (p(P)) # 0.
For x € F and y € F define

Oy Np(E) = EQF, T (e ® ) (p(T)),

ie. 8, , is the composition of all horizontal arrows in the first row of (4.18). It is routinely
checked (Do it!) that 6, , is an EQF- bimodule homomorphism of the Banach algebra EQF
(which we may identify with Nz(E)). Let P be as in the previous paragraph and recall that
PAP = CP, so that
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aw,y(P) = GN,(P‘D’) = Peazy(P)P = Ay P
for some A\;, € C. Let w € E and v € F, and observe that

Oy O V) =60 ,((uw®yo)Plxo ©®v))
= (4O y0)bz,y(P)(z0 © V)
= Ay (u®yo)P(zo @)

Az (U © ).

It follows that
Oy (T) = Xg, T (T € Np(E)). (4.20)

Choose S € Ng(E) such that Vyg(p(S)) # 0. Consequently, there are 2’ € FE and
y' € F such that (Vy(p(S))z’,y') # 0. From the commutativity of (4.18), it follows that
024 (S) # 0, and consequently, A,/ ,» € C as in (4.20) must be non-zero.

Define

0:9 — EQF, T (exr © ¢ )(p(T))

1 gt

Z,Y

It is routinely checked (please, don’t skip it), that 0|y, (g) is the identity, so that 6 is a
projection onto Nr(E). We claim that 6 is injective. Being a composition of 2-bimodule
homomorphisms, 6 is also a bimodule homomorphism, so that I := ker § is a closed ideal of
2. By Lemma 4.3.16, I # {0} implies that Nz(E) C I, which contradicts |y, (z) = idpr (k)
It follows that I = {0}, so that € is the desired isomorphism. 0O

Corollary 4.3.18 For a primitive Banach algebra 2 with the approrimation property the

following are equivalent:

(i) A is biprojective.
(ii) There is a dual pair (E, F,{-,-)) of Banach spaces such that A = Np(E).

Proof 1If A = Np(F) has the approximation property, then both F and F have it as
well (Why? Hint: Show that both spaces can be embedded into Nr(E) as complemented
subspaces.). It follows that A = EQF is biprojective.

Conversely, if 2 is biprojective, it has non-zero socle by Proposition 4.3.15. By Proposi-
tion 4.3.9, there is a dual pair (E, F, (-,-)) of Banach spaces such that 2( is isomorphic to a
Banach F-operator algebra on E. Finally, Theorem 4.3.17 implies that 2 2 Np(F). O

Now having a surprisingly concrete discription of all primitive, biprojective Banach al-
gebras with the approximation property, we move on to general semisimple, biprojective
Banach algebras (with the approximation property, of course). We’re now just one more
lemma away from a general structure theorem ...

If 2 is a Banach algebra, by a minimal closed (two-sided) ideal of 2, we mean a non-zero,
closed ideal I of 2 such that any other closed ideal of 2 contained in I is either {0} or I
itself.

Lemma 4.3.19 Let A be a semiprime Banach algebra with dense socle. Then:
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(i) The algebraic direct sum of the minimal closed (two-sided) ideals is dense in 2.

(ii) Each minimal closed ideal of A is generated by a minimal left ideal.

Proof Let L be a minimal left ideal of 2, and let I be the closed, two-sided ideal of 2
generated by L. Let J be a closed ideal of 2 which is contained in I. If L N J # {0} the
minimality of L yields L N J = L, so that J = I. Suppose that L N J = {0}. It follows that
L C rann(J). Since rann(J) is an ideal of 2 (by Exercise 4.3.12(i)) and necessarily closed,
it follows that I C rann(J) and thus J? = {0}. Since 2 is semiprime, this means J = {0}.
Consequently, I is a minimal closed ideal of 2. From the definition of soc(2) it follows that
soc(?) is contained in the algebraic direct sum of the minimal closed ideals of 2 (By the
way: Why is the algebraic sum of the minimal closed ideals of 21 direct?). Since soc(2) is
dense in 2, this establishes (i).

For (ii), let I be a minimal closed ideal of 2, and assume that I contains no minimal left
ideal. Hence, for any minimal left ideal L of 2, we have IL C I N L = {0}, i.e. I C lann(L).
The definition of soc(2) implies I C lann(soc(2l)). Since soc(2A) is dense in A, we have
lann(soc(2)) = lann(2A) and thus, in particular, I? = {0}. Since 2l is semiprime, this implies
I = {0}, which is a contradiction. O

Theorem 4.3.20 Let A be a semisimple, biprojective Banach algebra with the approxima-

tion property. Then the following hold:

(i) The algebraic direct sum of the minimal closed (two-sided) ideals is dense in 2.

(ii) For each minimal closed ideal I of A, lann(I) is a primitive ideal of A such that
A = I®lann(I). Moreover, all primitive ideals of A arise as left annihilators of minimal
closed ideals of .

(iii) For each minimal closed ideal I of A, there is a dual pair (E,F,{-,-)) such that
I NF(E)

Proof Proposition 4.3.15 and Lemma 4.3.19(i) yield (i).

For (ii), let I be a minimal closed ideal of 2. By Lemma 4.3.19(ii), I is generated by
a minimal left ideal L of . Since L is an irreducible left Banach 2-module, lann(L) is a
primitive ideal of 2. Tt is easy to see (How?) that that lann(L) = lann([). Let 7 : 2% —
2A/lann(I) be the quotient map. Since 2 is semisimple, and thus semiprime, 7|; is injective
(Why?). Let e € 2 be a minimal idempotent such that L = e ([Pal, Corollary 8.2.3]).
Then 7(e) # 0 is a minimal idempotent in 2/lann(7), so that (2/lann(I))r(e) is a minimal
left ideal in A/lann(I) ([Pal, Proposition 8.2.2]); in particular, soc(2/lann(I)) # {0}. By
Proposition 4.3.9, this means that there is a dual pair (E, F, (-, -)) of Banach spaces such that
2 /lann(I) is isomorphic to a Banach F-operator algebra on E. By the definition of a Banach
F-operator algebra, 2 acts irreducibly on E. Since any irreducible left Banach 2/lann([)-
module is automatically an irreducible left Banach 2-module, Corollary 4.3.14 implies that
E has the approximation property. By Lemma 4.3.12 and Exercise 4.3.10, 2/lann(I) is
again biprojective. It follows from Theorem 4.3.17 that 2 /lann() = Np(E). Since 7| maps
I onto a non-zero ideal of 2/lann(7), Lemma 4.3.16 implies (with the proper identifications
made) that Nz (F) is contained in 7(/) meaning that 7|7 induces a (necessarily) topological
isomorphism of I and 2 /lann(]). This establishes the first part of (ii), and (iii) as well.



106 4 Amenability-like properties

To prove the second part of (ii), let P be a primitive ideal of . By (i), there is at least
one minimal closed ideal I of 2 such that I ¢ P. Since lann(I)I = {0} C P, it follows
from [B-D, Proposition 24.12] that lann(I) C P. Similarly (How?), one obtains the reverse
inclusion. 0O

Exercise 4.3.13 Let 2 be a semisimple, amenable Banach algebra with the approximation prop-
erty. Show that 2 has compact multiplication if and only if there is a family (na)a of positive
integers such that 2 contains a dense subalgebra isomorphic to the algebraic direct sum @ Mp,,

with continuous projections onto the coordinates. (Hint: Exercise 4.3.4.)
At the end of this section, we now turn to biprojectivity’s little brother:

Definition 4.3.21 A Banach algebra 2 is biflat if A*: 2* — (AA)* has a bounded left

inverse which is an 2-bimodule homomorphism.

As in the case of biprojectivity, the reason for this choice of terminology will become
clear in the next chapter.

Exercise 4.3.14 Let 2 be a biflat Banach algebra. Show that 22 is dense in 2.

Taking adjoints, one sees that every biprojective Banach algebra is biflat, but so is every
amenable Banach algebra by Exercise 2.3.8. In analogy with Exercise 4.3.1 and improving
Exercise 4.3.2, we have:

Exercise 4.3.15 Show that a biflat Banach algebra 2( is amenable if and only if it has a bounded
approximate identity and if and only if A% is biflat.

Are there any biflat Banach algebras which are neither biprojective nor amenable? The

next lemma and the following proposition will help us to uncover such algebras:
Lemma 4.3.22 For a Banach algebra A the following are equivalent:

(i) A is biflat.
(ii) There is an A-bimodule homomorphism p: A — (ARA)** such that A** o p is the

canonical embedding of A into A**.

Proof (i) = (ii) follows immediately from Definition 4.3.21 through taking adjoints.

(i) = (i): Let p be as specified in (i), and define j: (A®2A)* — A* to be the restriction
of p* to (ARA)*. Clearly, j is an A-bimodule homomorphism. To see that  is a left inverse
of A*, just observe that

(a,p(A%¢)) = (A%¢, p(a)) = (¢, A (p(a))) = (a,¢)  (a €A, ¢eA).
This completes the proof. O
Proposition 4.3.23 Let 2 be a Banach algebra, and let B be a closed subalgebra of A with

the following properties:

(i) B is amenable;

(ii) B is a left ideal of A;

(iii) B has a bounded approzimate identity which is also a bounded left approzimate i-
dentity for .

Then 2 is biflat.
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Proof Since B is amenable, Exercise 2.3.8(ii) yields the existence of a bounded right inverse
pof A% : (BRB)*™ — B** which is also a B-bimodule homomorphism. Let ¢: B — 2 denote
the canonical embedding, and let p := (¢ ® ¢)** o p.

Let (eq)q be a bounded approximate identity for 98 which is also a bounded left approx-
imate identity for 2, and let U be an ultrafilter on the index set of (e, )q that dominates
the order filter. Define

p: A — (ARA)™,  a — w*- lgrlﬁ(ea) - a.

It is immediate that p is a right 2-module homomorphism. Since (e, ) is a bounded left

approximate identity for 2, the fact that p is a right inverse of AY implies
A (pla)) = w*-lin A (7(e)) -a = w*-lim AF (plea)) -0 =lmeqa=a (2 €2),

so that Aj* o p is the canonical embedding of 2 into A**.
To check that p is a left module homomorphism, note first that

plaxd) = w*—libr[n pleq) - axb

= w*—lilrln azh - pleq), since azb € B,
= w*—librlna - pleq) - xb, since ab € ‘B,
=a-p(x)-b (a,z €A, beB). (4.21)

Let a, z,b € 2. Since B contains a bounded approximate identity for 2, Cohen’s factorization
theorem yields ¢ € B and d € 2 such that b = cd. From (4.21) and the fact that p is a right
2A-module homomorphism, it follows that

plaxd) = plaxed) = plazc)-d=a-p(z)-cd=a- p(x) - b. (4.22)

Finally, let a,z € 2. Again, by Cohen’s factorization theorem, we obtain y, z € 2 such that
x = yz. From (4.22) we obtain

plaz) = playz) = a- ply) - 2 = a - p(x).

Thus p is an A-bimodule homomorphism, and Lemma 4.3.22 implies that 2 is biflat. O
In order to obtain a biflat Banach algebra which is not amenable, we should therefore

search for Banach algebras which are not amenable themselves, but contain amenable Banach

algebras as left ideals.

Exercise 4.3.16 Let E be a Banach space. Show that {T" : T € A(FE)} is a closed left ideal of
L(E™).

Theorem 4.3.24 Let E be a Banach space with property (A) such that E** does not have
the bounded approzimation property. Then A(E*) is a biflat Banach algebra which is neither
amenable nor biprojective.

Proof Since E has property (A), Theorem 3.1.9 ascertains that A(FE) is amenable; the same

is true for
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B:={T":T e AE)} = AE)°P.

By Exercise 4.3.16, B is a left ideal in A(E™). Since A(F) is amenable, it has a bounded
approximate identity, (Sa)a say. Consequently, (S%), is a bounded approximate identity
for B; this implies that S — idg- in the strong operator topology and thus uniformly on
compact subsets of E*. An inspection of the proof of Theorem 3.1.2 shows that this implies
that (S%), is a bounded left approximate identity for A(E*). Hence, by Proposition 4.3.23,
A(E™) is biflat.

Assume that A(E*) is amenable. Then A(E*) has a bounded approximate identity. By
Theorem 3.1.4, this means that E** has the bounded approximation property contrary to
our hypothesis.

Assume that A(E*) is biprojective. Clearly, A(E*) is a Banach operator algebra on E*.
Since E* has the approximation property, Theorem 4.3.17 implies that A(E*) = N (E*). In
particular, N (E*) has a bounded left approximate identity. This, however, is impossible by
Theorem 4.3.5 O

Are there Banach spaces satisfying the hypotheses of Theorem 4.3.247 In fact, we have
already encountered such spaces:

Example 4.3.25 Let $ be an infinite-dimensional Hilbert space. As observed in Remark
3.1.13, H®$ has property (A), whereas (HR$)** = L($) lacks the approximation property.
By Theorem 4.3.24, A(HR$) = A((HRH)*) is biflat, but neither amenable nor biprojective.

4.4 Connes-amenability

We now look at a variant of amenability that only makes sense for certain Banach algebras:

Definition 4.4.1 A Banach algebra 2! is said to be dual if there is a closed submodule 2L,
of A* such that A = (2,)*.

Exercise 4.4.1 Let 2 be a Banach algebra which is a dual space. Show that  is a dual Banach

algebra if and only if multiplication in 2 is separately w*-continuous.

Examples 4.4.2 (a) Let G be a locally compact group. By Exercises A.1.10 and A.2.2,
A := M(G) is a dual Banach algebra (with 2. = Co(Q)).
(b) Let E be a reflexive Banach space. Then EQE* becomes a Banach £(E)-bimodule
through

T (z®¢) =Tr®¢ and (z®¢) - T:=2xT% (e E, ¢ E*, T € LIE)).

Identifying £(E) with (E©QE*)* as in Exercise B.2.10, we see that £(F) is a dual Banach
algebra.

(¢) Let $ be a Hilbert space. By the previous example, £($)) is a dual Banach algebra
(the w*-topology on L($)) is often called ultraweak topology by people working in von
Neumann algebras). Let 9t be a von Neumann algebra acting on ). It is routinely checked
that the w*-topology and the weak operator topology coincide on bounded subsets of
L($). Since the closed unit ball of 9 is closed in £($) with respect to the weak operator
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topology, it is thus w*-closed in £(£). From the Krein-Smulian theorem, it follows that
M is w*-closed in L£(H) and thus a dual space. It is straightforward that the predual of
9 — the quotient of H&H by L9t — is a submodule of 9t*.

(d) Let G be a locally compact group, and let p € (1,00). Then PM,(G) = A,(G)*,
where p € (0,1) is such that % + % = 1, is a dual Banach algebra (this follows from
Theorem A.3.6).

(e) Let A be any Banach algebra. In Exercise 4.2.7, we introduced two products on 24**
that extend the product on 2 and turn 2A** into a Banach algebra. If these two products
coincide, A is called Arens reqular. It is immediate from the definition that 2** is a dual

Banach algebra whenever 2 is Arens regular.

Remark 4.4.3 Let 91 be a W*-algebra, i.e. a C*-algebra which is a dual Banach space
(it follows from [Sak, Theorem 1.13.2] that the predual of 9 is unique). Then there is a

faithful, w*-continuous *

-representation 7 of 9 on some Hilbert space $) ([Sak, Theorem
1.16.7]). Since 7 is an isometry, it maps the closed unit ball of 9% onto the closed unit ball
of (9M). Since 7 is w*-continuous, the closed unit ball of 7(M) is compact and thus closed
in the ultraweak topology on L£($). Since the ultraweak topology and the weak operator
topology coincide on bounded subsets of £($)), the unit ball of w(90) is also closed in the
weak operator topology and thus in the strong operator topology, which is finer. Let 91 be
the closure of m(9M) in the strong operator topology. By Kaplansky’s density theorem ([Mur,
4.3.3. Theorem]), the closed unit ball of 7(9) is strongly operator dense in the unit ball of
M. Since the unit ball of 7(9M), however, is closed in the strong operator topology, it follows
that the closed unit balls of 7(9t) and 91 coincide. Consequently, 9 = 7 (M), so that m (M) is
a von Neumann algebra. We shall thus, from now on, use the terms “von Neumann algebra”

and “W*-algebra” interchangeably.
Which dual Banach algebras are amenable?

Examples 4.4.4  (a) Let G be a discrete, amenable group. Then M (G) = (}(G) = L' (G)
is amenable.

(b) Let 9 be a subhomogeneous von Neumann algebra, i.e. the dimensions of the irre-
ducible *-representations of 91 are all less than a certain positive integer. Then 90t is
of type I ([K-R, Definition 6.5.1]). By [K-R, Theorem 6.5.2], there are von Neumann
algebras My, ... , My, such that M =M, @ --- © My, and IM; is of type I, withn; € N
for j=1,... k. By [K-R, Theorem 6.6.5], M; = M,,, ® Z(9M;) (as we shall see later on,
there is only one norm turning M,,; ® Z(9M;) into a C*-algebra, so that we can suppose
that M,,, ® Z(9M;) is equipped with the injective norm). Since Z(My),... , Z(My) are
amenable as commutative C*-algebras, the hereditary properties of amenability (Which

ones?) for Banach algebras yield at once that 9t is amenable.

Surprisingly, a von Neumann algebra is amenable if and only if it is subhomogeneous
(we’ll prove the hard direction of this result in Chapter 6). It thus seems that a notion of
amenability that takes the w*-topology into account is more appropriate for dual Banach

algebras.

Remark 4.4.5 Unless we are in the W*-algebra situation, we do not know if, for a dual
Banach algebra 2, the predual 2, from Definition 4.4.1 is necessarily unique. There is thus
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an element of ambiguity to speaking of the w*-topology on 2. In what follows, we shall

therefore suppose that 2 always comes with a fixed 2L,.

Definition 4.4.6 Let 2 be a dual Banach algebra. A dual Banach 2-bimodule F is called

normal if, for each z € E, the maps
A—-FE, a— { @
x

are w*-continuous.

Definition 4.4.7 A dual Banach algebra 2 is Connes-amenable if, for every normal, dual

Banach -bimodule E, every w*-continuous derivation D € Z1(2l, E) is inner.

We leave it to the reader to establish a few elementary properties of Connes-amenable
Banach algebras:

Exercise 4.4.2 Let 2 be a Connes-amenable dual Banach algebra. Show that 2 is unital.

Exercise 4.4.3 Let 2 be a Banach algebra, let B be a dual Banach algebra, and let 6: 2 — 95 be

a continuous homomorphism with w*-dense range.

(i) Suppose that 2 is amenable. Show that B is Connes-amenable.
(ii) Suppose that 2 is dual and Connes-amenable, and that 0 is w*-continuous. Show that B is

Connes-amenable.

Let 2 be an amenable, Arens regular Banach algebra. Then, as an immediate consequence
of Exercise 4.4.3(1), 2** is Connes-amenable. What about the converse? Does the Connes-
amenability of 2** force 2 to be amenable? As we shall prove in Chapter 6, this is indeed
true if A is a C'*-algebra.

For general Banach algebras, we have the following:

Theorem 4.4.8 Let 2 be an Arens reqular Banach algebra which is an ideal in A**. Then

the following are equivalent:

(i) 2 is amenable.

(if) A** is Connes-amenable.

Proof Only (ii) = (i) needs proof.

Since 2A** is Connes-amenable, it has an identity by Exercise 4.4.2. By [Pal, Proposition
5.1.8], this means that 2 has a bounded approximate identity, (e, ), say. By Proposition
2.1.5, it is therefore sufficient for 2 to be amenable that H' (A, E*) = {0} for each pseudo-
unital Banach 2A-bimodule E.

Let E be a pseudo-unital Banach 2A-bimodule, and let D € Z'(2A, E*). By Proposition
2.1.6, the bimodule action of 2 on E* extends canonically to 20**, and D has a unique
extension D € Z1(A*, E*).

We claim that E* is a normal, dual Banach 2%4**-bimodule. Let (an)q be a net in 2A**
such that a, N 0, let ¢ € E*, and let x € E. Since F is pseudo-unital, there are b € 2 and
y € F such that x = y - b. Since the w*-topology of 2** restricted to 2 is the weak topology,
we have ba, — 0 (Why?), so that
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Ty =1y bag =0
(Again: Why?) and consequently
(a0 - @) = (x - aq,P) — 0.

Since x € E was arbitrary, this means that a, - ¢ N 0. Analoguously, one shows that
- aq “2 0.

To see that D is w*-continuous, again let (a,), be a net in A** such that a, v 0, let
x € F,and let b € A and y € E such that = b - y. Then we have:

(b-y, Dag)

(y, (Day) - b)

(y, D(aab) — aq - DD)
0

(x, Daa>

l

because D is weakly continuous and E* is a normal, dual Banach 2A**-bimodule. From the

Connes-amenability of 2** we conclude that ﬁ, and hence D, is inner. 0O

Example 4.4.9 If p € (2,00) and ¢ € (1,00) is such that 1—1) + % =1, then A(¢? @ ¢7) is not
amenable (Example 3.1.17). Since P @ ¢4 is reflexive and has the approximation property,
AP @ 07) is Arens regular with AP @ £9)** = L(/P @ ¢9) ([Pal, 1.7.13, Corollary]). By
Theorem 4.4.8, L(¢P @ £9) is not Connes-amenable.

What about Connes-amenability for M(G), where G is a locally compact group? From
Exercise 4.4.3(1) and Theorem 2.1.8, it is clear that M(G) is Connes-amenable if G is a-
menable. Does the converse hold? Before we turn to this question, we prove another general
theorem which will help us with this problem (and which will have further applications in
Chapter 6):

Definition 4.4.10 Let 2 be a Banach algebra, and let B be a closed subalgebra of 2. A

quasi-expectation Q: A — B is a projection from 2 onto B satisfying
Qaxb) = a(Qx)b (a,be B, zcA).
If S is any subset of an algebra 2, we use Zy(S) to denote the centralizer of S in 2, i.e.
Zy(S) :={a € U:as=saforall s €S}

In the case where 2 = L(E) for some Banach space E, we also write S instead of Z, (g (S5).

Theorem 4.4.11 Let 2 be a Banach algebra, let B be a dual Banach algebra, let §: A — B

be a homomorphism, and suppose that one of the following holds:

(i) 2 is amenable;

(ii) A is Connes-amenable dual Banach algebra, and 0 is w*-continuous.

Then there is a quasi-expectation Q: B — Zg (0(A)).
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Proof Let E := BB, be equipped with the 2-bimodule operation given through
a-b®ed):=bx0a)-¢ and (bR@)-a:=b® ¢-6(a) (aeU ¢pcB,.beB).

Identifying E* with £(%) as in Exercise B.2.10, we obtain as the corresponding dual 9B-
bimodule operation on L£(B):

(a-T)(b) =0(a)(Th) and (T -a)(b) = (Th)0(a) (aeU, T e L(B),becB).

It is easy to see (hopefully) that, if (ii) holds, E* is a normal, dual Banach 2-bimodule.
Let I be the subspace of E* consisting of those T' € E* such that:

(2b@p—b@¢-2,T)=0
(bz@d—b®z-¢,T)=0 (be®B, o B, z€ Zu(B()).
(z®¢,T)=0
It is routine (but nevertheless, it should be done) to verify that F' is a w*-closed 2-submodule
of E* and thus a dual Banach 2-module in its own right. Obviously, if (ii) holds, F is also
a normal, dual Banach 2-bimodule.

Define D := adiq,, - Then, if (ii) holds, D is w*-continuous. We claim that D attains its
values in F'. To see this, let a € A, b € B, ¢ € B, and z € Zyu(6(2A)). We then have:

(2b@ ¢ —b® ¢ - z,adiay a)
=(2b-0(a) ® ¢ —b® ¢ 20(a),idy) — (2b®@0(a) - ¢ —b®@0b(a) - ¢ 2,idp)

= <¢7 9(a)zb) - <¢7 Ze(a)b> - <¢a Zbe(a» + <¢a Zbe(a»
=0 (Why?).

One proves analoguously that
(bz®@¢—b® z- ¢, adigya) = 0.
Finally, we have
(2 ® ¢,adigy a) = (¢,0(a)z — z6(a)) = 0.

If (i) or (ii) holds, the definitions of amenability and Connes-amenability, respectively, yield
P € F such that D = adp. We claim that O := idg — P is the desired quasi-expectation. It
is immediate that Q(B) C Zy (6(A)). Since

(z@¢,P)=0 (z € Zga (), & € B,),

it follows that Q is the identity on Zg(0(2)) and thus a projection onto Zg(0(2)). For
be B, p€B,,and z € Zu(6(A)), we have

so that P(zb) = z(Pb). Analoguously, we see that P(bz) = (Pb)z. Hence, Q is indeed a
quasi-expectation onto Zg (#(2A)). O

We shall now use Theorem 4.4.11 to characterize, for a locally compact group G, the
Connes-amenability of M(G), VN(G), and, more generally, PM,(G) for p € (1, 00).
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Definition 4.4.12 A locally compact group G is inner amenable if there is a mean m on
L>(@G) such that

(0g % @ xdg—1,m) = (P, m) (9 € G, p € L*(G)).

By Theorem 1.1.11, every amenable, locally compact group is inner amenable, but so is
every discrete group (chose m = ). By the way, why doesn’t it make sense to define inner
amenability in terms of Cp(G), LUC(G), ete.?

Exercise 4.4.4 Let G be a locally compact group. Show that G is inner amenable if and only if
there is a net (fa)a in P(G) such that ||y * fo * 0,-1 — fall1 = 0 forall g € G.

Exercise 4.4.5 Let G be a locally compact group, and let p € [1,00). Show that

(\

(Hint: Show first that

1 1
flp - 2p

f fz

) <A = follh < p2r7! (f1, f2 € P(Q)). (4.23)

p
[t —s|P <[tP —s”| <plt—s|(s+t)"""  (s,t ER, s,t>0). (4.24)
Then use (4.24) and Holder’s inequality to deduce (4.23).)

Theorem 4.4.13 For a locally compact group G consider the following:

(i) G is amenable.

(ii) M(G) is Connes-amenable.

(iii) PM,(G) is Connes-amenable for every p € (1,00).
(iv) VN(G) is Connes-amenable.

(v) PM,(QG) is Connes-amenable for one p € (1,00).

Then we have:
(i) = (i) = (iil)) = (iv) = (v).
If G is inner amenable, (v) = (i) holds, too.

Proof We have already observed that (i) = (ii) holds.

Let p € (1,00). By Exercise A.3.4(iii) A, : M(G) — PM,(G) is w*-continuous with
w*-dense range. Hence, by Exercise 4.4.3, PM,(G) is Connes amenable if M(G) is. This
establishes (ii) = (iii).

Since VN(G) = PMy(G), (iii) = (iv) and (iv) = (v) are straightforward.

For the proof of (v) = (i), suppose that G is inner amenable. By Exercise 4.4.4, there
is a net (fa)a in P(G) such that

[0g % fa x0g-1 — fali — 0 (9 €G),
or equivalently (see Remarks A.3.2(c))
Mg fa = pi(@ifalh =0 (9€G). (4.25)

Let ¢ € (1,00) be such that %—i—% =1.Let &, := fé/p, and let 7y, := fé/q, so that &, € LP(G)
and n, € L1(G). It follows from (4.25) and Exercise 4.4.5 that
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1A (9710 = pp(9)ally — 0
{ A9 )0 = pa(g)nally — 0} (9 €G). (4.26)

For ¢ € L>®(Q), let My € L(LP(G)) be the corresponding multiplication operator, i.e.
My& = ¢¢ for all £ € LP(G). By Theorem 4.4.11 — with % = PM,(G), B = L(L?(G)), and
6 as the canonical embedding — , there is a quasi-expectation Q: L(LP(G)) — PM,(G)'.
Define m,, € L*(G)* by letting

(¢.ma) = (QM¢p)Sas1a) (¢ € L7(G)).
Let U be an ultrafilter on the index set of (fs)q that dominates the order filter, and define
(6.m) = lim(oma) (6 € L¥(C)).
Note that p,(G) C PM,(G)’, and observe (Check it!) that
(9™ )Mopp(9) = Myws, (9 € G, ¢ € L(G)).

We then obtain for g € G and ¢ € L*(G):

(p*04,m) =i
li

(¢ 0g,ma)

(Q(Mpss,)Eas Ma)
(Q(pp(9™" )My pp(9))asa)
(pp(9™ 1) (QM)pp(9)as o)
(
(
(
(

li

li
li

(QM¢y)pp(9)Eas Pa(9)Na)

(QMy)Ap(97 o A9~ Ima), by (4.26),
Ap(9)(QMy)Ap(9™ 1) Na)

(QM)Ea; M)

m).

li

li
li

=

5 SE SE SF S <E = ‘:é

g«:

Although m is not a mean, we can now easily obtain a right invariant mean by normalizing
|m| (Remember the proof of Theorem 2.1.87). By Theorem 1.1.11, G is amenable. O

We conclude this section with an analogue of (one direction of) Theorem 2.2.4.

For any dual Banach algebra 2, let £2.(2,C) denote the separately w*-continuous el-
ements of £L2(A,C) = (ARA)*. Clearly, L£2.(A,C) is a closed submodule of £2(2A,C); in
particular, £2.(2,C)* carries a canonical Banach 2-bimodule structure which makes it a
quotient module of (A®2A)**. Since multiplication in a dual Banach algebra is separately w*-
continuous, it follows that A5, C £2. (A, C), so that A}* drops to a Banach 2-bimodule
homomorphism A«: £2.(2A,C)* — A

Definition 4.4.14 Let 2 be a dual Banach algebra. Then M € £2.(2,C)* is called a

normal, virtual diagonal for 2 if

a-M=M-a and ad,~M=a (a e?A).
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Theorem 4.4.15 Let A be a dual Banach which has a normal, virtual diagonal. Then 2 is

Connes-amenable.

Proof Let M € £2.(2,C)* be a normal, virtual diagonal for 2. We use the formal notation

V(a,b)dM(a,b) := (V,M) (V€ L2.(A,C)).
AxA

Note that

/ V(ca, b) dM(a, b) — / Via be)dM(a,b)  (c € ). (4.27)
Ax2A Ax A

Let E be a normal, dual Banach 2-bimodule with predual E,. It follows immediately
from Definition 4.4.14 that 2 is unital. Without loss of generality suppose that E is unital.
(Why? Think of the proof of Proposition 2.1.5 ... ). Let D € Z}(2, E) be w*-continuous.
Fix ¢ € E,, and define ¢ € E through

(x, ) := / (z,a - Db) dM(a,b).
AxA
Then we have for ¢ € A:
(x,c- ) = / (x,ca - Db) dM(a, b)
Ax2A
- / (z,a- D(be)) dM(a,b), by (4.27),
Ax A

= / (x,ab- D(c)) dM(a,b) + / (z,a-D() - c)dM(a,b)
AxA AxA

= / (x,ab- D(c)) dM(a,b) + (x,¢ - c)
Ax A

= (z,Dc) + (z,0 - c). (Why?)

This means that D = adg. O

Remark 4.4.16 For an arbitrary dual Banach algebra 2, the dual Banach 2-bimodule
£2.(2A,C)* need not be normal. For this reason, one cannot simply mimic the argument in
the proof of Theorem 2.2.4 to prove that every Connes-amenable, dual Banach algebra has

a normal, virtual diagonal.

4.5 Notes and comments

Super-amenable Banach algebras often go by the name contractible Banach algebras in
the literature ([Hel 5]). The reason why we prefer to call them super-amenable is that the
adjective contractible is also used in the K-theory of C*-algebras: A C*-algebra 2 is called
contractible if idg is homotopic to the zero map ([W-O, Definition 6.4.1]). By Corollary 4.1.6,
this is quite different from super-amenability. Theorem 4.1.5 along with Corollary 4.1.6 and
Exercise 4.1.7 is due to Yu. V. Selivanov ([Sel 1]), whereas the proof we present essentially
goes back to J. A. Taylor ([Tay, Proposition 5.11]).
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Weakly amenable Banach algebras were introduced by W. G. Bade, P. C. Curtis, Jr.,
and H. G. Dales in [B-C-D]. They only consider commutative Banach algebras and use
the condition stated in Exercise 4.2.1(ii) to define weak amenability. This definition, howev-
er, does not make much sense for non-commutative Banach algebras (Why?). In [B-C-D],
Exercise 4.2.1 was proved (so that you can look it up there if you can’t do it). Later B.
E. Johnson suggested the use of Definition 4.2.1 for arbitrary Banach algebras ([Joh 4]).
Theorem 4.2.3 was first proved by Johnson ([Joh 5]), but the ingeniously simple proof we
present is due to M. Despié¢ and F. Ghahramani ([D—Gh]). Theorem 4.2.4 was proved by
U. Haagerup in [Haa 2], i.e. before the notion of weak amenability was even, formally in-
troduced. The proof we give is taken from [H-L] and simpler than the original one. Does
anybody see a Grothendieck-free proof? In [Haa 2], Theorem 4.2.4 is derived from the fol-
lowing refinement of Corollary 4.2.13: If 91 is a von Neumann algebra with predual 91,
then H!(9M, M..) = {0}.

The hereditary properties of weak amenability are investigated in [Grg 2]; they are not
nearly as nice as those for amenability. For a Banach algebra 2, let 2”* be the n-th dual
of 2; in [D-Gh—G], H. G. Dales, F. Ghahramani, and N. Greenbaek define 2[ to be n-weakly
amenable if H*(A,A™*) = {0}. For example, C*-algebras are n-weakly amenable for each
n € N, and so is £*(G) for every free group G ([Joh 9]).

Biprojectivity and biflatness are notions that arise naturally in A. Ya. Helemskii’s Ba-
nach homology. Definitions 4.3.1 and 4.3.21 are not the original definitions, but equivalent
characterizations. We shall put biprojectivity and biflatness in their proper context when
we discuss Banach homology in the next chapter. Implication (iii) = (vi) of Theorem 4.3.5
is proved in [Grg 1] (compare also [Hel 3, p. 194]). The structure theory for biprojective
Banach algebras that culminates in Theorem 4.3.20 is due to Yu. V. Selivanov ([Sel 2]), as is
Example 4.3.25 along with the results on biflat Banach algebras leading to it ([Sel 5]). Exam-
ples 4.3.2(a) and Exercise 4.3.11 are [Hel 1, Theorem 51]. Like amenable, super-amenable,
and weakly amenable Banach algebras, biprojective and biflat Banach algebras can be char-
acterized through the vanishing of certain cohomology groups ([Sel 4]).

Connes-amenability was first considered for von Neumann algebras in [J-K-R] (and thus
should perhaps be called Johnson—Kadison-Ringrose amenability). The reason why this
notion of amenability is usually associated with A. Connes are his papers [Conn 1] (where it
occurs in Remark 5.33) and [Conn 2]. The name “Connes-amenability” seems to be due to
A. Ya. Helemskif ([Hel 4]). Our discussion of Connes-amenability is mostly based on [Run 4].
In [C-G 1], a notion of amenability for a Banach algebra 2 relative to a certain submodule F
of A* is discussed: if £ = 2A* this yields amenability in the usual sense; if % is dual, £ = 2,
yields Connes-amenability. Theorem 4.4.11 (with hypothesis (ii)) is [Bu—P, Theorem 2] (in
[Bu—P] only von Neumann algebras are considered, but the idea of the proof carries over
to the more general setting without modifications); with hypothesis (i), Theorem 4.4.11
is essentially [C—G 2, Proposition 2.2] (the proof in [C-G 2] is different from ours, and the
hypotheses are somewhat more restrictive). Of course, there are examples of inner amenable,
locally compact groups which are neither amenable nor discrete: for instance, all [I N]-groups
([Pal, 5.1.9, Definition]) are inner amenable. For references on to the original literature on

inner amenability, see [Pat 1]. Implication (iv) = (i) of Theorem 4.4.13 for inner amenable
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groups was proved in [L-P]. It is observed in [Pat 1] that there are non-amenable, locally
compact groups for which VN(G) is nevertheless amenable (such as SL(2,R)); of course,
such groups cannot be inner amenable. For measure algebras, Theorem 4.4.13 allows for
further improvement: A locally compact group G is amenable if and only if M (G) is Connes-
amenable ([Run 5]). As we have observed, M(G) is amenable for amenable, discrete G.
Interestingly, this is the only case in which M (G) can be amenable; for non-discrete G, the
measure algebra M (G) is not even weakly amenable: both results are proven in [D-Gh-H].
Theorem 4.4.15 is from [Eff] (in the von Neumann algebra case); the observation that the
proof extends to general dual Banach algebras is made in [C—G 1]. For von Neumann algebras
([Eff]) as well as for the measure algebras of locally compact groups ([Run 5]), the converse
of Theorem 4.4.15 is also true; I do not know if this is still the case for general dual Banach
algebras (probably not).
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At the end of Chapter 2, we mentioned that there is an alternative approach to Hochschild
cohomology (due to A. Ya. Helemskii’s Moscow school), which is more powerful and so-
phisticated than the direct one presented in Section 2.4. It adapts the tools of homological
algebra to the Banach algebra setting by adding certain functional analytic overtones.
This chapter is an introduction to the gospel according to Alexander (Helemskil) for
the not yet converted. This means that no background in homological algebra is required,
and that I have avoided the jargon of category theory. You thus won’t find terms like
“category”, “functor”, “natural transformation”, or “derived functor”. Of course, if you
have any previous exposure to category theory, you will immediately recognize how the
definitions, theorems, etc., in this chapter can be reworded in terms of category theory.
Although you don’t have to be familiar with homological algebra in order to be able to
read this chapter, it certainly helps: Most of the concepts and results in this chapter are
straightforward adaptations of results from (algebraic) homological algebra to the Banach

context.

5.1 Projectivity

We begin our introduction to Banach homology with what is perhaps the most important
concept in Banach homology: projectivity.
We'll often have to deal with module homomorphisms in this chapter. We therefore

introduce new notation:
Definition 5.1.1 Let F and F be left Banach 2-modules. Then o £L(E, F) denotes the left
A-module homomorphisms in L(E, F).

Let 2 be a Banach algebra with unitization 207 . I would like to stress here that we always
consider unconditional unitizations, i.e. if 2 already has an identity, we adjoin another one. If
E is a Banach space, the projective tensor product A#&FE becomes a left Banach 2-module
through

a-(b@x)=ab®z (acAbeA* z € E).

Definition 5.1.2 Let 2 be a Banach algebra, and let E be a Banach space. Then the left
Banach 2-module A#QF is called free.

Exercise 5.1.1 Let F be a Banach space, let 2 be a Banach algebra, let ' be a left Banach
2l-module, and let T € L(F, F). Show that there is a unique € y LA*&E, F) such that

V. Runde: LNM 1774, pp. 119-139, 2002
(© Springer-Verlag Berlin Heidelberg 2002
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Olegs @) =Tz (x € E).

Already in the proof of Theorem 2.3.13, we noted that, for any Banach algebra 2l and
for any left Banach 2-module E, the module action extends canonically to 2% (the same is

true for right modules or bimodules). Therefore, the multiplication map
Am#,E:Q(#®EHE7 aRTr+—a-x

is well-defined. It is obvious that Ag# p € aL(E, F) has a right inverse in L(E,A#*&QE)
(Which one?).
Definition 5.1.3 Let 2 be a Banach algebra. A left Banach 2A-module P is called projective
if the multiplication map Ag# p: A#©P — P has a right inverse in o L(P, A7 QP).

Why do we use the multiplication map Ag# p: A#QP — P instead of Ay p: AQP — P?
The answer is simplicity itself: In general, Ay p is not surjective, and without surjectivity,
it makes no sense to require right inverses to exist. Nevertheless, we have:

Exercise 5.1.2 Let 2 be a Banach algebra, and let P be an essential left Banach 2l-module. Show
that P is projective if and only if Ay p: A&P — P has a right inverse in o £(P,AQP).

Exercise 5.1.3 Let 2 be a Banach algebra, and let P be a left Banach 2-module. Show that P is
projective as a left Banach 2-module if and only if P is projective as a left Banach 2#-module.

Examples 5.1.4 (a) Every free left Banach module is projective. (Is that obvious to
you?)
(b) Let E be a Banach space, and let 20 be a Banach operator algebra on E. Then F is

an essential left Banach 2-module through
T -z:=Tx (T e, x€E).

Fix y € E and ¢ € E* such that (y,¢) = 1. Define §: E — A®F through
(z):=(x0¢)Qy (x € E).

It is clear from this definition that 6 € o L(FE,A®E) is such that Ay g o 6 = idg. By

Exercise 5.1.2, E is projective.

Next, we give a characterization of projective left Banach modules, for which we require

yet another definition:

Definition 5.1.5 Let 2 be a Banach algebra, and let £ and F be left Banach 2-modules.
Then 6 € o L(FE, F) is called admissible if (E) and ker 6 are closed, complemented subspaces
of F' and F, respectively.

We have previously defined what an admissible, short, exact sequence of Banach modules
is supposed to mean. How do these two uses of the adjective “admissible” fit together?

Perfectly: A short exact sequence
{0} - F— F— E/F — {0}

of left Banach -modules is admissible in the sense of Definition 2.3.12 if and only if the
projection map from E onto E/F is admissible (or — equivalently — if and only if the
inclusion of F into E is admissible).



5.1 Projectivity 121

Proposition 5.1.6 Let A be a Banach algebra, and let P be a left Banach A-module. Then

the following are equivalent:

(i) P is projective.

(ii) There is a left Banach A-module @ such that Q & P is free.

(iii) If E and F are left Banach A-modules, if 0 € o L(E, F) is surjective and admissible,
and if o € g L(P, F), then there is p € g L(P, E) such that o = 6 o p, i.e. the diagram

P
'
EF — F.

commutes.

(iv) Every admissible, short, exact sequence
{0} = F— FE— P — {0}
of left Banach A-modules splits.

Proof (i) = (ii): By definition, Ag# p: A¥@P — P has a right inverse in o L(P, A% &P),
say p. Then Q = ker p satisfies Q @ P = A#QP.

(i) = (iii): We may suppose without loss of generality (Why?) that P is free. Let
T € L(F,E) be a right inverse of 0, and define R := T o 0. By the definition of a free left
Banach module, there is a Banach space B such that P = A#&B, and by Exercise 5.1.1,
there is a unique p € o L(P, E) such that

pleg# ®x) = Rz (z € B).
We then have:
0(pla@x)) = 0(a- plear ® x))
=a-0(Rx)
=a-o(egs @)
=o(a®x) (a € A*, x € B).

This means that ¢ = 6 o p.
(iv) is a particular case of (iii).
(iv) = (i): Apply (iv) to the short, exact sequence

2A

o p Sut.p
{0} = ker Ags p — A7QP —" P — {0}.
This yields the claim. O
Combining Proposition 5.1.6 and Exercise 4.1.5, we obtain:

Corollary 5.1.7 Let A be a super-amenable Banach algebra. Then every left Banach 2A-

module is projective.
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Of course, one can also define projective right Banach modules and projective Banach
bimodules. We will now look at the bimodule situation.

Let 2 be a Banach algebra, and let E and F be Banach 2-bimodules. Then o Ly (E, F)
denotes the A-bimodule homomorphisms in L(E, F).

Definition 5.1.8 Let 2 be a Banach algebra. A Banach 2d-bimodule is called projective if

the multiplication map
Ags pos : AT QPEA* - P, a®@a®@bra-x-b.

has a right inverse in oLy (P, A7 @ PRAT).

In analogy with the left module situation, we call a Banach bimodule over a Banach
algebra 2 free if it is of the form AF¥QERA# for some Banach space E; of course, any free
Banach 2-bimodule is projective.

Exercise 5.1.4 Formulate (and, if you want, prove) an analogue of Proposition 5.1.6 for projective

Banach bimodules.

We announced earlier in these notes that the reason why biprojective Banach algebras
are called “biprojective” would become clear in the framework of Banach homology. The

time has come ...
Lemma 5.1.9 The following are equivalent for a Banach algebra 2A:

(i) 2 is a projective Banach 2-bimodule.
(ii) Both multiplication maps Ag# g : AF QA — A and Ay g : ASA# — A have right
inverses in g Lo (A, AT QA) and o Lo (A, ARAF), respectively.

Proof (i) = (ii): The short exact sequence

LA
{0} — ker Ags o — A#SA 5% A - {0}
is clearly admissible and thus splits by (the bimodule analogue of) Proposition 5.1.6. The

same is true for
~ A
{0} — ker Ag o — AGAF 23 9 — {0},

(i) = (i): Let p € oLo(A,AFGA) be a right inverse of Agx g, and let o €
o Lo (A, AAF) be a right inverse of Ag g#. It is routinely checked that (idg# @ o) 0 p €
o Loy (U, A# QARAF) is a right inverse of Ags g gx. O

Theorem 5.1.10 For a Banach algebra 2 the following are equivalent:

(i) A is biprojective.
(ii) A is a projective A-bimodule.

Proof (i) == (ii): Let p € oLy (2A,AXA) be a right inverse of Ay : ARA — 2L. It is obvious
that p is also a right inverse of both Agx o : A# A — A and Qg o ARA* — 2A. By
Lemma 5.1.9, 2 is a projective Banach 2-bimodule.

(ii) = (i): By Lemma 5.1.9, there is a right inverse p € o Lo(A, A*RA) of Ag# o. We
have
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p(ab) = a - p(b) € ARXA (a,be),

so that p(2A2%) C A®A. In order to establish that 2 is biprojective, it is thus sufficient to
show that A2 is dense in 2.

Fix a € 2. Then there are b € 2 and a € AXA such that p(a) = eyq# ® b+ a. Since
Ag# o 0 p = idygy, it follows that a = b+ Agx ga, so that

pla) = eq# @ a— eqs @ Agx ga+ a.
Consequently, we have
pla®)=a-pla)=a®a—a® Ays ga+a-a (5.1)
and
p(az) =pla)-a=eys ® a? —egs ® (Ag# ga)a+a-a. (5.2)

Choose ¢ € 2A* with ¢|g2 = 0, and define an extension ¢ of ¢ on A¥ by letting (eg#, ™) =
1. Then (5.1) yields

(p(a®), 6% @ ¢) = (a,¢7)(a, ) = (a,¢)*

whereas, from (5.2), we obtain

(p(a®), 0" @ ¢) = (a®,¢) =0,

so that (a,®) = 0. Since a € 2 was arbitrary, we have ¢ = 0. The Hahn-Banach theorem
implies that A2 is dense in 2. This completes the proof. O

At the beginning of this section, we claimed that projectivity is probably the most im-
portant notion in Banach homology. In this section, however, we did nothing to corroborate
this claim: We defined projective modules and proved a few facts about them (none of which
was deep). This will change in the next section ...

5.2 Resolutions and Ext-groups

The reason why projective modules are so important is that they can be used quite effectively
to compute the Hochschild cohomology groups of a Banach algebra.
We start with the basic definitions:

Definition 5.2.1 A cochain complex € = (E,,d")nez of Banach spaces is a sequence

(En)nez of Banach spaces along with bounded, linear maps
'HEnﬂEnJrl—)"'
such that 6" 0 6"~ = 0 for n € Z.

Example 5.2.2 Let 2 be a Banach algebra, and let E be a Banach 2(-bimodule. For n € Ny,
let B, := L™, E), and let 6" be the n-coboundary operator. For n € Z with n < 0, let
E, := {0} and 6™ := 0. Then (E,,0")nez is a cochain complex by Lemma 2.4.2. This puts
the name Hochschild cochain complex into perspective.
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In this example, the spaces E,, are {0} if n < 0. In such a situation, we shall simply

forget about the uninteresting spaces and denote the complex by (E,, ™).

Definition 5.2.3 Let £ = (E,,0")nez be a complex of Banach spaces, and let n € Z. For
n € Z, let Z"(€) := ker 6", let B*(£) :=rané" !, and define

H(E) = Z™(E)/B™(E).
Then H™(E) is the n-th cohomology group of the complex &.

Remarks 5.2.4 (a) The cohomology “groups” of a cochain complex of Banach spaces
are in fact linear spaces. Equipped with the quotient topology, each such cohomology
group becomes even a topological vector space (although not necessarily Hausdorff).

(b) If we choose £ as in Example 5.2.2, we have H"(£) = H"(, E) for n € Ny and
H™(E) = {0} for n < 0. If we forget about the uninteresting groups H"(€) = {0} for

n < 0, we obtain Hochschild cohomology as a particular case of Definition 5.2.3.

The first results we prove in this section are general results on cohomology in the sense
of Definition 5.2.3, which — in particular — apply to Hochschild cohomology. We first deal

with the question of when two cochain complexes have the same cohomology.

Definition 5.2.5 Let £ = (E,,02)necz and F = (F,, 0% )nez be cochain complexes of Ba-
nach spaces. A morphism ¢: £ — F is a family (¢, )nez of bounded linear maps ¢,,: E, — F,
such that

0% 0 dp = Pnt100g (n € Z).

Exercise 5.2.1 Let £ and F be cochain complexes of Banach spaces, and let ¢: € — F be a
morphism. Show that ¢ induces a sequence ¢ = (¢n )nez of group homomorphisms — in fact, linear
maps — ¢ : H"(E) — H"(F).

Definition 5.2.6 Let £ = (E,,0¢)ncz and F = (Fy,, 0% )nez be cochain complexes of Ba-
nach spaces. Two morphism ¢, ¢ : £ — F are called homotopic if there is a family 7 = (73, )nez

of bounded linear maps 7,,: F,+1 — F}, such that
Gn—Pn =04 "oTn 1 +TnobE  (n€ZL). (5.3)
The family 7 is called a homotopy of ¢ and .
The reason why homotopy is an important concept when dealing with cohomology is the
following theorem:
Theorem 5.2.7 Let £ and F be cochain complexes of Banach spaces, and let ¢, ¢: E — F

be homotopic morphisms. Then ¢ = ).

Proof Fixn € Z, and let z € Z™(€). By (5.3), it is immediate that ¢, (x) — ¢, (z) € B™(F)
and thus ¢, (x + B"(£)) = ¥, (z + B*(£)). O

That was painless ...

Definition 5.2.8 Two cochain complexes £ and F of Banach spaces are called homotopi-
cally equivalent if there are morphisms ¢: £ — F and ¢: F — & such that ¢ o and o ¢
are homotopic to the identity morphism on F and &, respectively.
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We haven’t formally defined what we mean by the composition of two morphisms of
cochain complexes of Banach spaces, but it should be obvious.

As an immediate consequence of Theorem 5.2.7, we obtain:

Corollary 5.2.9 Let £ and F be homotopically equivalent cochain complexes of Banach

spaces. Then
HY(E) 2 H(F)  (nel)
Exercise 5.2.2 Use Corollary 5.2.9 to derive Theorem 2.4.6.

Definition 5.2.10 Let £ = (E,,02)necz be a cochain complex of Banach spaces.

(i) A subcomplex of £ is a cochain complex F = (F),, 6% )nez of Banach spaces such that,
for each n € Z, the space F), is a closed subspace of E,, and 6% = 62|r,.

(ii) Given a subcomplex F of &, the corresponding quotient complex £/F is the complex
(En/Fp, 5?/;)7162’ where the maps 5‘?/}. are those induced by the maps 2.

(iii) The subcomplex F is called complemented if, for each n € Z, the space F,, is com-

plemented in FE,.

Theorem 5.2.11 (long, exact sequence) Let £ be a cochain complex of Banach spaces,

and let F be a complemented subcomplex. Then we have a long, exact sequence
s HYHE)F) = HY(F) = HY(E) — HM(EJF) —» HHHF) — - - (5.4)
of cohomology groups.

Proof For each n € Z, let p, : E,/F, — E, be a bounded, linear right inverse of the
quotient map m,: E, — E,/F,.
For each n € Z, the natural maps

{0} - F, % E, ™ E,/F, — {0}
induce group homomorphisms — in fact: linear maps —
HY(F) = HY(E) ™ H(E/F).

It is routinely checked that ranz, C kerm,. For the converse inclusion, let x € Z™(&) be

such that 7,(z + B"(£)) = 0, i.e. there is y € E,_1/F,—1 such that 7,(z) = égfjly Let

2= — 0% *(pn_1(y)). It is immediate that z € Z"(E). Moreover, we have
T (2) = m(2) — Wn(ég_l(/’n—l(y))) =ma(z) — 5?/_;# = mp(z) — ma(x) = 0,

so that, in fact, 2 € Z"(F). From the definition of z, it is clear that x and z belong to the
same equivalence class in H"(E), so that x + B™(£) € rant,.
For n € Z, define

on: En/Fy — Eny1, 2+ 5g(pn($)) - pn+1((5g/]_-$).

First, note that
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Tnt1(0n(2)) = Tnp1 (08 (P (2))) = Tnt1 (Pn41(0g 7 2))
= 62/]—‘(7Tn(pn($))) - 5g/fx
= 0g/F% = Og /52

so that o, is, in fact, a map into F,, ;1. Let € Z"(€/F). Then we obtain:
0 Hon(x)) = 5z (% (pn (2))) = 0,

i.e. 0, maps Z"(E/F) into Z"TY(F). If x € B"(E/F), i.e. if there is y € E,_1/F,_1 such

that 62’/_;y = x, we obtain

on () = 0¢(Pn(0g7Y)) = 08 (Pn(0g2y) = 0~ (pn—1())) = TF(=0n-1(y)) € BT (F).

Hence, o,, induces a group homomorphism &,,: H"(E/F) — H" L1 (F).

We claim that ran &,, = ker 7,41 and that kera,, = ran7,.

Let x € F,, be such that « + B"(F) € rana,, i.e. there is y € Z"(E,,/F,,) such that z =
on(y) = 62(pn(y)) € B"TH(E). It follows that x+B™(F) € kerz,,11. Hence, ran,, C ker,41
holds. Conversely, let 2 € Z"1(F) be such that x + B""1(F) € ker z,,+1. This means, there
is y € E, such that © = 62y. Let z := y — p,, (7, (y)); it is immediate that m,(z) = 0, so that

z € F),. Furthermore, we have

& = 52 (pu (M0 () = Pt (T (@) + 5By — 5 (pu ()
— G2 (pu (T (y))) — Pt (O £ (a(y)) + 322
— o (maly)) + 33

This yields ker¢,,+1 C rana,,.
Let z € Z"(€). We have:

0 (T (@) = 52 (o (1)) = Pt (52 £ (7a(2)))
— G2 (P (T (2))) = pos1 (i1 (3E))
— 52 (pu(ma(a)))
= 32(pulma(a))) - S2a
= 5 (pu(ma(@)) — ), since py(my()) — x € F,

m

(o)}
3
£

3

It follows that ran 7, C ker &,,. Conversely, let z € Z"(£/F) be such that o, (z) € B"™(F).
Then there is y € F such that o,,(z) = 6%y. Let 2z := p,(x) — y. Since

dgx = 0g (pn(x)) — 6gy = 0g (pn(2)) — on(2) = pni1(0g,77) = 0,

we have z € Z™(€). It is immediate that m,(z) = = (since y € F,). Hence, we obtain
ker ,, C ran,.

This completes the proof. 0O
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Remark 5.2.12 The connecting maps in (5.4) are not only group homomorphisms, but
linear. If each cohomology group is equipped with its (possibly non-Hausdorff) quotient

topology, these maps are even continuous.

We now move from cochain complexes of Banach spaces to chain complexes of left Banach
modules.

Definition 5.2.13 Let 2 be a Banach algebra. A chain complex & = (E,,dy)nez of left
Banach 20-modules is a sequence (FEj)necz of left Banach 2-modules along with bounded,

2-module homomorphisms
~eEn<d—"En+1Hm
such that d,, o d,,+1 = 0 for n € Z.

We make the distinction between chain and cochain complexes mainly for our conve-
nience: It doesn’t really matter in which direction the arrows point.
We have analogues of Definitions 5.2.5, 5.2.6, and 5.2.8:

Definition 5.2.14 Let 2 be a Banach algebra, and let & = (E,,d),ez and F =
(F,,d” ) ez be chain complexes of left Banach 2-modules. A morphism ¢: € — F is a
family (¢, )nez of bounded 2A-module homomorphisms ¢,,: E,, — F,, such that

4T 0 ns1 = dnods  (ne).

Definition 5.2.15 Let 2 be a Banach algebra, and let & = (E,,df)nez and F =
(Fy,d” ) ez be chain complexes of left Banach 2-modules. Two morphism ¢,v : & — F
are called homotopic if there is a family 7 = (7,,)nez of bounded %-module homomorphisms
Tn: By — F,41 such that

¢n_wn:dfo7—n+7_nflodi_1 (TL€Z)
The family 7 is called a homotopy of ¢ and .

Definition 5.2.16 Let 2 be a Banach algebra. Two chain complexes £ and F of left Banach
2A-modules are called homotopically equivalent if there are morphisms ¢: £ — F and ¥ :
F — & such that ¢ o1 and 1 o ¢ are homotopic to the identity morphism on F and &,

respectively.
We’re not finished with definitions yet ...
Definition 5.2.17 Let 2 be a Banach algebra. A chain complex & = (E,,, d,)nez of left

Banach 2A-modules is called admissible if:

(i) kerd,, =rand, 41 for n € Z;
(ii) each module homomorphism d,, is admissible.

Definition 5.2.18 Let 21 be a Banach algebra, and let E be a left Banach 2{-module. A

resolution for E is an admissible chain complex
(0} - E< By & p & py ...

of left Banach 2-modules. If the modules Ey, E1, etc., are projective, the resolution is called

projective.
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After so many definitions, we deserve an example:

Example 5.2.19 Let 2 be a Banach algebra, and let E be a left Banach 2A-module. For
n € Ny, let

Bu(E) = A*0AS - - QASDE.
——-

n-times

Define
e:By(E)—E, a®@z—a-z,
and, for n € Ny, let dy,: Bn11(F) — B,(F) be given by
dp(a®a1®  ®apt1 Q) =a01 Q@ Qapt1 QT
+i(—1)ka®a1®~-~®akak+1®---®an+1 ®x
k=1

+(-D)""Me®a ® - @apy -
(a€A*, ar,... ,ans1 €A, z € E).

It is immediate that € and dy, d1, etc., are left A-module homomorphisms, and a dull, albeit
tedious calculation yields e o dg = 0 and d,, o d,41 = 0 for n € Ny. The modules By(E),
Bi(E), etc., are free and therefore projective. Obviously, € is admissible. Let ¢: A% — C be
the character with kernel 2. For n € Ny, define

Tn: Bn(E) — Bnt1(E),
AR Q@ Qapx — egqx Q@ (a—dla)egr) ®a; @+ R a,  x.

It is then routinely checked (Do it!) that
dy 0Ty + Tn_10dp-1 Zidgn(E) (HEN()),

where formally d_; = €. For n € Ny, the map

B.(E) — kerd, o @ kerd,_1, x> (dp—12,dn(m(2))) (5.5)
is a topological isomorphism (formally let d_5 := 0): An inverse of (5.5) is given by
kerd, o @ kerd, 1 — B,(E), (x,y)+— Th_12+y. (5.6)

It follows (How precisely?) that kerd,,—; = rand,, for n € Ny and that d,, is admissible for

n € Ng. Hence, the complex

{0} — E < By(E) & By(E) & By(E) — - --

is a projective resolution of E, the Bar resolution of E. We use B(E) to denote the chain
complex

{0} — Bo(B) L Bi(E) & By(E) — -
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Exercise 5.2.3 Show that (5.6) is indeed an inverse of (5.5).

The following is an immediate consequence of Example 5.2.19:

Corollary 5.2.20 Let 2 be a Banach algebra, and let E be a left Banach A-module. Then

FE has a projective resolution.

Of course, one module can have several projective resolutions: If 2 is a Banach algebra
and P is a projective left Banach 2-module, then

A# P

A «
{0} — P =" AFQP — ker Ags p «— {0}

is a projective resolution different from B(P).
Nevertheless, two resolutions of the same module are not completely unrelated provided
one is projective:

Theorem 5.2.21 (comparison theorem) Let 2 be a Banach algebra, let E and F' be left
Banach A-modules, and let 0 € o L(E, F'). Furthermore, let

{(0})—EEP L pdip ... (5.7)
be a projective resolution of E, and let
M —FElBlE S p (5.8)

be an arbitrary resolution of F. Then there is a morphism ¢ = (¢n,)22, from the chain

complex (5.7) to the chain complex (5.8) such that the diagram

(- EE Py e PPy
U ! !
(0} = FE By e By &2 By -

commutes, where the vertical arrows represent 0 and ¢q, ¢1, etc., respectively.

Proof We proceed inductively. Suppose that we have already found ¢q, ¢1, . . . ¢, with ¢y, €
aL( Py, E) such that the diagram

(0} EE P e oo e P2 Py oo

Lo 1 (5.9)
0 FEE e By By

commutes. Let F, := kerd, , = rand,,, and let § := d’,. Then 0 : E, ., — F, is an

admissible epimorphism of left Banach 2-modules. Define o: P11 — E, as ¢, o d,. Since
d;zfl oppody, = ¢p_10dy_10d, =0,

the 2A-module homomorphism o attains its values in F,. By Proposition 5.1.6(iii), there is
Ont1: Pny1 — Enq1 such that 0 := 6 o ¢,41. Clearly, if we extend the diagram (5.9) by
®n+1, this extended diagram still commutes. O
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Exercise 5.2.4 Show that any two morphisms as in Theorem 5.2.21 are homotopic.

Corollary 5.2.22 Let U be a Banach algebra, and let E be a left Banach A-module. Then

any two projective resolutions for E are homotopically equivalent.

Proof Apply Theorem 5.2.21 with § = idg. O
We shall now see that projective resolutions can be used efficiently to calculate cohomol-

ogy groups.

Lemma 5.2.23 Let 2 be a Banach algebra, let F be a left Banach A-module and let £ =
(En,dn)nez be a chain complex of left Banach A-modules. Define

0" qL(En, F) = 9 L(Epi1, F), T—Tod,.
Then (qL(Epn, F),™)nez is a cochain complex of Banach spaces.

Proof Obvious. O
We suggestively denote the cochain complex described in Lemma 5.2.23 by o £L(&, F).

The following lemma is equally easy to check:

Lemma 5.2.24 Let A be a Banach algebra, let F be a left Banach A-module, and let £, and
&y be homotopically equivalent chain complexes of left Banach 2A-modules. Then the cochain

complezes of Banach spaces o L(E1, F) and o L(E2, F) are homotopically equivalent.
We can now define Ext-groups:

Definition 5.2.25 Let 2 be a Banach algebra, let F and F be left Banach 2-modules, and

let a projective resolution for E be given:
(0}~ EE P& p&p ..
Let P denote the chain complex of left Banach 2f-modules
(0} =P 2P &p ..., (5.10)
Then, for n € Ny, the n-th Ext-group of E by F is defined as
Exty(E, F) := H" (9 L(P, F)).

Remark 5.2.26 Let two projective resolutions for E given. By Corollary 5.2.22, these two
resolutions are homotopically equivalent, and so are the corresponding chain complexes in
(5.10), which we denote by P; and Ps. By Lemma 5.2.24, the cochain complexes of Banach
spaces o L(P1, F) and o L(P2, F') are also homotopically equivalent. By Corollary 5.2.9, this

means that
H (qL(P1, F)) 2 H (9 L(P2, F)) (n € Np).
Hence, Exty (F, F') is independent of a particular projective resolution for E.
Exercise 5.2.5 Let 2 be a Banach algebra, and let E and F be left Banach 2l-modules. Show that
Exty (E, F) = o L(E, F).

canonically.
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Exercise 5.2.6 Let 2 be a Banach algebra, and let E be a left Banach 2-module. Show that
E is projective if and only if Exty (E,F) = {0} for all left Banach 2-modules F if and only if
Exty (E, F) = {0} for all n € N and for all left Banach 2-modules F'.

The following is extremely useful when it comes to calculating Ext-groups:

Theorem 5.2.27 Let 2 be a Banach algebra, let E and F be left Banach A-modules, and
let

{0}—>E2 —>E1 —>E1/E2 —>{O}
and
{0} —>F2 —>F1 —>F1/F2 —>{0}

be admissible, short, exact sequences of left Banach A-modules. Then we have long exact
sequences

{0} = 9L(E,Fy) — oL(E,F)) — aL(E, F1/Fy) — Exty(E, Fy) —
- — Exty (E, Fy) — Exty(E, F1) — Exty(E, Fy1/Fy) — Extg“(E, Fy) — -

and

{0} = 9L(Fy/Eo, F) — 9L(Fy, F) — 9L(Fo, F) — Exty(F,/Fy, F) —
g Eth(El/EQ,F) - Eth(El,F) — Ethl(EQ,F) — EXt;+1(E1/E2,F) —

Proof Both exact sequences follow from Theorem 5.2.11.

Since, for n € Ny, each module B, (F) is projective, we may view oL(B(E), Fy) as
a complemented subcomplex of o L(B(E), F1) such that the resulting quotient complex is
canonically isomorphic to o L(B(E), F1/F») (Please, check this!). The first exact sequence is
thus a consequence of Theorem 5.2.11, Definition 5.2.25, and Exercise 5.2.5.

We may canonically view B(E3) as a complemented subcomplex of B(E;) such that
the resulting quotient complex is isomorphic to B(E;/FEs). Applying Definition 5.2.25 and
Theorem 5.2.11, we obtain the second exact sequence. 0O

We shall now express Hochschild cohomology groups in terms of Ext-groups.
For a Banach algebra 2, let A" := A#@(A°P)# denote the enveloping algebra of 2A.
Any Banach 20-bimodule is a unital, left Banach 2**V-module in a canonical fashion (How?).

Exercise 5.2.7 Let 2 be a Banach algebra. Show that a Banach 2l-bimodule is projective as an
2A-bimodule if and only if it is projective as a left Banach °"¥-module.

Theorem 5.2.28 Let 2 be a Banach algebra, and let E be a Banach A-bimodule. Then we
have:

H™ (U, ) = Exthen (A*,E)  (n € Ny).

Proof The Bar resolution of the left Banach 2A#-module 2# is in fact a projective resolution
of the left Banach 2A°™-module 21#, so that we can use B(2¥) to calculate the groups
Extpen (A7, E) for n € N. Since



132 5 Banach homology
B, (A7) = AF QAR - - QA QAT (n € Np),
—_———
n-times
the universal property of the projective tensor product produces canonical isomorphisms
gen L(By (A7), E) = g Loz (Bn (AF), E) = LA E)  (n € Np).
A tedious, but not difficult calculation shows that these isomorphisms induce an isomorphism
of the cochain complex genv £(B(A%), E) and the Hochschild cochain complex. [
Exercise 5.2.8 Let 2 be a unital Banach algebra, and let E be a unital Banach 2A-bimodule. Show
that
H"™ (A, E) = Exty goop (A, E) (n € N).

Together, Theorems 5.2.27 and 5.2.28 yield:

Corollary 5.2.29 Let 2 be a Banach algebra, and let

{0} = F—>E— E/F — {0}
be a short, exact sequence of Banach A-bimodules. Then we have a long exact sequence:

{0} = HY (A, F) = H(A, E) - HO(A, E/F) — HY (A, F) —
= HY A, F) — HY (A, E) — H" (A, E/F) — H" TN L F) — -

You might ask yourself: What’s the purpose of all this? We can now compute Hochschild
cohomology groups using Ext-groups. But who would want to do this? Definition 2.4.3 was
straightforward whereas, just to be able to define Ext-groups, we had to go through quite
extensive preparations. Why trade a simple definition for a complicated characterization?
The answer lies in Definition 5.2.25: Ext-groups can be computed based on any projective
resolution. In certain situations, we can perhaps choose a projective resolution for which
the Ext-groups — and hence the Hochschild cohomology groups — are particularly easy to
compute.

We conclude this section with an application of Theorems 5.2.27 and 5.2.28, which shows
that certain cohomology groups of biprojective Banach algebras are trivial:

Theorem 5.2.30 Let 2 be a biprojective Banach algebra. Then H™ (A, E) = {0} for all
n > 3 and for all Banach A-bimodules E.

Proof Consider the following admissible, short, exact sequences of Banach 2(-bimodule, i.e.

left Banach 2A°™-modules:

{0} — A — A* — A# /A — {0},
{0} _)J_)Qlenv _>Qlenv/J_> {0}’

where .J is the closed linear span of (A7 &) U (AA*), and
{0} — AKA — P — J — {0}

with P := (AA*) & (A# @A), where
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AA — P, ar— (a,a)
and
P—J, (a,b)—a—b.

We apply the second of the long exact sequences from Theorem 5.2.27 to these short, exact

sequences and consider the following segments of the resulting long exact sequences:

Extien (A, E) — Ext3iea (A# /A, E) — Extiyen (A%, E) — Ext3en (U, E),
Extaen (A, E) — Extyens (J, E) — Ext3ien (A /J, E) — Extden, (A, E),

and
Extgen (AU, E) — Extaen (J, E) — Extaen (P, E) — Ext?(ASA, E).

Since the left Banach 21°"V-modules 2, A", and A2 are projective (Why?), it follows from

Exercise 5.2.6 that the endpoints of these segments are all {0}. We thus obtain isomorphisms:

Extgcnv(m#,E) Extg[cnv # /A, E)

(2
o (A /T E), (Why does this hold?)
(J, E)

=~ Extgen (P, E). (5.11)
Since the left A°™-modules A#* @A and ARA* are projective (again: Why?), so is P. It
follows, again from Exercise 5.2.6, that Extae. (P, E) = {0}. By (5.11) and Theorem 5.2.28,
this means H?(2, E) = {0}. The claim for arbitrary n > 3, now follows from Theorem 2.4.6.

0
I don’t know of any proof of Theorem 5.2.30 that only uses Definition 2.4.3.

5.3 Flatness and injectivity

We conclude this chapter with a discussion of two further important properties of Banach
modules: flatness and injectivity.

The following definition is a prerequisite for the definition of flatness.

Definition 5.3.1 Let 2 be a Banach algebra, let E be a right Banach 2-module, and let
F be a left Banach 2-module. The projective module tensor product EQyF of E and F is
defined as the quotient of EQF by the closed linear span of {r-a®@y—2®a-y: 2 € E,y €
F,a e}

There is no need, in general, for EQqF to again be some sort of Banach module.

Exercise 5.3.1 Let 2 be a Banach algebra, let E be a right Banach 2-module, and let F' be a left
Banach 2-module. Show that the isomorphism between (EQF)* and L(E, F*) (Exercise B.2.10)
induces an isometric isomorphism of (E®gy F)* and o L(E, F*).
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Proposition 5.3.2 Let 2 be a Banach algebra, let R be a closed right ideal of A¥ with a
bounded left approzimate identity, and let E be a left Banach A-module. Then the multipli-

cation map
App:ROQE - E, r@xw—r1-x
induces a topological isomorphism of the Banach spaces ROy E and R - E.

Proof By Cohen’s factorization theorem, R - E is indeed a Banach space, so that Ag g is
Ty @ Ty, € ker Ap g, where Y

o0
n=1

o0

n=1 ||T’n||||$n|| < 0.

an open map onto R - E. Let x = )
Let

R = {(sn)%ozl € RY: Z [Isnllllzn]| < oo and an C Ty = O}

n=1 n=1

For (s,)52; € R, let

oS
(sn)oalll := > llsnllllawnll-
n=1

Then (R, ||| - ||]) is a left Banach R-mpdule, and any bounded left approximate identity for
R is a bounded left approximate identity for R. By definition, (r,)32; € R. By Cohen’s
factorization theorem, there is r € R and (¢,)22; € R such that r, = rt, for n € N.

n=1
Consequently,
o0 o0
X = Zrtn®xn = Z(Ttn®17n—7’®tn'xn)
n=1 n=1

lies in the closed linear span of {r'-a @z —r'®a-z: 1" € R,z € E,a € U}. O

Definition 5.3.3 Let 2 be a Banach algebra. A left Banach 2-module F' is called flat if

for every admissible, short, exact sequence
{0} — By — Fy — El/Eg — {O}
of right Banach 2-modules, the sequence
{0} = E2@oF — E\®oF — (Ey/Es)@oF — {0}
is exact.

Of course, one can define flatness for right Banach modules analoguously.

Example 5.3.4 Let 2 be a Banach algebra, and let L be a closed left ideal of 2A# with a
bounded right approximate identity. Let

{0} - E; — Ey; — E1/E; — {0}

be an admissible, short, exact sequence of right Banach 2-modules. Consider the commuta-

tive diagram
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{0} — Ey@gL — E1@9L — (BEy/Ey)®9L — {0}
! | 1 (5.12)
where the vertical arrows are the maps induced by the respective multiplication operators.
By (the right module version of) Proposition 5.3.2, the columns are all isomorphisms. Since

the second row of (5.12) is trivially exact, the same is true for the first row. Hence, L is a
flat left Banach 2(-module.

We shall soon encounter further examples of flat Banach modules.
Let 2 a Banach algebra, and let E be an arbitrary Banach space. Then £(#, E) becomes
a left Banach 2-module through

(a-T)D):=T(ba) (acA, beA¥*, T c LA, E)).

Modules of this type are called cofree. If E itself is a left Banach 2A-module, we have a
canonical homomorphism A E — £(A#, E) of left Banach A-modules defined by

(Am#’Ea:)(a) =a-x (ae, x€E).
The following is an analogue of Proposition 5.1.6:

Proposition 5.3.5 Let 2 be a Banach algebra, and let I be a left Banach A-module. Then
the following are equivalent:
(i) The canonical homomorphism AT has a left inverse in 2 L(LERAFT), T).
(ii) There is a left Banach A-module J such that I ® J is cofree.
(iil) If E and F are left Banach A-modules, if 0 € o L(F, E) is injective and admissible,
and if o € 9 L(F,I), then there is p € y L(E,I) such that po 6 = o, i.e. the diagram

/

F—

B — ~

commutes.

(iv) Ewvery admissible, short, exact sequence
{0} = I - FE— E/I — {0}
of left Banach A-modules splits.
Exercise 5.3.2 Prove Proposition 5.3.5.

Definition 5.3.6 Let 20 be a Banach algebra. A left Banach 2-module I satisfying the
equivalent conditions of Proposition 5.3.5 is called injective.

Of course, there is an analoguous notion of injectivity for right Banach modules.
Examples 5.3.7  (a) Let 2 be an amenable Banach algebra, and let
{0} = F—F— E/F — {0} (5.13)

be an admissible, short, exact sequence of left or right Banach 2-modules, where F' is
a dual module. By Theorem 2.3.13 (or rather its right module version), (5.13) splits, so
that Proposition 5.3.5(iv) is satisfied. Consequently, F is injective.
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(b) Let 2 be an arbitrary Banach algebra, and let P be a projective right Banach 2~
module. With the canonical identification £(A#, P*) 2 (A#¥®@P)*, we see easily that
AP = A% o From the definition of projectivity, it is immediate that Proposition

5.3.5(i) is satisfied. Hence, P* is an injective left Banach 2-module.
The following is an analogue of Exercise 5.2.6.

Exercise 5.3.3 Let 2 be a Banach algebra, and let F' be a left Banach 2-module. Show that
F is injective if and only if Exty(E,F) = {0} for all left Banach 2-modules E if and only if
Exty (E, F') = {0} for all n € N and for all left Banach 2-modules E.

Next, we shall see that flatness and injectivity are dual to each other:

Theorem 5.3.8 Let 2 be a Banach algebra, and let E be a left Banach 2A-module. Then

the following are equivalent:

(i) E is flat.

(ii) E* is an injective right Banach A-module.

Proof (i) = (ii): Let F; and Fy be right Banach 2-modules, and let 8 € o L(F», Fy) be

injective and admissible, so that the short, exact sequence
{0} = P> > Fy — Fi/0(Fy) — {0}

of right Banach 2-modules is admissible. Since F is flat, the sequence

{0} — FodoE "N FiooE — (F/0(Fy))&uE — {0}

is exact, and so is the dual sequence
«\ (O®idE)” * *
{0} — aL(Fy, B) "8 aL(PL BY) — aL(F /0(F2), EY) — {0} (5.14)

Let 0 € y L(Fy, E*). The exactness of (5.14) — more precisely: the surjectivity of (§ ® idg)*
— yields p € g L(F1, E*) with 0 = ( ® idg)*p, i.e. po§ = 0. Hence, E* satisfies (the right
module analogue of) Proposition 5.3.5(iii).

(ii) = (i): This is proved by reversing the arguments from (i) = (ii). O
Exercise 5.3.4 Work out the proof of Theorem 5.3.8 (ii) = (i) in detail.

With Theorem 5.3.8 and Examples 5.3.7, we obtain more examples of flat Banach mod-

ules:

Examples 5.3.9  (a) Every left or right Banach module over an amenable Banach alge-
bra is flat.
(b) Every projective left or right Banach module is flat.

So far, we have treated flatness and injectivity for one-sided Banach modules only. We
leave it to the reader to do the same for bimodules:

Exercise 5.3.5 Define flatness and injectivity for Banach bimodules such that analogues of Propo-
sition 5.3.5 and Theorem 5.3.8 hold.
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In Theorem 5.1.10, we showed that a Banach algebra is biprojective if and only if it is a
projective Banach bimodule over itself. Guess what’s true for biflat Banach algebras ...

We start with an analogue of Lemma 5.1.9:
Lemma 5.3.10 The following are equivalent for a Banach algebra A:

(i) A is a flat Banach A-bimodule.

(i) Both maps Ay, o : A" — (AFRA)* and Al 5, : A* — (ARA#)* have left inverses

in o Lo (A7 RAY*, A*) and o Lo (ASAF)*, A*), respectively.

Proof (i) = (ii): By (the bimodule analogue of) Theorem 5.3.8, 2* is an injective Ba-
nach 2-bimodule. The claim then follows immediately from (the bimodule analogue of)
Proposition 5.3.5(iv).

(i) = (i): Let 0 € g Lo (A7 @2A)*, A*) and o € o Lo ((ARAF)*,2A*) be left inverses of

and A respectively. For ¢ € (A7¥@ARA#)* and ¢ € A#, define ¢[c] € (AF @A)

*
AQl# 2 A AH#

by letting
(a@b,dlc]) = (a@b@c,¢)  (acUA*, be).
Define p € o Lo ((A# QARAF)*, (ARA#)*) through
(b@c.p(9) = (b,6(¢lc))  (be ceAr).

Then 0 0 p € o Lo (A SARAT)*, A*) is a left inverse of A}

g AT (AFARAF)*,
so that A* is injective. Hence, 2 is flat. O

Lemma 5.3.11 Let 2 be a Banach algebra which is a flat Banach A-bimodule. Then A? is

dense in A.

Proof Let ¢ € A* be such that ¢|g2 = 0.

By (the bimodule analogue of) Theorem 5.3.8, the Banach A-bimodule 2* is injective.
Consequently — by (the bimodule analogue of) Proposition 5.3.5(iv) —, the injective -
bimodule homomorphism Ag, o : A* — (A7 @A) * has a left inverse § € o Lo ((AFRA)*, A*).
Define

b AFRA - C,  (Negr +a) @b — (a,6)(b, ),

and let v := 9(1&) Let a,b € 2 and ¢ € A*. Since (ab, ¢) = 0, it follows that (c®a, bl;) =0,
i.c. b-1 = 0 and consequently b-1) = 0 for all b € B. This means that P|gz = 0 as well. On

the other hand, we have

(Negs +a) @ ¢, - by = (Ab+ ba, ) {c, d)
= Xb, d)(c, ¢)
= (b, 9)(Ac + ac, )
= (b, p)((Near +a) @ ¢, Ay o b) (AeC, a,bce).

It follows that

Vb= (b,¢)Ays ot  (bEA)
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and thus

This, however, means that

(b,$)? = (b, by = (b*,¢) =0  (beA),
so that ¢ = 0. The Hahn-Banach theorem yields that 22 is dense in . O
Theorem 5.3.12 Let A be a Banach algebra. Then the following are equivalent:

(i) A is biflat.
(ii) A is a flat Banach A-bimodule.

Proof (i) = (ii): Suppose that A} : A* — (ARA)* has a left inverse in o Lo ((ALA)*, A*).
It follows easily (How?) that then Ay, 5 : A* — (AFRA)* and Aj 4+ A — (AQAF)*
have left inverses in o Co((A#E)*,A*) and o Lo ((AGA#)*,A), respectively. It follows
from Lemma 5.3.10 that 2 is a flat Banach 2(-bimodule

(i) = (i): By Lemma 5.3.10, Ay, o has a left inverse 6 € o Lo (A7 A, A*). Let
¢ € (AFQA)* be such that ¢lygy = 0. It follows that ¢-a = 0 for all a € A. Hence (Why?),
0(¢) vanishes on A%. By Lemma 5.3.11, this means that 6(¢) = 0. Hence, 6 drops to an
2-bimodule homomorphism from (AA)* to A*, which is clearly a left inverse of Ay O

With the help of Theorem 5.3.12, we can now compute further Hochschild cohomology

groups:

Theorem 5.3.13 Let A be a biflat Banach algebra. Then H™(A,2A*) = {0} for all n € N.

In particular, A is weakly amenable.

Proof By Theorem 5.3.12, 2 is a flat Banach 2A-bimodule, so that 2* is an injective Banach
2-bimodule. It is immediate that then 2* is also in injective left Banach 2A°™Y-module. From
Theorem 5.2.28 and Exercise 5.3.3, we conclude that

H™ (A, A) = Exthen (A7, A*) = {0} (n €N).

This was it already! O

5.4 Notes and comments

Banach homology — or more generally: topological homology — was initiated independently
by A. Ya. Helemskii and J. L. Taylor ([Tay]). For many applications, e.g. to several variable
spectral theory, it is necessary to not only consider Banach algebras and modules, but also
more general topological algebras and modules (see [E-P]).

This chapter presents the very basics of Helemkii’s approach to topological homology.
It is intended as a “prequel” to his textbook [Hel 5] and his monograph [Hel 3]. Essentially
all the material in this chapter is from these two sources. Helemskii has also written several
survey articles on topological homology — such as [Hel 1], [Hel 2], and [Hel 7] — which offer
an excellent overview of the field.
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Comparing topological homology with homological algebra in the purely algebraic set-
ting, as expounded in [C-E], [Lang 2], [MacL], or [Wei], one cannot help getting the impres-
sion that topological homology is about nothing more than adding a few functional analytic
overtones to the concepts and results from homological algebra. Indeed, topological homol-
ogy is a particular case of relative homological algebra in the sense of [MacL]. Doesn’t this
mean that topological homology is nothing more than a remotely interesting footnote to
general homological algebra?

Surprisingly, however, one encounters novel and interesting phenomena in Banach ho-
mology that have no analogue in algebraic homological algebra (and not even in general
topological homology).

Forbidden values for homological dimensions
Let 2 be a Banach algebra. Then the global homological dimension of 2 is defined as
dg 2 := inf{n € Ng : Exty " (E, F) = {0} for all left Banach 2-modules E and F}
and the homological bidimension of % is defined as
db 2 := inf{n € Ny : H"**(A, E) = {0} for all Banach -bimodules E}.

It is not hard to see that db A > dg 2. Helemskii’s global dimension theorem asserts that
dg 20 > 2 whenever 2 is commutative with infinite character space (see [Pot] for an exposition
of this theorem that should be accessible to someone who has worked through this chapter).
Consequently, whenver 2 is a commutative Banach algebra with infinite character space,
there is a Banach 2-bimodule E such that H2(2, E) # {0}. Similar results hold for certain
radical Banach algebras ([Gh-S]).

Additivity formulae for homological dimensions

Let A be a unital Banach algebra, and let 8 be a commutative, biprojective Banach algebra
with infinite character space. Then

dg AB# = dg A + dg B = dg A +2

holds as proved in [Sel 3]. The weak homological bidimension of a Banach algebra 2 is defined
as

wdb A := inf{n € No : H""*(A, E*) = {0} for all Banach 2-bimodules E}.

According to an apparently still unpublished result by Yu. V. Selivanov (see [Hel 7]), we
have

wdb ARB = wdb A + wdb B

for any two Banach algebras 2 and B with bounded approximate identities.
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The most important class of Banach algebras are certainly the C*-algebras. Over the past few
decades, the theory of C*-algebras has thrived and grown, and now is an area of mathematics
pretty much independent of general Banach algebra theory. Most researchers in Banach
algebras are fairly ignorant of what’s currently going on in C*-algebras (and vice versa).
Amenability brings C*-algebras back into the framework of general Banach algebras. The
purely banach algebraic notion of amenability turns out to be equivalent to an important
C*-algebraic property: nuclearity. This chapter is devoted to establishing this equivalence.
Very often, the only — or at least the most convenient — way of proving a result for
C*-algebras is to make the detour through their enveloping von Neumann algebras. Most
of this chapter will thus deal with W*-algebras. As it turns out, amenability in the sense of
Definition 2.1.9 is too strong to yield an interesting theory for W*-algebras: For example, if
$ is a Hilbert space, then £(5)) is amenable if and only if § is finite-dimensional. The right
notion of amenability for W*-algebras is Connes-amenability. It is equivalent to a number
of important W*-algebraic properties, some of which, at first glance, have little in common.

In this chapter, we shall prove the equivalence of the following properties:

— Injectivity: A von Neumann algebra 91 acting on some Hilbert space $) is injective if its
commutant is complemented in £(5)), such that the corresponding projection onto 9 has
norm one.

— Semidiscreteness: This is some kind of approximation property for W*-algebras.

— FEzistence of a normal, virtual diagonal: For W*-algebras, the converse of Theorem 4.4.15

is true.

For a general C*-algebra 2, the Connes-amenability (or injectivity, etc.) of A** is equiv-
alent to 2 being nuclear/amenable.

It won’t come as a surprise that to prove these equivalences requires substantial back-
ground from the theory of C*- and, in particular, W*-algebras. We thus definitely shift gears
in this chapter as far as the self-containment of these notes is concerned: There are plenty
of textbooks and well written monographs available on this subject — [Dixm 2], [Dixm 3],
[Sak], [Ped], [Tak 2], [Mur], [K-R], and many more —, so that it would be a waste of time
and space to duplicate material, e.g. on the type decomposition of von Neumann algebras,
which might not be standard in Banach algebras, but certainly is in von Neumann algebras.
Some of the background we require from von Neumann algebra theory might be considered
non-standard even there, e.g. Tomita—Takesaki theory or continuous crossed products, but
there are still texts and monographs — [K-R] and [Dae], for example — through which this
material is accessible.

V. Runde: LNM 1774, pp. 141-190, 2002
(© Springer-Verlag Berlin Heidelberg 2002
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Some concepts we use in this chapter, such as complete positivity and the Haagerup
tensor product, have their proper place in the framework of operator space theory (see
[E-R]). Nevertheless, we refrain from making any references to operator spatiology here
(this will come in the next chapter).

6.1 Amenable W*-algebras

The W*-algebras are the most important (and best understood) class of C*-algebras, so
that we’ll discuss their amenability first. One might expect that, if the important class of
W*-algebras teams up with a property as important as amenability, then the resulting class
of amenable W*-algebras will be even more important. If you really think so, this section
will be a source of considerable disappointment for you ...

There is an obvious way of obtaining amenable (but otherwise uninteresting) W*-
algebras: Choose ni,...,n; € N along with compact, hyperstonean Hausdorff spaces
21,...,8. If you don’t know what compact, hyperstonean spaces are: these spaces are
formally defined in [Tak 2, Definition 1.14]; all we need to know is that a compact Haus-
dorff space {2 is hyperstonean if and only if C(£2) is a W*-algebra (this follows from [Tak 2,
Theorem 1.18]). For j = 1,... ,n, the algebra

M,,, @ C(£2;) = C(£2;) ® M, = C(£2;)&M,,,

is a C*-algebra in a canonical fashion (Exercise 2.3.6(iii)), and is, in fact, a W*-algebra
(Why?). It follows that

M,, @ C(1)®--- &M, ®C(2) (6.1)

is also a W*-algebra, and the hereditary properties of amenability for Banach algebras
yield at once that it is amenable. In Examples 4.4.4(b), we saw that every subhomogeneous
W*-algebra has this form, and as we mentioned immediately after Examples 4.4.4, every
amenable W*-algebra is already subhomogeneous (and thus has the rather dull form (6.1)).
In this section, we will prove it.

We start with a definition:

Definition 6.1.1 Let 2 be a Banach *-algebra. We say that 2 is of type (QE) if, for each

*-representation 7 of 2 on a Hilbert space §, there is a quasi-expectation Q: L($)) — x(1)".

By a Banach *-algebra, we mean a Banach algebra equipped with a continuous involution.

Exercise 6.1.1 Let G be a locally compact, inner amenable group which is not amenable. Show
that VIN(G) is not of type (QE). (Hint: Proceed as in the proof of Theorem 4.4.13, but with the
roles of A2 and ps interchanged.)

As we shall soon see, amenability forces any Banach *-algebra to be of type (QFE), but
before we can prove it, we need a lemma. For the sake of brevity, from now on, we shall call a

w*-continuous *-representation of a W*-algebra on some Hilbert space a W*-representation.

Lemma 6.1.2 Let 9 be a von Neumann algebra acting on a Hilbert space $). Then the

following are equivalent:
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(i) There is a quasi-expectation Q: L($H) — M.
(ii) For every faithful W*-representation = of I on a Hilbert space R, there is a quasi-
expectation Q: L(R) — m(IM).

Proof Of course, only (i) = (ii) needs proof.

Let m be a faithful W*-representation of 9t on a Hilbert space K, and let 9t := 7 (9M).
Using the idea of the proof of [Dixm 3, Théoreme 3, §1.4] (How precisely?), we can choose a
third Hilbert space £ such that 9 ® idg, i.e. the algebra {x ® idg : € M}, on HRL and
N ®ide on ARL are spatially isomorphic. Fix &y, n9 € £ such that (£o,7m0) = 1, and define
Po: LIHRL) — L($H) through

<(7)0T)€777> = <T(§ ® £0)7 n& 770> (T € ‘C(ﬁ)v 6777 € *6) (62)

Identifying £($) with £($) ® idg, we see that Py is a projection onto £($)). Furthermore,
for T € L(HR®L) and R, S € L), we have

(Po((R®ide)T(S ®ide))E,n) = (R®ide)T(S ®ide)(§ @ &o),n ® no)
= (T(S§ @ &), R*n @ o)

((PoT)SE, )
= (R(PT)SE,m)  (&m€9N),

so that Py is a quasi-expectation. Let P: L($)) — M be a quasi-expectation, and define
P:LHREL) » MRide, T (PoPy)T @idg;

it is clear that P is also a quasi-expectation. Since M ® idg and N ® ide are spatially
isomorphic, there is a quasi-expecation Q: L(ARL) —» N®ide (Why?). Fix again &y, 10 € £
such that (£, 70) = 1, and define Qp: L(R®L) — L(R) as in (6.2). Then

Q: L(R) =N, T (Qo Q)T ®ide)
is the desired quasi-expectation. O
With Lemma 6.1.2 at hand, we can now bring amenability into the picture. For the
proof of the following proposition, we depend on Tomita—Takesaki theory as expounded, for
example, in [K-R].

Proposition 6.1.3 Every amenable Banach *-algebra is of type (QF).

Proof Let m be a *-representation of 2 on a Hilbert space $. Then, by [K-R, Exercise
7.6.46], there is a faithful, normal, semifinite weight on the von Neumann algebra (2)".
From this weight, we can construct a Hilbert space K and a faithful W*-representation p of
w(2A)" on & ([K-R, Theorem 7.5.3]). By Theorem 4.4.11(i) — applied to pom: A — L(R)
—, there is a quasi-expectation P: L(R) — (pom)(R)". Let J: & — £ be the conjugate
linear isometry from [K-R, Theorem 9.2.37], i.e.

J? =idg and J(pom)R)J = (pom)(A)".

Define
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Q: L(R) — (pom) (), T w— JP(JTJ)J.

It is immediate (Really?) that Q is a quasi-expectation. Since p is a faithful W*-represen-
tation, it follows from Lemma 6.1.2 that there is a quasi-expectation Q: L£($) — =(2)".
Hence, 2 is of type (QFE). 0O

If we want to show that every amenable W*-algebra is subhomogeneous, it is thus suffi-
cient to prove that every W*-algebra which is not of the form (6.1) is not of type (QF) (as
if that would make things much easier ... ). We proceed indirectly and by reduction: As-
suming that a WW*-algebra which is not subhomogeneous is of type (QFE), we obtain another
W*-algebra which then should be of type (QF) as well, but for which we can show that it
isn’t. For this reason, we have to establish two hereditary properties.

The first one is easy:

Exercise 6.1.2 Let 2 be a Banach *-algebra of type (QF), and let I be a closed *-ideal of 2. Show
that 2(/1 is also of type (QE).

The second hereditary property is harder to prove. We leave the proof of the following
preparatory assertion to the reader:

Exercise 6.1.3 Let 2 be a C*-algebra, let B be a C*-subalgebra of 2, and let Q: A — B be a
quasi-expectation. Show that Q**: A™* — B is also a quasi-expectation.

Lemma 6.1.4 Let 2 be a unital C*-algebra of type (QE), and let B be a unital C*-
subalgebra of A such that there is a quasi-expectation Q : A — B. Then B is of type

(QE).

Proof Let A** act as a von Neumann algebra on the Hilbert space ), and let © be a *-

representation of 8 on some Hilbert space &. Then there is a projection p € Z(5**) such
that pB** = 7(B)” (Why?). By hypothesis, there is a quasi-expectation P: L(H) — A**.
Define

R:L(pH) = B, T — (27 oP)(Tp).
Viewing B** as a W*-subalgebra of 2**, we obtain from Exercise 6.1.3 that
R(Tp)=(RT)peB"p (T € L(p9)),

so that R attains its values in B**p. It is easily checked that R : L(p$)) — B**p is a
quasi-expectation. It now follows from Lemma 6.1.2 (How exactly?) that there is a quasi-
expectation from L£(RK) onto 7(B)”. O

So far, the only W*-algebras for which we definitively know that they are not of type
(QFE) are the algebras VN (G), where G is a locally compact, inner amenable group G which
fails to be amenable (Exercise 6.1.1); for instance, VN (F2) is not of type (QE). With the help
of Lemma 6.1.4 and Exercise 6.1.2, we shall now exhibit another example of a W*-algebra
which is not of type (QF):

Example 6.1.5 Let 9 := (>°- @~ | M. Clearly, M is a W*-algebra (What is 9,?). From
the type decomposition of von Neumann algebras ([K-R, 6.2.5. Theorem)]), it is also clear

that 991 is a finite type I von Neumann algebra, whose center is isomorphic to £°°. We claim
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that 91 is not of type (QF) (and thus not amenable by Proposition 6.1.3). Assume towards
a contradiction that 9 is of type (QE). Since Z (M) = ¢°°, the character space of Z (M) is
isomorphic to AN, the Stone-Cech compactification of N. Let I be a free ultrafilter on N,
so that U corresponds to a point of SN\ N. Define

My = { (e0)75y € M lin b (00) = 0},

where tr,, is the canonical normalized trace on M,,. It is easily seen that M, is a closed
*-ideal of 9. By Exercise 6.1.2, this means that 9t/My, is of type (QFE) as well. In fact, My,
is a maximal ideal of 9 by [Tak 2, Corollary 4.10]. By [Tak 2, Theorem 5.2], this means
that 99t/My, is a finite factor whose faithful, normal trace is given by

tr: M/ My — C,  (xn)orq + My — libr{ntrn T

There are two possibilities:

— M/My, is a type I, factor for some n € N (and thus finite-dimensional), or

— M /My, is a type II; factor.

o0
For each n € N, choose a decreasing sequence (p,(cn)>k of projections in M, such that
=1

. 7 n
dlmp,(gn)Mp;L) = b—kJ (n,k € N) (6.3)
(How can we accomplish that?), where |-| denotes the Gaufl bracket. Note that p,(cn) =0
whenever 2F > n. For k € N, let

Pk = <pl(cl),pgf),pl(f)7 . ) € M.

Then (pi)52, is a decreasing sequence of projections in 9. Assume that 9t/My, is finite-
dimensional. Then the sequence (pr + My)52; must become constant eventually, i.e. there
is K € N such that

liglntrn (p,gn)> = librlntrn (pgfj)) (k,m > K). (6.4)

HOWGVGI‘, it is clear from (63) that
lim t p(n) = —1 ke N
n—>1 [e's) Tn k ok ( ),

which contradicts (6.4). Hence, 9t/My, is of type I1;.

We now claim that we can choose U in such a fashion that 9t/M;, contains a W*-
subalgebra 9 which is isomorphic to VN (Fy).

Choose a strictly decreasing sequence (N;)$2; of normal subgroups of Ty such that
nj = [Fo: Nj] < oo for j € Nand ()72, N; = {er, }; the existence of such a sequence follows
from [H-R, (2.9) Theorem|. For j € N, identify M,,, with £(¢?>(F2/Nj;)). Then the left regular
representation of Fo/N; induces a group homomorphism ; from Fy into the unitaries of
M, such that ker 7; = N; and tr,,;7;(g) = 0 for g € Fo\ N; (Why does the second property
hold?). Choose U such that {ni,ng, ns,...} € U. Define a group homomorphism 7 from Fo
into the unitaries of /My, by letting 7(g) := (x,,)22, + My with
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. mi(g), if n = n;,
xn L .
0, otherwise

(Why does this yield unitaries in 9t/My7). We claim that 7 is injective. Let g € Fa \ {ep, }.
Then there is jo € N such that g ¢ N; and thus tr,,7;(g) = 0 for all j > jo. It follows
(Why?) that er, — m(g) ¢ My. Let 91 be the W*-subalgebra of 9/My, generated by the set
{m(g): g € F2}.

We claim that 9 and VN (Fs) are isomorphic as W*-algebras. To see this, apply the
GNS-construction construction to 9t/M;; and the normal state tr to obtain a faithful W*-
representation of 91/Mj, on some Hilbert space $, and simply view 9t/My, as a von Neumann
algebra acting on . It follows (how?) that $) contains a cyclic and separating trace vector

& for 9M; this means, in particular, that
tro = (26,€) (v M/My). (6.5)

Let 8 be the closure in § of {z£ : 2 € 9}. From (6.5), it follows at once that (7(g)&)ger, is

an orthonormal basis for K. We thus have a unitary operator

U: P(Fs) = & Y Agdy Y Agm(g)€
g€EF2 g€F,
(slightly abusing notation ... ). Let P € L£($)) be the orthogonal projection onto &. Then
P e, and

N — NP, z+— aP (6.6)

is a homomorphism of W*-algebras. Let x € 91 be such that xP = 0. Since P = z¢,
and since £ is a separating vector for 9/My,, it follows that « = 0. Hence, (6.6) is even an

isomorphism. Finally, note that
U*(n(9) | 2)Ubn = Urn(g)n(h)E = Um(gh)¢ = Sy = Ma(9)dy  (9,h € Fa).
It follows that
L(R) — L(A(Fy)), T w—UTU

induces a spatial isomorphism of the W*-algebras 9P and VN (F5). Consequently, 91 and
V N(F2) are isomorphic.

As we have already observed, 9t/My, is a finite W*-algebra. Since 9t/My, is a factor, its
center is trivially countably decomposable. Hence, 9t/My, itself is countably decomposable
([Sak, 2.4.1. Proposition]). It then follows from [Sak, 4.4.23. Proposition] that there is a
(norm one) quasi-expectation Q: M /My — N. Since M/ My, is of type (QF), Lemma 6.1.4
implies that the same is true for M. Since M = VN (F3), this is a contradiction.

That was quite a lot of work for an algebra looking as innocent as ¢*°- @ -, M, but
the general result is now just one (relatively easy) lemma away. To prepare the ground for
its proof, please do the following three exercises; they will turn out to be useful in some of
the following sections of this chapter.
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Exercise 6.1.4 Let 2 and B be algebras with involution.

(i) Show that there is a unique involution on 2 ® B such that
(a®b)" =a" @b (a €, beB).

(ii) Suppose that 2 and B are Banach *-algebras. Show that the involution defined in (i) extends
to A®YB turning it into a Banach *-algebra.

Exercise 6.1.5 Let 2 be a C*-algebra, and let n € N. Show that there is a unique norm on M,, @
turning it into a C*-algebra. (Hint: Identify M,, ® A with M, () as in Exercise B.1.7, and note that
there is a canonical involution on M, (%) such that (B.5) is a *-isomorphism. Let 7 be a faithful

*-representation of 2 on a Hilbert space $). Construct a faithful *-representation of M, () on $".)

Exercise 6.1.6 Let n € N, and let 2 be a unital C*-algebra containing M,, as a unital C*-
subalgebra. Show that

M, ® Zo(M,) - A, a®b+ ab
is a *-isomorphism.

Lemma 6.1.6 Let A be a unital C*-algebra containing (>°-@;- ; M,, as a C*-subalgebra.
Then A is not of type (QE).

Proof Let n € N, and let p, € 2 be the projection corresponding to F, € M,,. Then
PrApy, is a C*-subalgebra of 2 whose identity is p, and which contains M, as a unital
C*-subalgebra. Let ¢,, be a state on p,2p,,. Define

On: M, ® Zp, ap, (M) = M, a®bs (b,¢n)a.

Identifying M,, with M,, ® p,,, we see easily (Hopefully!) that Q,, is a quasi-expectation with
|19, = 1. By Exercise 6.1.6, M,, ® Z,, aip,, (M,,) and p,2p,, are isomorphic as C*-algebras,
so that we have a quasi-expectation Q,: p,2Ap, — M, with ||Q,| = 1.

Define

Q: A — (*-EPM,, ar (Qi(prapr), Qa(paap2), Qs(psaps), . .- )-

n=1

Then Q is a quasi-expectation. As we saw in Example 6.1.5, (- @7 | M, is not of type
(QFE). Lemma 6.1.4 implies that 2 is not of type (QF) either. O

Theorem 6.1.7 For a W*-algebra 9, the following are equivalent:

i) 9 is amenable.

i) 9 is of type (QF).

iii) M does not contain (-, M, as a C*-subalgebra.

iv) There are compact, hyperstonean Hausdorff spaces (21,...,2, and ny,... ,ng € N

such that

(
(
(
(

k
M= PM,, @C(2)).

j=1
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Proof (i) = (ii) follows from Proposition 6.1.3, and (iv) = (i) was explained at the very
beginning of this section.

(ii) = (iii) is Lemma 6.1.6.

For (iii) = (iv), assume that 91 is not of the form (6.1). The type decomposition of
von Neumann algebras ([K-R, 6.5.2. Theorem]) then leaves three alternatives:

Case 1: There is a strictly increasing sequence (ng)52; in N such that 90t has, for each
k € N, a direct summand of type I,,, . In this case it is obvious that 2 contains (- @D, ~ , M,
as a C"-subalgebra.

Case 2: 9 has a properly infinite direct summand. It then follows from [Sak, 2.2.4.
Proposition| that this summand contains £(¢?) as a C*-subalgebra (How?). It is not hard
to show (So, do it!) that £(¢?) contains (- > | M, as a C*-subalgebra.

Case 3: M has a direct summand of type II;. Then, by [Sak, 2.2.13. Proposition], there
is a sequence (p, )52 of non-zero, mutually orthogonal projections in that summand. Con-
sequently, the W*-algebras p,9p, have no direct summand of type I. Hence, it follows
from [K-R, 6.5.6. Lemma] that each W*-subalgebra p,9p,, contains M,, as C*-subalgebra.
Again, (- @ 7, M, is contained in 9 as a C*-subalgebra.

Thus, in all three cases, M contains (>°- @ 7 | M, as a C*-subalgebra. O

Corollary 6.1.8 Let $ be a Hilbert space. Then L($)) is amenable if and only if dim $ < co.

Remark 6.1.9 As a consequence of [Ch—S, Theorem 1.1], the Banach spaces £(¢?) and
(-7 | M, are isomorphic. Since £(¢?) lacks the approximation property by [Szal, the
same is true for £>°- @7 | Mi,,. Let 9 be a W*-algebra which does not satisfy the equivalent
conditions of Theorem 6.1.7; in particular, it contains ¢°°- @Zozl M, as a C*-subalgebra. In
the proof of Lemma 6.1.6, we saw that then 9 contains - @D, ~ ; M,, as a complemented
subspace. It follows from Exercise C.1.1 that 9t does not have the approximation property
either. On the other hand, it is not hard to see that every W*-algebra of the form (6.1) has
the approximation property. We can thus add a fifth equivalent statement to Theorem 6.1.7:

(v) 9 has the approzimation property.

The bottom line of this section is: Amenability as introduced in Definition 2.1.9 is not a
good concept when dealing with von Neumann algebras — we only get dull examples. As we
shall see in the following sections, the right notion of amenability for von Neumann algebras

is Connes-amenability.

6.2 Injective W *-algebras

As we have seen in the previous section, Definition 2.1.9 imposes too stringent a condition
to yield an interesting theory for W*-algebras. The class of Connes-amenable W *-algebra
is certainly richer: £($)) is Connes-amenable for every Hilbert space (Why?). Is Connes-
amenability a useful concept in the theory of W*-algebras? Indeed it is: As we have already
mentioned in the introduction to this chapter, Connes-amenability is equivalent to a num-
ber of important properties of W*-algebras. In this section, we discuss the first of these

properties: injectivity.
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To define what an injective W*-algebra is, we introduce the notion of an expectation.

Definition 6.2.1 Let A be a C*-algebra, and let B be a C*-subalgebra of 2. An ezpectation

E:2A — B is a norm one projection from 2l onto B.

Definition 6.2.2 Let 91 be a von Neumann algebra acting on a Hilbert space $). Then 9t

is called injective if there is an expectation £: L($) — M.

Example 6.2.3 Since L($))' = Cidg, the von Neumann algebra £($) is injective for every
Hilbert space $.

If our choice of terminology is to make any sense, every expectation ought to be a quasi-

expectation. This is indeed the case:

Theorem 6.2.4 Let A be C*-algebra, let B be a C*-subalgebra of A containing a bounded
approzimate identity for A, and let £: A — B be an expectation. Then:

(i) & is positive, i.e. it maps the positive elements of A into the positive elements of B.
(ii) & is a quasi-expectation.
(iii) (Ea)*Ea < E(a*a) (a e ).

Proof Passing to A**, B** and £ : A — PB** we may suppose that A and B are
W*-algebras such that 9B is w*-closed and contains eg, and that £ is w*-continuous.

To establish (i), it suffices to show that £* maps the states of B into the states of
(Why?). Let ¢ be a state of B. Then

(ea, €°0) = (ea, ¢) = 1 = [|9]| = [|E7 |-

(est, E5PY| < ||E*#|| holds trivially, £*¢ is a state of .
For (ii), let p € B be a projection, and let a € 2 be positive with |la|| < 1, so that

Since

pap < p. The positivity of £ yields £(pap) < p and thus E(pap) < p(E(pap))p. Since the
converse inequality holds trivially, we have &(pap) = p(€(pap))p and thus (Why?)

E(pxp) = p(E(pzp))p (v €A). (6.7)
Fix x € 2 with ||z|| <1, and let y := £((ea — p)zp). Note that

(e — p)ap + np||* = [|((ear — p)zp + np)* (e — p)xp + np) ||
= |lpz* (e — p)xp + n?p||
<14+n®* (nEN). (6.8)

Assume that %(pyp + py*p) # 0, and suppose without loss of generality that the spectrum

of this element contains some t > 0. We obtain

lly +nexll > [[p(y + nex)pl|

Y

1
3 lpyp + np + ey™p + np||

1 *
= i(pyp +py*p) +np

>t+n (n €N).
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Combining this with (6.8), we obtain for sufficiently large n:

IE((eq — p)xp + np)|| = ly + npl| =t +n > V1+n2 > |(eq — p)zp + np||.

This is a contradiction, so that %(pyp + py*p) = 0; in a similar vein, we obtain %(pyp +

py*p) = 0. All in all, pyp = 0. Analoguously, we see that (ey —p)y(eq —p) = 0 holds. Assume
next that py(eg — p) # 0. For n € N sufficiently large, we have

|y + npy(ea +p)|| = [[(ear — p)yp + (1 + ea)py(ea — p)l|
= max{||(ex — p)ypll,|(n + ea)py(es —p)||  (Why?)
= (14 n)|lpy(ea —p)|. (6.9)

On the other hand,

lly +npy(es —p)|| < [[(ex — p)xp + npy(ea — p)|
= max{|[(ex — p)yp||, [[npy(ex — p)I}
= n|py(ea — p)||

holds for sufficiently large n, which contradicts (6.9). It follows that py(ey —p) = 0 and thus
y = E((ea — p)ap) = (e — p)yp.
Combining this equality with (6.7), we get
(e —p)(Ex)p = (e —p)yp = E((ea —p)ap)  and  p(Ex)p = E(pp).

It follows that £(zp) = (£x)p. Since every element in a von Neumann algebra is the w*-limit

of linear combinations of projections, we obtain at once that
E(za) = (Ex)a (z e acB).

By (i), € is positive and thus *-preserving. It follows that
E(ax) = alx (x €U, a €B).

Hence, £ is indeed a quasi-expectation.
To see that (iii) holds, just note that

0

IA

E((x — Ex)*(x — Ex))
E(x'r —a*Ex — (Ex)'x+ (Ex)"Ex)
E(x*zr) — (Ex)"Ex (x € ).

This completes the proof. O

Exercise 6.2.1 Let 2 be C*-algebra, let B be a C*-subalgebra of 2 containing a bounded approx-
imate identity for 2, and let £: A — B be a positive projection. Show that £ is an expectation.

Definition 6.2.2 is in terms of a von Neumann algebra acting on a particular Hilbert
space. If we want to speak of injective W*-algebras, we first have to make sure that this
definition is independent of a particular W*-representation:
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Exercise 6.2.2 Show that a von Neumann algebra 9 is injective if and only if 7(90) is injective
for every faithful W*-representation of 9. (Hint: Proceed as in the proof of Lemma 6.1.2, and
utilize the easily verified fact that, if two von Neumann algebras are spatially isomorphic, then so

are their commutants.)

Injectivity is defined in terms of the commutant of a von Neumann algebra 21. Do we
get a different class of von Neumann algebras if we instead demand the existence of an
expectation onto 9 itself? See for yourself ...

Exercise 6.2.3 Let 91 be a von Neumann algebra acting on some Hilbert space. Show that 91 is
injective if and only 9 is. (Hint: Use Tomita-Takesaki theory as in the proof of Proposition 6.1.3.)

The following hereditary properties of injectivity are useful:

Exercise 6.2.4 Let 9 be an injective W*-algebra, and let p € 9 be a projection. Show that pMip
is injective.

Exercise 6.2.5 Let (Ma)o be a family of injective W*-algebras. Show that £>°-@ M. is an
injective W™-algebra.

It is easy to come up with quasi-expectations which are not expectations (How?). So, if
in Definition 6.2.2 we demanded the existence not of an expectation, but merely of a quasi-
expectation, we would should get a larger class of von Neumann algebras ... The remainder

of this section, is devoted to showing that this is not the case.

Lemma 6.2.5 Let 2 be a unital C*-algebra, and let M be a unital C*-subalgebra of A which

is also a finite, countably decomposable W*-algebra. Then the following are equivalent:

(i) There is ¢ € ZO(OM, A*) such that ¢|on is positive and faithful.
(ii) There is a positive functional ¢ € Z°(9M, A*) such that ¢|on is faithful.
(iii) There is an expectation £: A — M.

Proof (i) = (ii): Without loss of generality, suppose that ¢* = ¢. Let ¢ = ¢pT — ¢~
be the Jordan decomposition ([Mur, 3.3.10. Theorem]) of ¢ with ¢, ¢~ > 0 and ||¢| =
o]+l ||. For any u € U(2), we have u*-¢-u = ¢. Uniqueness of the Jordan decomposition
implies that u* - ¢7 - u = ¢+ for all u € U(A), so that ¢T € Z°(IM, A*) (Why?). Since
¢Fom > ¢lon, it follows that ¢T is faithful.

(ii) = (iii): For any functional ¢ € 9t*, let 1,, denote its normal and v, its singular
part ([K-R, 10.4.2. Proposition]; see also [Tak 2]). Let ¢ € A* be as in (ii), and define

0:2A— M., ar— (¢ alm)n.
We claim that 8(a) > 0 for all positive a € : For any positive a € 2, we have
(52,6 a) = az"5,0) = (Jolalal, @) 20 (z € M);

since forming the normal or singular part, respectively, of a functional respects positivity
([K-R, 10.4.3. Proposition]), it follows that 6 is positive. Let tr := 6(eq). It is easy to see
(How?) that tr is a normal trace on M. We claim that tr is faithful. Let ¢ := ¢|om, so that
1 = tr + 1. It suffices (Why?) to show that trp # 0 for every non-zero projection p € 9.
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Let p € M be such a projection. By [K-R, 10.5.15 Exercise], there is a non-zero projection
q € M with ¢ < p such that (g,v,) = 0. It follows that

trp>trq=(q,¢) >0

because ¢ is faithful. Let a € 2 be positive. It follows that 0 < (a) < ||a|tr. The Radon—
Nikodym type theorem [Sak, 1.24.3. Theorem] yields a positive £a € M such that

0(a) = (Ea)? - tr- (Ea)? = (Ea) - tr;

since tr is faithful, £a is uniquely determined. Extend £ to a linear map from 2l into 9. The
uniqueness of the decomposition of a functional into its normal and its singular part (once
again [K-R, 10.4.3. Proposition]), yields that

0(x) = (¢-zlm)n = (Pl -z =tr-z=x-tr=(Ex)-tr  (zcM).

Hence, £ is a projection onto 9. Since £ is positive and satisfies Eeg = eq, it follows that
|€]l = 1 by Exercise 6.2.1.

(iii) = (i): Let tr be a faithful, normal trace on 9, and let ¢ :=tro&. O

For the main theorem of this section, we require the theory of continuous crossed products
of W*-algebras. A covariant system is a triple (9, G, ), where 91 is a von Neumann algebra,
G is a locally compact group, and « is a homomorphism from G into the w*-continuous *-
automorphisms of 91 such that, for each z € 9 the map G 3 g — a4(x) is continuous with
respect to the given topology on G and the weak operator topolgy on 9 (arguing as in
the proof of Lemma 1.4.2; one can see that this already implies continuity with respect to
the strong operator topology on ). To each covariant system (9, G, o), one can associate
another von Neumann algebra W*(9, G, «), the continuous crossed product of M by G. Our
sources on continuous crossed products are [Dae] and (to a lesser extent) [K-R]; in [Dae],
the notation M ®, R is used instead of W* (91, R, a).

Theorem 6.2.6 For a von Neumann algebra MM acting on a Hilbert space $ the following

are equivalent:

(i) M is injective.
(ii) There is a quasi-expectation Q: L($H) — M.

Proof By Theorem 6.2.4, (i) = (ii) is clear.

Let Q: L($) — 9 be a quasi-expectation.

Suppose first that 9’ is finite and countably decomposable. Let tr be a faithful, normal
trace on M, and define ¢ := tr o Q. Then ¢ satisfies Lemma 6.2.5(i), so that there is an
expectation £: L($) — M.

Next, let 9 be semifinite, i.e. it has no direct summand of type III. By [K-R, 6.3.8.
Theorem and 5.7.45. Exercise], there is an increasing net (py)q of projections in 9 such
that

— pa /" idg in the strong operator topology, and
— each p,IM'p, is finite and countably decomposable.



6.2 Injective W*-algebras 153

Since Q(PaTPa) = Pa(QT )pa for T € L($), restricting Q to poL($)pa induces a quasi-
expectation Qg : PaLl(HD)Pa — DI pa. By the foregoing, we then have an expectation
Ea: Pal(D)pa — DaIM'po. Let U be an ultrafilter on the index set of (py)a that dominates
the order filter. Define

E:LH) — L(E®H), T w*—libr{né'aT.

It is easily seen that £ is a norm one projection onto ', i.e. an expectation.

We now turn to the general case.

Since we have already settled the semifinite case, we may suppose by Exercise 6.2.2 that
M’ is of type III. We first suppose that 9t is also countably decomposable. By [Dae, 11.4.8
Theorem)], there is a covariant system (91, R, «) such that 9 = W*(9, R, «), where 0N is
a von Neumann algebra of type II.,. Consider the dual action & of R = R on M ([Dae,
Section 1.4]). By [Dae, 1.4.12 Proposition], the fixed point algebra of this dual action

{r e W*(M,R, ) : &u(z) =z for all t € R}

is (canonically) isomorphic to 91. Let m : £*°(R) — C be an invariant mean. For £,n € 9
define

Pen(t x) = (Qu(2)g,m)  (tER, z €M)
It is immediate that ¢¢ (-, z) € £°(R) for all € M. Define P: M — N by letting
(Px)&,m) = (ben(,2),m)  (z €M, &neN).

It is routinely checked (hopefully) that P is a norm one projection onto 9. From Theorem
6.2.4(ii), it follows that P o Q: L(H) — I is a quasi-expectation. Since M is of type
and thus semifinite, it follows that there is an expectation from £($)) onto 9. Exercise 6.2.3
implies that there is an expectation &£: £(£)) — 9. The construction of W*(M, R, a) ([Dae,
1.2.10 Definition]) shows that 9 is generated by its subalgebra 91 and a one-parameter
group {u; : t € R} C U(M') such that

upru; = ap(x) (teR, xeM). (6.10)
In particular, it follows that
M=M= N{u:teR}. (6.11)
For &1 € 9, let
Ven(t,T) = (u(ET)uiE,n)  (LER, T € L(H).
Define £: £(§) — L($) through
(ET)&m) = (e (- T),m) (T € L(9), En € H).

It is immediate that £ has norm one. From (6.11), it follows at once that &|ogn = idgn. Since
m is an invariant mean, it is easy to see that £ attains its values in {u; : t € R}’; with (6.10),
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it is also straightforward to verify that £(£(%)) C 9V. Hence, (6.11) again implies that the
range of £ is contained in 9. Thus, £: L($H) — M is an expectation, and M’ is injective.
By Exercise 6.2.3, 91 is injective.

Finally, suppose that 9 is of type III and arbitrary. Once again invoking [K-R, Exercise
5.7.45], we obtain a net (p, ) of projections in 9 such that p, " idg in the strong operator
topology, and such that each p, 9 p,, is countably decomposable. It is routinely checked that
each of the W*-algebras p,9M'p, is of type III as well. As in our treatment of the semifinite

case, we conclude that each p,MMp, and eventually 91 itself is injective. O

Remark 6.2.7 In the proof of Theorem 6.2.6, it is not necessary, in the type III case,
to treat countably decomposable W*-algebras first and then reduce the general situation
to the countably decomposable case: [Dae, II.Theorem 4.8] can be extended to hold for
arbitrary W*-algebras of type III; in the general situation, one has to construct the modular
automorphism group with respect to a weight instead of a state. The reason why [Dae],
as well as [K-R], confines itself to the countably decomposable case is evident: this simply
makes the construction much easier. For the general situation, see [Stra].

In conjunction with Theorem 4.4.11(ii), Theorem 6.2.6 immediately yields the first con-

nection between injectivity and Connes-amenability:

Corollary 6.2.8 Let M be a Connes-amenable W*-algebra. Then I is injective.

Example 6.2.9 Let 9t be a commutative W*-algebra. By Example 2.3.4, 9t is amenable
and thus, in particular, Connes-amenable. By Corollary 6.2.8, it follows that 9t is injective.

We have just seen that
Connes-amenability = injectivity.

We already mentioned at the beginning of this section that Connes-amenability and injec-

tivity are equivalent. The proof, however, will have to wait a while.

6.3 Tensor products of C*- and W *-algebras

Let 2 and B be C*-algebras. By Exercise 6.1.4(i), their algebraic tensor product 2 ® B
carries a canonical involution. What we shall discuss in this chapter are ways of turning (a

completion of) A ® %B into a C*-algebra. Unfortunately, the projective norm won’t do . ..

Definition 6.3.1 Let 2 be an algebra with involution. A C*-norm on 2 is a submultiplica-

tive norm || - || on 2 such that
laall = [la* (e €).
Of course, if 2 is an algebra with involution and || - || is a C*-norm on 2, then the
completion of 2 with respect to || - || is a C*-algebra.

For two C*-algebras 2 and B, we thus look for a C*-norm on A®B. So far, we only know
that such norms exist in rather specific cases, such as if one of the algebras is commutative
(Exercise 2.3.6(iii)) or a full matrix algebra (Exercise 6.1.5). In the general situation, the

existence of C*-norms on 2 ® B is an immediate consequence of the following proposition:
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Proposition 6.3.2 Let A and B be C*-algebras, and let m and p be *-representations of

A and B, respectively, on Hilbert spaces $ and R, respectively. Then there is a unique *-

representation ™ Q@ p of A R B on HRK such that
(m® p)(a®b) =7(a)® p(b) (a €A, beB). (6.12)

Moreover, if both w and p are faithful, then so is T ® p.

Proof Use (6.12) to define m ® p (this can be done by Exercise B.3.3). It is clear that (6.12)
defines ™ ® p uniquely.

Suppose that both 7 and p are faithful, and let a4, ... ,a, € A and by,...,b, € B be such
that 2?21 m(a;) ® p(bj) = 0. Without loss of generality suppose that aq, ... ,a, are linearly
independent, so that 7(ay),... ,7(a,) are linearly independent, too, by the faithfulness of
7. Let n € & be arbitrary, and observe that

n

0= (m(a;)&. &) (p(bj)n.m) (£ €9).

j=1
It follows that Z?:1<p(bj)n,n>7r(aj) = 0. Since 7(a1),...,7n(a,) are linearly independent,

this implies

(p(0j)n,m) =0 (G=1,...,n).

Since 1 € K is arbitrary, and p is faithful, we obtain that by = --- = b, = 0 and thus, in
particular, z;;l a; ®b; =0. O

With this proposition at hand, we have an obvious way of defining C*-norms on tensor
products of C*-algebras:

Definition 6.3.3 Let 2l and B be C*-algebras with universal *-representations my and g3,

respectively. Then the minimal or spatial C*-norm || - ||min on A ® B is defined through
[allmin := l[(ma @ ms)(a)[|  (a€A@B).

We write A @uin B for A ® B equipped with || - [|min and ARyminB for the completion of

Ql ®min %

We haven’t introduced a particular symbol for the state space of a C*-algebra yet, but
for the sake of brevity we shall denote, from now on, the states of a C*-algebra 2 by S(2).

Exercise 6.3.1 Let 2 and B be C*-algebras, and let a € 2A ® B be self-adjoint. Show that
lallmin = sup{|{a,¢ @ ¥)| : ¢ € S(A), ¢ € S(B)}.
There are several question that come up naturally with this definition:

— Is || - [|min the only C*-norm on A ® B?
— How does || - ||min relate to || - ||c and || - [|2?
— Why is || - ||min called the minimal C*-norm?

The first question leads us immediately to the notion of nuclearity:
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Definition 6.3.4 A C*-algebra 2 is called nuclear if there is only one C*-norm on 2 ® B
for every C*-algebra B.

As we have already mentioned in the introduction to this chapter, nuclearity will turn
out to be same as amenability for C*-algebras, so that we will be a little short on examples

here.

Example 6.3.5 By Exercise 6.1.5, M, is nuclear for each n € N. Using the structure the-
orem [Mur, 6.3.8. Theorem], it can easily be seen (How exactly?) that all finite-dimensional

C*-algebras are nuclear.

From the (still unproven) equivalence of nuclearity and amenability, it follows immedi-
ately that every commutative C*-algebra is nuclear. Since we require this result already in
this section — in order to prove that || - || min is indeed minimal —, we give a direct proof.

The following exercise will be useful:

Exercise 6.3.2 Let 2 and B be C*-algebras such that 9B is non-unital, and let || - || be a C*-norm
on AR B. Show that || - || extends to AR B# as a C*-norm. (Hint: Take a faithful *-representation
of A ® B on some Hilbert space, and use the fact that B has a bounded approximate identity to
extend it to A ® B¥.)

Of course, we may interchange the roles of 2 and B in Exercise 6.3.2.

Proposition 6.3.6 Let A and B be commutative C*-algebras. Then there is only one C*-
norm on A ® B.

Proof By Exercise 6.3.2, we may suppose without loss of generality that both 2 and 8 are
unital. Let || - || be a C*-norm, and let A% denote the completion of A® B with respect to
| - |]- Let 24, 29, and 2954 be the character spaces of A, B, and ARB, respectively. Let

K :={(¢,v¥) : ¢ € 2y, Y € 2 such that ¢ @ Y € Nyzq}.
Let ¢ € 259, and define ¢g: A — C and ¢ : B — C through
(a,09) = (a®en,¢) (a€A) and  (b,¢n):=(ea®@b,d) (beB).

It is clear that ¢g € 2y, ¢ € 25, and that ¢ = ¢g ® ¢g. It follows that

lall = sup{[(a,p @ )| : (¢,¢) € K}  (a€ARB). (6.13)

Assume that K C 2y x 29. It is easily seen that K is closed in 2y X {29, so that there
are non-void, open sets Uy C 2y and Uy C 29 with (Uy X Up) N K = &. Choose non-zero
functions f € C(§2y) and g € C(£2yp) with supp(f) C Uy and supp(g) C Us. Identifying
C(f2q) and C(f2y) with 2 and B, respectively, via Gelfand theory, we may view f ® g as an
element of AB. According to (6.13) and the choices of f and g, we have ||f ® g|| = 0. But
this is impossible because both f # 0 and g # 0.

It follows that K = 2y X {2 and hence

lall = sup{[{a, ¢ @ )| : ¢ € 20, ¥ € 2}  (a€ARDB).

Obviously, the right hand side of this equation is independent of || - ||. O
That’s not quite the nuclearity of commutative C*-algebras yet ...
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Lemma 6.3.7 Let 2 and B be unital C*-algebras, let || - || be a C*-norm on A® B, and let
ARWB denote the completion of A @ B with respect to || - ||. Furthermore, let ¢ € S(A), and
define

Sy :={1 € S(B) : ¢ @Y has norm one on AR B with respect to | - ||}

Then:

(i) For each ¢ € Sy, the functional @1 on AR B has a unique extension to an element
of S(AXB).

(ii) Sy is a w*-compact, convexr subset of S(B).

(iil) If ¢ is pure, and if b € B is self-adjoint such that there is only one C*-norm on
AR C(a(b)), then

1b]] = sup{[(b, %) : ¥ € S}

(iv) If every self-adjoint element b € B has the property that there is only one C*-norm
on AR C(a(b)), then Sy = S(B).

Proof (i) and (ii) are routine.

For the proof of (iii), let C*(b) be the unital C*-subalgebra of B generated by b; by
Gelfand theory, we have C*(b) = C(c(b)). There is x € f2¢+@) such that |[b]] = [{b, x)/|.
The functional ¢ ® x on A ® C*(b) = A ® C(o(b)) is continuous with respect to || - ||min-
Since we are supposing that there is only one C*-norm on 2l ® C*(b), we have that ¢ ® x
is also continuous with respect to || - ||; it thus extends to an element 1) € S(A@B). Define
1y € S(B) through

(c; ) == (ea ® ¢, ) (c € B).

From the definition, it is immediate that ||b]| = |(b, ¥s)|. We claim that ¢ € S, (which
establishes (iii)). Let ¢ € B be such that 0 < ¢ < egq, and define positive functionals
@1, P2 € A* through

<a7 ¢1> = <a‘ ® 0»1/J> and <a’7 ¢2> = <a’ ® (6% - C),Q/)> (CL € Q[)
We have
<a7¢> = <a®€%’w> = <a7¢1>+<a7¢2> (CLEQ[).

Since ¢ is an extreme point of S(2), it follows that there is ¢ > 0 such that ¢; = t¢ (Why?).

Since
t = tlea, 9) = (ea, 1) = (ea ® ¢,¥) = (¢, ¥m),
it follows that
(@@, ) = (a,d1) = ta,9) = (a,9){c;Ym)  (a€A).

By linearity, we obtain eventually that ¢ = ¢ ® ¥, so that Yy € Sy.
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To prove (iv), suppose first again that ¢ is pure. We claim that Sy = S(%B) in this
particular case. Assume towards a contradiction that there is ¥y € S(B) \ Sg. By (ii), an
application of the Hahn—Banach theorem yields a € 2 such that

sup{Re {a.4) : ¥ € Sy} < Re (a, vo).

Letting b := [lalles + 3(a + a*), we obtain
sup{[(b, )| : ¥ € Sp} < [(b, Yo)| < [[b]]-
This contradicts (iii). For ¢ € S(B), let
SV = (¢ € S5 v € Sy

It is easily checked that SY is a w*-compact, convex subset of S(2). By the foregoing, every
pure state of 2 is in S¥. By the Krein-Milman theorem, every element of S(2) is the w*-
limit of convex combinations of pure states; it follows that S(2) = S¥. In particular, we
have ¢ € Sy. O

Exercise 6.3.3 Let 2 be a C*-algebra, and let ¢ € S(2) be pure. Show that ¢| 7« is multiplicative.
Theorem 6.3.8 Let A be a commutative C*-algebra. Then A is nuclear.

Proof Let 8 be another C*-algebra. By Exercise 6.3.2, there is no loss of generality if we
suppose that both 2l and B are unital.

Let || - || be a C*-norm on 2 ® B, and let ARB be the completion of A® B with respect
to || - ||. Let a € 2 ® B be self-adjoint. Then there is a pure state x of AXB such that
llall = [{a, x)|. Define xgo € S(2) and xs € S(*B) through

(a,xo) = {a®@em,x) (ae€) and (b,x) == (eq ®b,x) (beB).

By Exercise 6.3.3, g is multiplicative and thus pure. As in the proof of Lemma 6.3.7(iii)
(How exactly?), we see that x = ya ® x, so that, in particular, y € {¢ @ : ¢ € S(A), ¢ €
S(B)}.

By Proposition 6.3.6, the hypothesis of Lemma 6.3.7(iv) is satisfied, so that

(606 SA), e S(B)} C SASDB).
It follows that
lall = [(a,x)| = sup{[{a,p @ ¥)| : ¢ € S(A), ¥ € S(B)} < [|lal|,
and hence
lall = sup{[{a,¢ ® V)| : o € S(A), ¥ € S(B)}.

Since the right hand side of the last equality is independent of || - ||, this completes the proof.
O

So, why is || - ||min called the minimal norm? With Theorem 6.3.8 at hand, this is no
longer difficult to answer:
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Theorem 6.3.9 Let A and B be C*-algebras, and let || - || be a C*-norm on A ® B. Then

we have:
lalle < [lalmn <[[af]  (a €A B).

Proof To prove the first inequality, let ¢ € B1[0,20*] and ¢ € B1[0,B*], and show that
¢ ® 1 has norm at most one with respect to || - ||min. This is clear if both ¢ and v are states.
Since Bj[0,2*] is the absolutely convex hull of S(2() and B;]0,%B*] is the absolutely convex
hull of S(B), the general claim follows at once.

For the second inequality, suppose that both 2 and 9B are unital. Let A®B be the
completion of A ® B. By Theorem 6.3.8, the hypothesis of Lemma 6.3.7(iv) is satisfied, so
that

{p@¢:pecSA), e S(B)}cSERADB).

By Exercise 6.3.1, this establishes the claim. 0O

Exercise 6.3.4 Let 20 and 98B be C*-algebras, and let © and p be faithful *-representations of 2
and B, respectively. Show that

lallmin = I(m @ p)(2)[|  (a€AB).

Exercise 6.3.5 Show that || - ||min respects C*-subalgebras: If 2, B, and € are C*-algebra with €

a C"-subalgebra of 9B, then the canonical inclusion
A ®min C—2A Qmin B
is an isometry.

Hence, || - ||min is indeed the minimal C*-norm on tensor products of C*-algebras. Is there

also a maximal one? There is — and its existence is quite easy to establish:

Definition 6.3.10 Let 2 and B be C*-algebras. Then the mazimal C*-norm || - ||max on
2A ® B is defined through

llal|max == sup{|lal| : || - || is & C*-norm on A @ B} (a e AR B). (6.14)

We write 2 @max B for A @ B equipped with || - [|max and ARmaB for the completion of
A Omax B.

Theorem 6.3.11 Let A and B be C*-algebras. Then || - ||max s a C*-norm on A ® B. If

|| - |l is another C*-norm on 2, then

lall < llallmax < [lall  (a €A B).

Proof Tt is sufficient to prove that || - ||, dominates an arbitrary C*-norm || - || on 2 ® B
(this establishes at once that the supremum (6.14) is finite).

Let A®DB be the completion of A® B with respect to |- ||. Let a, b € B1[0,B] be positive,
so that, by the continuous functional calculus, a? < a and b < b. Certainly, a ® b is positive
in AB. Since
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a®@b—(a@b?=axb—ad’*@b+a*@b—a*®0b?
=(a—ad*)®@b+a*>®(b—1?)
> 0.

Continuous functional calculus, again, yields that ||a®b|| < 1. It follows that ||a®b|| < ||al|||?]|
for all positive a € 21 and b € B. Finally, we have

la®bl* = lla*a @ b"b|| < [la*al[[[*bl] = [lal*[b]* (e €A, be B).

The desired inequality now follows from Exercise B.2.8. 0O

Exercise 6.3.6 Let 2 and B be unital C*-algebras, and let ¢: A ® B — C be an algebraic state,
ie (ea ®ew,d) =1and (a" ea,¢) >0 for all a € A® B. Show that ¢ is continuous with respect
t0 || - |lmax. (Hint: GNS-construction.)

Together Theorems 6.3.9 and 6.3.11 yield:

Corollary 6.3.12 A C*-algebra 2 is nuclear if and only if, for each C*-algebra B, the
identity map

Q‘®max % - 2[ ®min %

18 an isometry.

Corollary 6.3.13 Let 2 and B be C*-algebras, and let || - || be a C*-norm on AR B. Then

Il - 1| is a cross norm.

We haven’t said anything about W*-algebras so far. Of course, given two W *-algebras,
we can equip their algebraic tensor product with some C*-norm and form the completion;
the resulting C*-algebra, however, will rarely be a W*-algebra again.

Let 2 and B be C*-algebras. In the proof of Theorem 6.3.9, we saw that ¢ ® ¢ is
continuous with respect to || - ||min for all ¢ € A* and 7 € B*. We may thus view A* @ B*
as a subspace of (A @umin B)*.

Exercise 6.3.7 Let 9 and M be W™*-algebras. Show that:

(i) M. @ N, is an M ® N-submodule of (M Rmin N)*.
(i) (M. @ N.)L is a w*-closed ideal of (M min N)**.

Definition 6.3.14 Let 9 and 91 be W*-algebras. Then the W*-tensor product MRy ~N
of M and N is defined as (M Rpin N)** /(M. @ N.) L.

In practice, it is often convenient to have a more concrete description of W*-tensor
products at hand:

Proposition 6.3.15 Let M and I be W*-algebras, and let w and p be W*-representations
of M and N on Hilbert spaces $ and KR, respectively. Then m & p extends uniquely to a W*-
representation @y «p of MRy~N on HRK. Moreover, if both © and p are faithful, then so
iS 7T®W* p-
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Proof Let ||+ |lmin* denote the norm on M, ® N, it inherits as a subspace of (M Smin N)*,
and write 9, @min+Ns for the completion of M, ® N, with respect to || - ||min*-

It is not hard to see that 7® p: MR N — L(HRRK) is continuous with respect to || - ||lmin
(you should have seen this already when doing Exercise 6.3.4). We claim that (7 ® p)* maps
L(HRRK), into the completion of M, @ N, with respect to || + ||min+- Let ¢ € LIHRK).;
without loss of generality (Why?) suppose that there are £1,&; € $) and 71,72 € & such that

(T, ) = (T(& ® &), m @ 1n2) (T € LI(HRR)).
Define ¢gp € M* and ¢y € N* through

(T, ) == (n(T)&1,&) (T €M)  and  (T,ém) = (p(T)n,m2) (T €N).
It is clear that ¢on € M., d € N,, and (7 @ p)*P = Pon @ Po. Letting

T@wep = (T ® p)"le(nom).)"
we obtain a (necessarily unique) W *-representation of M@y «N that extends 7 @ p.
Suppose that 7 and p are faithful. Let M, @ min+ M. denote the completion of M, @ N,
in (M min N)*. From the foregoing, it follows that (7 ® p)* maps L(H®RK). into a norm
dense subset of M, @pin+N., so that T@yy+ p is necessarily faithful (Where did we need here

that 7 and p are injective?). O

Corollary 6.3.16 Let 9t and N be W*-algebras, and let ™ and p be faithful W*-represen-
tations of M and N, respectively. Then we have

M- N (1R p)(Me N)”
as W*-algebras.
Exercise 6.3.8 Let G and H be locally compact groups. Show that
VN(G)Q@w~VN(H) = VN(G x H).
(Hint: Exercises B.3.5 and A.3.6.)

From the definition of the W*-tensor product, we immediately get a hereditary property

for Connes-amenability:

Proposition 6.3.17 Let M and N be Connes-amenable W*-algebras. Then MRy -N is
Connes-amenable.

Proof Let E* be a normal, dual Banach 9M®y - N-bimodule, and let D: M@y« N — E* be
a w*-continuous derivation. We may suppose that £* is unital. The W*-subalgebras M ® ex
and egpy ® N of My -N are canonically isomorphic to M and N, respectively, and thus
Connes-amenable. The Connes-amenability of egn ® N yields ¢ € E* such that Dl emn =
adg|emen. Let D := D — adg. It easy to see that D attains its values in Z%(egn @ N, E*).
Since egn @9 and MR ey commute with each other, Z°(egn @M, E*) is a w*-closed M ® eq-
submodule of E*. Since M ® ey is Connes-amenable, there is 1) € Z°(egn @ N, E*) such that
D\gm@e,ﬁ = ady|meey- It follows that Dlsmegn = adety|men. By w*-continuity, we have
D= ad¢+¢,. O

Together with the following hereditary property, Proposition 6.3.17 enables us to enlarge
our stock of examples of injective W*-algebras:
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Example 6.3.18 Let 9t be a W*-algebra of type I. We claim that 99t is injective. First,
note that, by [K-R, 6.5.2. Theorem] and Exercise 6.2.5, we may suppose that 9 is of type I,
for some cardinal number a. By [K-R, 6.5.5. Theorem], 9 is isomorphic to Z(9M)@w -« L($),
where $) is a Hilbert space of dimension «. Since both Z (M) and L($H) = K($H)** are
Connes-amenable, it follows that 9t is Connes-amenable and thus injective by Corollary
6.2.8.

6.4 Semidiscrete W*-algebras

Let E and F be linear spaces, and let n € N. There is an obvious way of amplifying a linear
map T: E — F to a linear map T : M,,(E) — M,,(F): just apply T to each entry of a
matrix in M, (E). If we identify M, (E) and M, (F) with M,, ® F and M,, ® F, respectively
(as in Exercise B.1.6(i)), we see that T = idy, ® T.

Let 2 be a C*-algebra, and let n € N. As we have seen in Exercise 6.1.5, M, () carries
a unique C*-algebra norm. In particular, each subspace of M, (2) inherits a canonical order
structure from M, (). Let A = [a; ] j=tin € M, () and @ = [¢;, k] e € M, (%),
and define

n

Z (J,j ky (bJ k (615)
J,k=1
Then (6.15) induces an isomorphism between M, (2*) and M,,()*. Via this isomorphism,
every subspace of M, (2*) also inherits a canonical order structure.

This makes the following definition meaningful:

Definition 6.4.1 Let E and F be linear spaces such that is either a subspace of a C*-
algebra or of the dual of a C*-algebra. A linear map T': £ — F is called completely positive
if 70 : M, (E) — M,,(F) is positive for each n € N, i.e. maps positive elements to positive

elements.

Exercise 6.4.1 Let 2 be a C*-aglebra, and let n € N.

(i) Show that an element of M, (2) is positive if and only if it is a finite linear combination of
matrices [a]ax] j=Lieem s where a1,... ,an, € 2.

(ii) Let E be a hneaf subspace of a C*-algebra or of the dual of a C*-algebra. Conclude that
a linear map 7': 2 — E is completely positive if and only if [T'(a}ax)] j=em is positive in
M, (E), for all n € N and for all a1,... ,a, € A.

Examples 6.4.2 (a) Let 2 and B be C*-algebras, and let 7: 2 — B be a *-homomor-
phism. Then 7(™) : M,, () — M,,(B) is, for each n € N, also a *-homomorphism and
thus positive. It follows that 7 is completely positive.

(b) Let 2 be a unital C*-algebra, let B be a unital C*-subalgebra of %, and let £: A — B
be an expectation. Let n € N. Then M,,(B) is a unital C*-subalgebra of M, (2(), and
M M, (A) — M, (B) is a projection onto M,,(B). Let ¢ € S(M,,), and let 1) € S(2A).
Then (idm, ®E)* (p@Y) = ¢RE*Y, and E*¢ € S(A). It follows from Exercise 6.3.1 that
gn) = idy,, ® € has norm one (with respect to || « |min and thus with respect to every
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C*-norm on M,,(2A)). Hence, £ : M, (A) — M,,(B) is an expectation. By Theorem
6.2.4(i), £ is positive. Since n € N is arbitrary, £ is completely positive.

(c) Let A be a unital C*-algebra, and let ¢ € S(2A). Then ¢ can be viewed as an ex-
pectation from 2 onto Ceg. From the previous example, it follows that ¢ is completely
positive.

(d) The transpose map

T:My — My, A— A°

is clearly positive. Consider

1001 1000
7@ 0000 {0010
0000 0100
1001 0001

The matrix on the left hand side of this equation is positive whereas the one on the right

hand side is not. Hence, T is not completely positive.
Exercise 6.4.2 Let 2 and B be C*-algebras, let S: 2 — B be completely positive, and let p € 2
and q € B be projections. Show that
T:A—B, ar— qS(pap)q
is completely positive.

Definition 6.4.3 A W*-algebra 9 is called semidiscrete if there is a net (Sq)q of unit
preserving, completely positive, w*-continuous maps in F(9) such that

<¢7x> = hin<¢, Sax> (I € m, QZS S m*)

We'll need the following hereditary properties later on:

Exercise 6.4.3 Let 9 be a semidiscrete W *-algebra, and let p € 9 be a projection. Show that

pIMMp is semidiscrete as well.

Exercise 6.4.4 Let (Ma)o be a family of semidiscrete W*-algebras. Show that £>°-@ M., is a

semidiscrete W*-algebra.

Exercise 6.4.5 Let 91 be a semidiscrete von Neumann algebra acting on a Hilbert space §. Show
that 9 is also semidiscrete. (Hint: How did you solve the corresponding problem for injectivity?).

The definition of semidiscreteness bears some resemblance to Definition C.1.1. For the

predual of a semidiscrete W*-algebra, we actually obtain the approximation property:

Proposition 6.4.4 Let M be a semidiscrete W*-algebra. Then M, has the metric approz-

1mation property.

Proof Let (S4)a be a net as in Definition 6.4.3. Since each S, is positive and unit pre-
serving, each S, has norm one. Since each S, is w*-continuous, it follows that (S%|om,)q is
a net in F(9M,) that converges to idgy, in the weak operator topology. Passing to convex
combinations, we obtain a net of operators in F(9,) bounded by one that converges to
idgy, in the strong operator topology. 0O

Together with Exercise C.3.1, Proposition 6.4.4 yields:
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Corollary 6.4.5 Let A be a C*-algebra such that A** is semidiscrete. Then both A* and A

have the metric approximation property.

We shall see in this section that injectivity is the same as semidiscreteness. We begin

with the proof of
semidiscreteness = injectivity.

We leave some of the preparations to the reader:

Exercise 6.4.6 Let 2 and % be unital C*-algebras. For ¢ € (ARpaxB)*, define Ty : B — A*
through

(a, Tpb) == (a @b, ¢) (a2 beB).

(i) Show that ¢ € S(UARmaxB) if and only if T} is completely positive and Tyen € S(A).

(ii) Conversely, let T': B — 2* be completely positive with Teys € S(2). Show that there is
¢ € S(ARmaxB) such that T = Ty.

(iii) Let T € F(B,2") be completely positive with Tey € S(2). Show that there is ¢ in the
convex hull of {ta @ ¥ : Yo € S(A), Y € S(B)} such that T = Tj.

(iv) Show that ¢ € S(ARmin®B) if and only if there is a net of completely positive maps (7% )a
in F(B,2") with Toes € S() such that

(a, Tpb) = li;n<a,Tab) (a e, beB).
(Hint: The convex hull of {tpa @ e : Yo € S(A), s € S(B)} is w*-dense in S(ARminB).)
Definition 6.4.6 Let 9t be a W*-algebra, and let 8 be a unital C*-algebra.
(1) Let
Spor(M @ B) 1= {p € S(MOuaxN) : TpB C M.}
(ii) Let
% nor := sup {\/m L € Spor(M® %)} (x € M B).

We write M @por B for M @ B equipped with || - ||nor and MRy, B for the completion
of M Rpor B.

Exercise 6.4.7 Let M be a W"-algebra, and let B be a unital C*-algebra. Show that || - ||nor is a
C*-norm on M & B.

Proposition 6.4.7 Let MM be a semidiscrete W*-algebra. Then, for each unital C*-algebra
B, the identity map

S);n(X)nor % - 9J?QQIIHH %

1§ an isometry.
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Proof Let ¢ € Spor(9M ® B); it is sufficient to show that ¢ € S(MDminB).

Let Ty : B — 9M* be defined as in Exercise 6.4.6; note that T4B C 9. because ¢ €
Shor(M ® B). Let (Sq)a be a net as in Definition 6.4.3, and let T, := S;Ty. Then (T, )q is
a net of completely positive maps in F (8,9, with T,en € S(M) such that

(x,Tyb) = lim(z, Tyb)  (z €M, beB). (6.16)

By Exercise 6.4.6(iii), there is a net (¢q)a in S(A@minB) such that T, = Ty, . It is then
immediate from (6.16) that ¢ is the w*-limit of (¢g)a in (MPnerB)*.

Due to the minimality of || - ||in, the C*-algebra M®,,inDB is a quotient of MR, B; let
I denote the kernel of the quotient map. Each ¢, vanishes on I, and so does ¢. It follows
that ¢ € S(MBminB). O

As an immediate consequence of Proposition 6.4.7, we obtain a first connection between

semidiscreteness and nuclearity:

Corollary 6.4.8 Let A be a C*-algebra such that A** is semidiscrete. Then 2 is nuclear.

Proof Let % be a C*-algebra. Without loss of generality suppose that both 21 and B
are unital (Why may we do this?). Let ¢ € S(UARmax®B) it suffices to show that that
¢ € S(ASminB). By w*-continuity, ¢ has a unique extension ¢ € Spor(A** ® B), and by
Proposition 6.4.7, ¢ € S(A** @minB). From Exercise 6.3.5, we conclude that ¢ € S(™ARminB).
O

A second consequence of Proposition 6.4.7 is even more immediate:

Corollary 6.4.9 Let 9 be a semidiscrete W*-algebra. Then, for each unital C*-algebra B

and for each unital C*-subalgebra € of 9B, the inclusion map
m ®nor C—M ®n0r B

1§ an isometry.

Proof This follows at once from Exercise 6.3.5 and Proposition 6.4.7. O
We shall see next that the conclusion of Corollary 6.4.9 characterizes the injective W *-

algebras (so that semidiscrete W*-algebras are injective).

Lemma 6.4.10 Let 2 be a C*-algebra acting on a Hilbert space $) such that there is a cyclic
unit vector £ € § for . Let ¢¢ denote the vector state given by &, let E be the linear span
of {peA*:0< ¢ < e} inA*, and let 0: A" — E be given by

(0,0(2)) = (va&, &) (v e, ae).
Then 0 is a completely positive bijection with a completely positive inverse.

Proof Tt follows immediately from [Dixm 3, 2.5.1. Proposition] or [Ped, 3.3.5. Proposition]
that 6: ' — E is a positive bijection.
Let z1,... ,z, € A and let ay,...,a, € A. Then we have for © := [G(sc;‘xk)]i 1,....n and

=1,...,n
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(4,0) = ) (aja,0(zjxr))

Jik=1

(zjrrajar,§)
1

2
n
> wjae
J=1

> 0.

I
P o
i M3 i

J

By Exercise 6.4.1(i), this is sufficient to conclude that 6 is completely positive.
To show that 6~ is completely positive, let @ = [¢; 1] j=Lon € ML, (24*) be positive. For
at, ... an, let T = (a1, ... an€) € H™. Since =1 maps into A’, we have:

() ™0)=,5) = Y (67 (d5.4)as€, arg)

|KM:

@
i
A

(0(¢j.x)ajars, &)

Il

Jk=1
n
= (afak, dj k)
Jk=1
> 0.
Since ai,...,a, € A were arbitrary, and since £ € $ is cyclic for 2, this implies that

(=1 ™ is positive in M, (). O

Exercise 6.4.8 Let 91 be a von Neumann algebra acting on Hilbert space §) such that there is a
cyclic unit vector £ € 9 for . Show that the map 0 defined in Lemma 6.4.10 attains its values in
M.

Remark 6.4.11 In general, #~! need not be continuous.

Lemma 6.4.12 For a W*-algebra 9N, the following are equivalent:

(i) For each unital C*-algebra B and for each unital C*-subalgebra € of B, the inclusion
map

m@)nor ¢ — ?In@nor B

1S an isometry.
(ii) For each unital C*-algebra B and for each unital C*-subalgebra € of B, the restriction
map

Snor(gﬁ ® %) - Snor (f)ﬁ ® Q:)

18 surjective.
(iii) For each unital C*-algebra B and for each unital C*-subalgebra € of B, every com-
pletely positive map T: € — M, with Texw € S(M) has a completely positive extension
to B.
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Proof The equivalence of (i) and (ii) is straightforward (Do you believe this?).

(ii) = (iii): Let B be a unital C*-algebra, let € be a unital C*-subalgebra of B, and let
T: ¢ — M, be completely positive. By Exercise 6.4.6(ii), there is ¢ € S(IM@yax®) such that
T = Ty. Since TC C M,, it follows that ¢ € Sy (M @ €). By (i), there is 1) € Spor (M @ B)
such that ¥|mge = ¢. Then T, : B — M, is completely positive and extends T

(ili) = (ii): Let B be a unital C*-algebra, let € be a unital C*-subalgebra of 9B, and
let ¢ € Snor(M @ C). Then Ty: € — M, is completely positive and thus has a completely
positive extension T': B — 9M,. Again by Exercise 6.4.6(ii), T is of the form Ty, for some
1 € Shor (M @ B). It is clear that ¢ extends ¢. O

Theorem 6.4.13 Let MM be a W*-algebra such that, for each unital C*-algebra B and for

each unital C*-subalgebra € of B, the inclusion map
m ®nor 6 — m ®n0r %

is an isometry. Then 9 is injective.

Proof Certainly, 2 satisfies Lemma 6.4.12(i). Fix ¢ € S(9M) N M,. Through the GNS-
construction, we obtain a Hilbert space )4 and a W*-representation m4 of 9 on $Hg. The
von Neumann algebra 7y (907) then has a cyclic vector in 4 by construction. Let B := L($4),
let € :=my(M)’, and let 6: € — IM* be as in Lemma 6.4.10; since ¢ € M,, it follows that ¢
attains its values in 9. Since 6 is completely positive by Lemma 6.4.10, it has a completely
positive extension T': B — M,. Let b € B be such that 0 < b < ey. Since T is positive,
0 <Tb < Teyp = Oes) = ¢. By Lemma 6.4.10, this means that T8 = (<), so that
& :=0710T is well defined. Clearly, € is a (completely) positive projection onto ms(9)’, so
that, by Exercise 6.2.1, it is an expectation. Consequently, 7, (90) is injective.

Let (pa)a be a maximal, orthogonal family of projections in Z(91) with the following
property: For each p,, there is ¢, € S(MM) N M, such that 7y, |mp, is an isomorphism
(Why do such projections exist?). By Exercise 6.4.3, each W*-algebra Mp, = g, (M) is

semidiscrete and thus injective by the foregoing. Since
M = (- P Mpo,
9N is injective by Exercise 6.2.5. O
Together, Corollary 6.4.9 and Theorem 6.4.13 yield:
Corollary 6.4.14 Let 9 be a semudiscrete W*-algebra. Then I is injective.
As another consequence of Theorem 6.4.13, we obtain:
Corollary 6.4.15 Let 2 be a nuclear C*-algebra. Then A** is injective.

Proof Let B be a unital C*-algebra, and let ¢ € Syor (A** @B). It follows that ¢ is uniquely
determined by its values on 2 ® B. Since 2 is nuclear, ¢|ygs is continuous with respect to
| “ |lmin, S0 that ¢ € S(A**@min®B). It follows that the identity map

A** Qnor B — A Qmin B
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is an isometry. The claim then is an immediate consequence of Exercise 6.3.5 and Theorem
6.4.13. O
So far, we know that, for a C*-algebra 2,

A semidiscrete = A nuclear = A** injective.
To close the circle, we now turn to proving
injectivity ==  semidiscreteness.
The following characterization (Theorem 6.4.17) will be useful. But first, we need a

lemma:

Lemma 6.4.16 Let 9 be a W*-algebra, let B be a unital C*-algebra, and let ¢ €
S(MEminB) such that Tyes € M. Then there is a net (¢po)a in the conver hull of
{dpm @ o : dom € S(ON) N M., ps € S(B)} converging to ¢ in the w*-topology such
that Ty ez = Ty for each ¢q.

Proof Clearly, we may find a net (¢, )o in the convex hull of {pom ® ¢ : dom € S(IM) N
M., ps € S(B)} such that ¢ = w*-lim, ¢,. We shall modify this net in such a way that
the additional requirement is satisfied.

For the sake of simplicity, let ¢ := Tyeq and ¢, := Ty exn. We immediately have that
¥ = w-lim, 1. Passing to convex combinations, we can choose (¢4), in such a way that
lim,, [|o — 9| = 0. Let ¢35 € S(B) be arbitrary, and let

éa = o+ Yo — Y| ® P
Then (¢q)q satisfies:

— w*-lim, ¢ = o,
— Tq;ae% > 1, and
- hma ||Tq;a€;3 - ¢“ = 0.

Sakai’s Radon—Nikodym theorem [Sak, Theorem 1.24.3], yields a net (hq)q in 9 with 0 <
hao < egn such that

<$71/J> = <hamha7T¢",a€£B> (.'13 € E)ﬁ)
Define a net (¢q)q through
(@b, ¢a) = (hathe @ b,da)  (z€ M, beB),

so that Tj; = 4; also, (¢a)a is certainly a net of states contained in the right set. To see
that ¢ = w*-lim, ¢ = ¢, note that ¢o < ¢o. Let z € M be positive, and let b € B such
that 0 < b < en. Then

0< (2®b,¢a — o) < (T ® e, 60 — o) = (z,T;, — ) — 0,

so that indeed ¢ = w*-limgy ¢q.
So, the net (¢q)o Whose existence we wanted to prove is our (¢g)g ... O
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Theorem 6.4.17 Let A be a von Neumann algebra acting on a Hilbert space $. Then the

following are equivalent:

(1) 9N is semidiscrete.

(ii) The *-homomorphism
T MM — L(9), zR0y— Yy
is continuous with respect to || - ||min-

Proof (i) = (ii): Let £ € $ be such that ||| = 1. Then
P MM —C, Ry (2y, )

belongs to Spor (M @ ). It follows that 7 is continuous with respect to || « |lnor. Since
Il lmin = || * [[nor on M @ M’ by Corollary 6.4.9, the claim follows.

(ii) = (i): We first treat the case in which there is a cyclic unit vector £ € §) for 9. Let
¢¢ € L($)+ be the vector state associated with £, and let ¢ := 7*¢¢; note that Tpeon = d¢|om.
Since 7 is continuous with respect to || + ||min, we have ¢ € S(MBDminM'). By Lemma 6.4.16,
there is a net (¢4 )q in the convex hull of {¢m ® dopr : dam € S(IM) N M., P € S(M)}
that converges to ¢ in the w*-topology and satisfies Ty, eqn = ¢¢|on. For the corresponding
w*-continuous, completely positive maps Ty, : M — M, the w*-convergence of (¢a)a to @

means
(Tpy, ) = lm(Ty y, z) (e MyeM).

Since Ty, eam = ¢¢lon, it follows that all T}, along with T} attain their values in the linear
span of {1y € M, : 0 < ¢ < Pelon}. Let 6: M — M, be as defined in Lemma 6.4.10. It
then makes sense to define S, := 67! o T}, . Clearly, each S, is w*-continuous, completely
positive and unit preserving. Passing to a subnet, we may suppose that, for all z € 9, the
w*-limit Sz € M of (S,7), exists. Since £ is cyclic for M, it is separating for PM’. Since

((52)¢, &) = lim((Saz)¢, &)
— tim (67 (T, )€, €)
= lién(T%a:,em)
= (T, eam)
=(2£,8)  (zeM),

we have S = idgy/, and therefore 9 is semidiscrete. By Exercise 6.4.5, M = M is also
semidiscrete.

Now, let 9 be arbitrary. Fix £ € $ with ||€]] = 1. Let P € L($)) be the orthogonal
projection onto the closed linear subspace & = IME of §, so that P € M’. Then £ € K is
cyclic for the von Neumann algebra P9t acting on &. The commutant of P9t in L£(R) is easily
seen to be (isomorphic to) POV. It is not hard (Really?) to see that the *-homomorphism

PM @ PM — L(R), z®0y—xy
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is continuous with respect to || « ||min. Consequently, P9 is semidiscrete by the foregoing.
For each P € 9, the map

mp: M — PN, x+— Px

is a w*-homomorphism. By the foregoing, the family consisting of those mp such that P9t
is semidiscrete separates the points of 9t. Through an argument similar to the one given at
the end of the proof of Theorem 6.4.13 (Which one exactly?), we see that 9 is semidiscrete.
O

The first steps of the implication from injectivity to semidiscreteness, will be the following

three relatively easy lemmas:
Lemma 6.4.18 Let 9 be a finite, injective W*-algebra acting on a Hilbert space §, and
let tr be a faithful, normal trace on M. Then for any u1,... ,u, € U(IM) and € > 0, there is
® € S(LH)NL(H). such that

luj-¢—¢-ujll <e  (G=1,....n)

and

[@lon — trl[ <.

Proof Let € > 0, and let uy,... ,u, € U(ON). Let £: L(H) — M be an expectation, and
let ¢ :=tro&. Then ¢ € S(L($)) satisfies u* - ¢ - u = ¢ for all u € U(M) (Why?). Since
S(L(9H))NL(H). is w*-dense in S(L($)), there is a net () in S(L($H)) N L(H). such that
1o — 1 in the w*-topology. This means, in particular, that

w-lim (e —u™ g -u) =0 (j=1,...,n)
and
w-1im g, |on = tr.

Passing to convex combinations, we obtain ¢ € S(L(9))NL(H). with the desired properties.
O

For any Hilbert space $), we write HS($)) to denote the Hilbert—Schmidt operators on
9.

Exercise 6.4.9 Let 9 be a Hilbert space $). Show that the linear map
HOH—LE®), {@n—Lon,
where
Eon(x) = (@ne  (&nxe9n),
extends to an isometric isomorphism of H®$H and HS(H).

Lemma 6.4.19 Let $ be a Hilbert space, and let J: $ — $ be a conjugate-linear, isometric
isomorphism. Then, for any S1,Th,... ,Sn, Tn € L($), we have

S50 T | =sup { || Y S,HT 1 H € HS(9), [|Hns(o) <1
Jj=1

=t HS(9)
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Proof Identifying H®$ and HS($) as in Exercise 6.4.19, the operator S ® T € L(HRH)
with S,T € L($)) becomes

HS($H) — HS(H), H+— SHT*.

Since J is an isometry, we obtain for S1,7T1,...,S,, T, € L(9):
Yo SieJng | =D 8 eT; (Why?)
J=1 Jj=1
=sup} Y S;HT; tH € HS(9), | H||lnss) < 1
=t HS(5)

This is the claim. O

The next lemma is known as the Powers—Stgrmer inequality:

Lemma 6.4.20 Let $) be a Hilbert space, and let S, T € N(9) be positive. Then S%,T% €
HS($H) and

2

1 1
|5t - sty < IS = Tllxis.

Proof 1t is clear from the definition of HS($) that Sz,T2 € HS($).
Let

and B::S%—i—T%.

=
W=

A=82-T
Note that
1
B>+A and §(AB+BA):S—T.

Since HS($H) C K($), the self-adjoint operator A is compact. In particular, there is an
orthonormal basis (e4)q of £ such that each e, is an eigenvector of A corresponding to some
eigenvalue \,. Let Tr denote the canonical trace on N(§); then we have:

S = Tlarcs) = Te(1S = T1)
=3 %<|AB+BA|ea,ea>
> za: %|((AB+BA)ea,ea>|
=Y [Ma(Bea,ea)l  (Why?)
=) N
= Z(AQea,ea)

This establishes the claim. O
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Corollary 6.4.21 Let $) be a Hilbert space, and let ¢ > 0. Let N € N(9), and let
Ui,...,U, € L($) be unitary operators such that

|U;N = NUj|x) <€ (G=1,...,n).
Then H := N3 € HS($) satisfies

|U;H — HUjj||lns(s) < € (j=1,...,n).
Proof Note that U;HU; = (UjNU;)%. We then obtain:

U H — HU, 3456y < IUHUF = Hl[3456
< |UjNUS — Nl ar(s)s by Lemma 6.4.20,
= |U;N = NUjlins)
<& (j=1,...,n).

Taking square roots on both sides yields the claim. O

We start proving
injectivity ==  semidiscreteness

with the finite case:

Proposition 6.4.22 Let I be a finite, injective W*-algebra. Then I is semidiscrete.

Proof The W*-algebra 9 is of the form ¢*°- @, M, where each M, is a W *-algebra with
a faithful, normal trace (Why?). By Exercises 6.2.4 and 6.4.4, we may thus suppose that 9t
has a faithful, normal trace tr.

Applying the GNS-construction with tr, we obtain a Hilbert space £ on which 9t acts as
a von Neumann algebra, and a cyclic, separating trace vector £ for 9. The conjugate linear

map
J:IME — ME,  x€— %€

is then well-defined and extends to a conjugate-linear isometric isomorphism of § into itself.
We want to apply Theorem 6.4.17. Let z1,... ,2, € M, and let y1,...,y, € M. In
order to establish that Theorem 6.4.17(ii) holds, it is sufficient (Why?) to show that

Z(xjyj£7£> < ij ® Y,
= =1

min

Let 21,... ,z, € Mbesuch that y; = JzjJ for j =1,... ,n (Why dosuch z1,... , 2, exist?),

and suppose without loss of generality that z1, z1,... , 2y, 2, € B1(0,9).
Let € € (0,1). By the Russo—Dye theorem ([Aup, Corollary 6.2.14]), there are elements
Uty .o, Up € U(IN) such that z1,..., 2, lie in the convex hull of {uq,... ,un}. By Lemma

6.4.18, there is ¢ € S(L($)) N L($). such that

luj-¢—¢-uil| < (G=1,...,m) (6.17)
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and
[Pl — tr]] < € <e. (6.18)

The trace duality between N ($)) and L£($) yields a positive operator N € N ($) with
Tr N =1 and

(¢, T) = Tr(TN) (T € L(9)).
The inequalities (6.17) then translate into
luj N — Nuj|| < € (Gj=1,...,m)
Let H := N2. Then H € HS($) with | H|l#s(s) = 1, and Corollary 6.4.21 implies that
lujH — Hujlnss) <e  (G=1,...,m).
Since each z; is a convex combination of some of the uy’s, this yields:
lz;H — Hzj|lnss) < € (j=1,...,n).
Consequently, we obtain:

il‘jHZj > <i$jHZj7H>
Jj=1 j=1

HS($H) HS($H)

v

<ijsz,H> — ne. (6.19)
j=1

HS(H)

On the other hand, we have:

n n n n
<ijsz,H> —tr ijzj = |Tr ijzj N | —tr ijzj
j=1 j=1 j=1 j=1

HS(9)

n n
= |¢ E Tz | —tr g Tz
=1 =1

n
<e ijzj ) by (6.18),
j=1
< ne. (6.20)

Ultimately, we obtain:
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n
> e ®y
j=1

S xyeJad
j=1

min : min

Y

Z x;Hz; , by Lemma 6.4.19,
j=1

HS(9)

v

n
tr ijzj — 2ne, by (6.19) and (6.20),
j=1

[
M=

(xj2;€, &) — 2ne

~
Il
-

|
NE

(xjJ2; JE, €)| — 2ne, (Why?),

<
Il
—

(z;9;&,6)| — 2ne.

<
Il
—

|

Since € € (0, 1) was arbitrary, we have

n

Saye ) < D w oy
j=1

j=1 .
J min

so that 9 is semidiscrete by Theorem 6.4.17. O
With Proposition 6.4.22 proved, the route we have to take lies clearly ahead of us. Next,

we tackle the semifinite case:

Proposition 6.4.23 Let M be a semifinite, injective W*-algebra. Then 9 is semidiscrete.

Proof Suppose that 9 acts as a von Neumann algebra on a Hilbert space §.

Invoking [K-R, 6.3.8. Theorem)] as in the proof of Theorem 6.2.6, we obtain a net (py)qo of
projections in 9t such that p, " egn in the strong operator topology, and each W*-algebra
PaIMp, is finite. By Exercise 6.2.4, each p,Mp,, is also injective and thus semidiscrete by
Proposition 6.4.22. Let py, € > 0, 21,... ,2, € M, and ¢4, ... , Py, € M, be arbitrary. Then
there is pg > p, such that

€ .
\<¢j,xkfpgxkpg>|<§ G=1,...,mk=1,... ,n). (6.21)

Using the semidiscreteness of pgMpgz, we obtain a unit-preserving, completely positive, w*-
continuous map S € F(psMipg) such that

€ .
|<¢j,p5$kp5—5(p5$kpﬁ)>| < 5 (] 21,... ,m, k=1,... ,n). (6.22)

Define T': 9t — 9M by letting Tz := S(pgaps) for x € M. Then (6.21) and (6.22) together
yield:

(pj,xk —Tar)| <€ G=1,... mk=1,...,n).
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We thus obtain a net (7), of completely positive, w*-continuous maps in F(91) such that

r=w"-lim Tz (x e M),
B!

and (Tyesn), is an increasing net of projections converging to egy in the w*-topology. Let
¢ € S(M) NM,, and define

Sy =Tz + (z,d)(esm — Tyeom) (x e M).

Clearly, each S, is unit preserving, w*-continuous, and has finite rank, and, by Examples
6.4.2(c), it is also completely positive. From the properties of (%), it is also clear that

r=w"-limS,z (x € M).
k!

By definition, 9 is semidiscrete. O
Having established

injectivity = semidiscreteness

in the semifinite case, the structure theory of W*-algebras along with the hereditary prop-
erties of injectivity and semidiscreteness imply that, for the general case, we may confine
ourselves to W*-algebras of type I11. As in the proof of Theorem 6.2.6, we will rely on the fact
that a countably decomposable W*-algebra of type III can be described as the W*-algebra

generated by an appropriate covariant system. We’ll need the following lemma:

Lemma 6.4.24 Let (M, G, «) be a covariant system, such that W*(IM, G, ) is semidiscrete.
Then 9 is semidiscrete.

Proof Suppose that 9T acts as a von Neumann algebra on a Hilbert space $). By the
definition of W*(9M, G, &) ([Dae, 1.2.10 Definition]), this W*-algebra acts as a von Neumann
algebra on the Hilbert space L*(G, $) = L?(G)®9. Let m: M — L(L?*(G, H)) be the faithful
W*-representation defined in [Dae, 1.2.4 Definition], and let

P — L(IA(G.9)) = LILHG)DH), y+ idrc) © y;

clearly, p is a faithful W*-representation. Let z1,... ,z, € 9 and y1,... ,y, € MM'. Then
m(x1), ... ,w(zy) € WM, G, ) and p(y1),...,p(yn) € W*(IM, G, )’ (Do you believe that
without checking it for yourself?). Since W* (9, G, o) is semidiscrete, we have:

n

ZW(%‘)P(%‘) < Zﬂ(ﬂfj)@?ﬁ)(yj) = Z%@yj , (6.23)

By the definition of 7, the left hand side of (6.23) is equal to
sup Y g @)y | > 1Y w5y
9€G = =1

Hence, by Theorem 6.4.17, 90t is semidiscrete. 0O
Ready for the general case?
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Theorem 6.4.25 Let I be an injective W*-algebra. Then 9N is semidiscrete.

Proof As we already stated, we may suppose that 9 is of type III.

As in the proof of Theorem 6.2.6, we suppose first that 9t is also countably decomposable.
Let {0} : t € R} be the modular automorphism group of 9 corresponding to some faithful
¢ € S(M) NM,.. Then (M, R,0) is a covariant system, and W*(IM, R, o) is of type Il
([Dae, I1.4.7 Theorem]). Let & denote the dual action of R = R on W*(9M,R,0). By [K-R,
13.2.10 Corollary], we have

wr (W* (9)?7 Ra O'), R) 6') = mta

so that we may view W*(M, R, o) as a W*-subalgebra of 9. Using the amenability of Ry
as in the proof of Theorem 6.2.6, we obtain an expectation £: 9 — W* (M, R, o). It follows
that W*(9M, R, o) is injective and thus semidiscrete by Proposition 6.4.23. From Lemma
6.4.24, we finally conclude that 91 is semidiscrete.

For the general type III case, suppose that 91 acts on a Hilbert space as a von Neumann
algebra, and choose again, as in the proof of Theorem 6.2.6, a net of projections (py)q such
that p, /" egn in the strong operator topology, and each p,9p,, is countably decomposable.
Since each p,Mp,, is of type III and injective, the foregoing implies that each p,Mp,, is also
semidiscrete. In the same way as in the proof of Proposition 6.4.23, we conclude that 9t

itself is semidiscrete. 0O

Remarks 6.4.26  (a) For the same reason as pointed out in Remark 6.2.7, one doesn’t
have to deal with the countably decomposable case first in the proof of Theorem 6.4.25.

(b) Type I von Neumann algebras are also called discrete in the literature. The prefix
“semi-” suggests that semidiscreteness is something weaker than discreteness. In view
of Example 6.3.18, Theorem 6.4.25 shows that this is indeed the case.

(¢) Let 9 be a von Neumann algebra acting on a Hilbert space 9, and let £: L($)) — I
be an expectation. Since £($)) is easily seen to be semidiscrete (How?), the semidiscrete-
ness of M follows much more easily in the case where £ is w*-continuous. This, however,
is possible only if 9 is atomic ([Tak 2, Exercise V.2.8]).

It follows that nuclear C*-algebras are characterized by the injectivity /semidiscreteness
of their biduals:

Corollary 6.4.27 For a C*-algebra 2, the following are equivalent:

(i) A** is semidiscrete.

(if) A is nuclear.

(iii) 2A** is injective.

Together with Corollary 6.4.5, this yields:

Corollary 6.4.28 Let 2 be a nuclear C*-algebra. Then both A and A* have the metric

approximation property.
And from Corollary 6.2.8, we conclude:

Corollary 6.4.29 Let A be an amenable C*-algebra. Then A is nuclear.
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We give more examples of nuclear C*-algebras:

Example 6.4.30 A positive element a of a C*-algebra 2l is called abelian if the norm
closure of a®2la is a commutative C*-algebra. The algebra 2 is said to be of type Iy if it is
generated by its abelian elements ([Ped]). For each abelian element a € 2, let p € A** be
its range projection; then pA**p is a commutative von Neumann algebra, i.e. p is an abelian
projection, containing a2la. It follows that the von Neumann algebra 2** is generated by
its abelian projections and thus is of type I. As we have seen in Example 6.3.18, this means

that 2A** is injective. By Corollary 6.4.27, 2 is nuclear.

6.5 Normal, virtual diagonals

We're almost finished.

What is left to be shown is that we can get back from injectivity /semidiscreteness to
Connes-amenability. In this section, we shall see that every injective W*-algebra has a
normal, virtual diagonal (and is thus Connes-amenable by Theorem 4.4.15). This will also
yield that a C*-algebra 2 is amenable if and only if its bidual 2** is Connes-amenable.

We start with defining yet another norm on the tensor product of two unital C*-algebras:

Definition 6.5.1 Let 2 and B be unital C'*-algebras. Then the Haagerup norm on A ® B

is defined as

1[5 := inf Zag‘@ Zb;*bj :X:Zaj®bj (x e AR B).
j=1 j=1 j=1

Just because we call something a norm, it doesn’t have to be one. See for yourself that
| - |ln is at least a seminorm:

Exercise 6.5.1 Let 2 and B be unital C*-algebras.

(i) Show that

1. Y
= - = > 0).
VTY 21nf{tm+t t>0} (x,y >0)

(ii) Conclude that || - ||n is a seminorm on 2 ® B.
(iii) Show that || - [|» < || - ||~ on AR B.

Remark 6.5.2 The Haagerup norm is not a C*-norm.

Definition 6.5.3 Let 2 and 98 be unital C*-algebras.

(i) We write A ®;, B for A ® B equipped with || - ||, and 2A®,DB for the completion of
A @y, B with respect to || - [|5-

(ii) The Banach space A®;,B is called the Haagerup tensor product of 2 and B.

(ili) We write || - [|p~ for the norm on (A&,%B)*.

Remark 6.5.4 The Haagerup tensor product can be defined more generally for operator

spaces (Definition D.3.10). For unital C*-algebras the two definitions coincide.
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Exercise 6.5.2 Let 2 be a unital C*-algebra. Show that 2A®.,2 is a Banach A-bimodule in the

canonical fashion.

For what lies ahead we have to characterize the separately w*-continuous, bilinear forms

on a von Neumann algebra that are bounded with respect to || - ||5:

Theorem 6.5.5 Let M and N be W*-algebras, and let V € L2. (M, N;C). Then the fol-

lowing are equivalent:

() V]| < 1.
(ii) There are ¢ € S(IM) NM,. and ¢ € S(N) NN, such that

V(z,y)| < V(z*, o)/ vy, ) (z €M, yeN). (6.24)

If M and N are von Neumann algebras acting on Hilbert spaces $ and R, respectively, such
that each normal state of M and N, respectively, is a vector state, then (i) and (ii) are

equivalent to:
(i) There are unit vectors £ € H and n € R, and T € L(R, H) with ||T|| <1 such that
V(z,y) = (@Tyn,&) (v €M yeN).

In this situation, if ¢ € S(M) MM, and ¥ € S(M) NN, are as in (ii), the vectors £ € § and
n € R in (ili) can be chosen such that

(x,0) = (2€,§) (x €M)  and  (y,9)=(yn,n) (y€MN).

Proof (i) = (ii): We first claim that there are ¢ € S(9M) and ¢ € S(IM) (not necessarily
normal) such that (6.24) holds. Using Exercise 6.5.1(i), we see (How?) that it is enough to
find ¢ € S(M) and ¥ € S(M) such that

Viz,y)l < 522", 0) + (y'y,¢))  (xeMyeN).

DN | =

In fact, it is sufficient (Why?) to find ¢ € S(9) and ¢ € S(9) such that

ReV(r,9) < 3 (o', ) + 'y ) (z €M,y e M),

Let C be the cone in £ (S(9) x S(N)) consisting of all functions of the form

n

1 n
f$1»y17-~~ ,1n,,yn(¢a 7/}) = 5 Z((I’Jﬂ'f;, ¢> + <y;y]a ¢>) - RGZ V(xjayj)

j=1 j=1

(X1, X €M Y1, ,yn €M, ¢ € S(M), ¥ € S(M)).

For z1,...,z, € Mand y1,... ,yn € M fix ¢g € S(M) and ¥y € S(N) such that

n n n n
<ZW;,¢O>_ S <2¢> S
j=1 j=1 =1 =1

It follows that
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N =

fxl,yl,m s5TnsYn (¢a ’l/)) = Z(<xjxj? ¢0> + <y_>]ky]7 ¢0>) - Re Z V(*T’j7 y])
J=1

j=1

= S I+ 5 | ]~ Re S Vi u)
j=1 j=1 j=1

>\l S| Do vl - (Do Vi)
j=1 j=1 =1

> 0.

Hence, C' is disjoint from the open cone U of all strictly negative functions in £g°(S(9M) x
S(M)). Clearly, U is open in the w*-topology on £°(S(9M) x S(MN)). The Hahn-Banach
separation theorem ([Rud 2, 3.4 Theorem(a)]) yields p € £&(S(9M) x S(N)) — we may view
u as a discrete measure on S(9M) x S(N) — such that

/ F6. ) duld) =0 (fe0) (6.25)
S(M) x S(N)
and

/ 9(6.0) du(é,) <0 (geU). (6.26)
S(MM)x S(N)

From (6.26), it is immediate that p© > 0, so that we may suppose that u is a probability
measure. Define ¢ € S(9M) and ¢ € S(N) through

(z,8) == / (2, 8) du(, )
S(9M)x S(N)
and (y,9) = / (y, ) du(p,v) (x €M, yeN).
S(9M) % S(M)

From (6.25), we conclude that

ReV(r,9) < 5 (oo™, 8) + 'y 8))  (z €M,y €M), (6.27)

To complete the proof of (i) = (i), we claim that in (6.27) the states ¢ and 1 can
be replaced by their normal parts qNS,L and @n Let ¢Zs be the singular part of é By [K-R,
10.5.15 Exercise|, there is a net (ps)a of projections in 9 such that p, / egn in the strong
operator topology and (p,, $5> = 0 for all p,. Since

0 < (PatPa, ds) < [[2]|(pa,hs) =0

for all p, and for all positive z € 9, it follows that (papa, QZ)S> = 0 for all p, and for all
x € M. Fix x,y € M. Since x = w*-lim,, poxp, and zz* = w*-lim, PaTPat*pa, we have
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[V (z, y)| = lim [V(pazpa, y)|

< limsup \/ (PaPat*pas D) \/ ()

< limsup \/(paxpax*pa7 (Zgn + (ZNSS> \/(y*@h ’Jj>

= limasup \/<paxpax*pa7 <z3n>\/(y*y7 Y)
= \/(er*,&w\/(y*y,@-

The analoguous treatment of 1[) then yields the claim.

Finally, note that both ¢, || < 1 and [|¢)||,, < 1. We can thus find (How?) ¢’ € S(9)NM,
and ¢/ € S(9M) NN, with ¢’ > ¢,, and ¥’ > t,,. This proves (ii).

The implication (ii) = (i) is obvious.

Suppose now that (ii) holds, and that 9t and 9 are von Neumann algebras acting on
Hilbert spaces $) and R, respectively, such that the respective normal states of 9t and D1 are

vector states. In particular, there are unit vectors £ € $) and n € K be such that
(,0) = (x€,§) (xeM) and  (y,¢) = {yn,n) (yeN).
Define a sesquilinear form [-, -] on 9ME x 9ty through
[#&yn] ==V (2" y)  (xeM yeN).
Then

[z, ynll = [V (2", 9)] < Vw2, o)V (yy,m) = [e€llllynll (2 €M yeN). (6.28)

Let $o := ME and Ky := M. By (6.28), [, -] extends to a sesquilinear form on £, x &y of norm
at most one. By elementary Hilbert space theory, there is thus a contraction S € £L(Ro, Ho)
such that

V(z*,y) = (Syn,x€)  (x €M, yeN).

Let P € L(R) denote the orthogonal projection onto K. Then T := SP is the required
operator.
The implication (iii) = (ii) is again obvious (for this implication, no hypothesis on the
normal states of I and N is needed). 0O
There is a variant of Theorem 6.5.5 for general unital C*-algebras:
Exercise 6.5.3 Let 2 and B be unital C*-algebras.
(i) Show that the following are equivalent for V € £2(2,B;C):
(@) [[Vln- <15
(b) There are ¢ € S(2) and ¥ € S(B) such that

V(a,b)| < Vaa" o)/ 58] (ae be D).

(¢) There are *-representations 7 of 2 and p of B on Hilbert spaces $ and R, respectively, as
well as unit vectors £ € $ and n € R, and T € L(R, $) with ||T|| <1 such that

V(a,b) = (w(a)Tp(b)n, &) (a2 beB).
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(ii) Conclude that || - ||» is a cross norm on 2 ® B.

Let 9t be a von Neumann algebra acting on a Hilbert space $). Then gp Lon/ (L£(9)) is a
Banach 91-bimodule through

(x-T)T) :=aT(T)
and (7 -2)(T) :=T(T)x (xeM T €gulow(L(D), T e L(H)).

Lemma 6.5.6 Let 9 be a von Neumann algebra acting on a Hilbert space $). Then the map
Ou: MM — L(L(H)) defined through

Op(z@y)(T) :=xTy (r,y e M, T € L(9))
attains its values in gp Lo (L(9)) and is an M-bimodule homomorphism.

Proof Obvious. O
Next, we wish to extend the map @y from Lemma 6.5.6 to a certain “completion” of
M @ M. To this end, we need a description of gy Lo/ (L($)) as a dual Banach M-bimodule:

Exercise 6.5.4 Let 91 be a von Neumann algebra acting on a Hilbert space ), and let the projec-
tive tensor product £($H)QN () be equipped with the following Banach 9t-bimodule action:

z2- (TQN)=T®aN and (TQN)-z:=T® Nz (xeM, T e L(H), NeN(9)).
(i) Let F be the closed linear subspace of £($)&N () spanned by all elements of the form

{yT®N—T®Ny

Ty®NT®yN} (y e M, T € L(9), N e N(H)).

Check that F' is a closed M-submodule of £($)QN($)
(ii) Show that the canonical isomorphism between (L£L($)®N($H))* and L£(L($)) induces an iso-
metric isomorphism of the Banach 9M-bimodules (£(H)QN($))/F and g Lons (L($)).

For any W*-algebra, let
L7 (M, C) :={V € L2.(M,C) : V is continuous with respect to || - [|}.

It is clear that L7 ,.(M,C) is a closed submodule of (M&@,IM)*. Let L3 . (9, C)* be
equipped with the corresponding dual 9i-bimodule action. The canonical embedding of
M @ M into Eiw* (M, C)* is then an M-bimodule homomorphism.

Theorem 6.5.7 Let 9 be a von Neumann algebra acting on a Hilbert space ) such that
each normal state of M is a vector state. Then the map Oy from Lemma 6.5.6 extends

uniquely to a w*-continuous, isometric isomorphism
O: Eiyw*(im,([:)* — o Lo (L($))
of Banach M-bimodules.

Proof Since 9T @ 9 is w*-dense in L%,w* (M, C)*, the uniqueness is clear.
Define O : L(H)QN (9) — L}, ,- (M, C) by letting
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OUT @ N)(x®y) = (N,aTy)  (z,y €M T € L(H), N € N(9)).

It is routinely checked (or should at least be) that @, is a norm decreasing 9M-bimodule
homomorphism. Let V' € Ei,w*(im, C) be such that ||V||, < 1. By Theorem 6.5.5, there are
unit vectors £,n € $ and T € L($) with ||T|| <1 such that

V(z,y) = (yTxn,§)  (z,y €M), (6.29)

so that V = O,(T' ® (£ ©n)). Since [T @ (O n)[l« = T|I[(n © &)l < 1, it follows that
©! is a metric surjection.

A routine calculation (that nevertheless should not be skipped) shows that @/, vanishes
on the space F' defined in Exercise 6.5.4(i). Consequently, ©’, drops to a metric surjection
O.: (L(HHON(9))/F — L3 - (M, C). Defining © := (6.)*, we obtain a w*-continuous,
isometric 9M-bimodule homomorphism ©: L . (M, C)* — gn Low (L($)) that extends Op.

What remains to be shown is that © is surjective. Let 7 € o Lop (L£($)), and let
Ve L3 . (M, C) be of the form (6.29). Define T € Lj, . (M, C)* through

(V,T) == (T(T)n, &)- (6.30)

If this really is a well-defined, bounded linear functional on ﬁ%,w* (M, C), it is straigtforward
to check that ©(T) =T.
Let &1,&2, 71,72 be unit vectors in §) and let Th, T € L£($)) be such that

Vi(z,y) = (yTjzn;,&5) (z,yeM, j=1,2).

For j = 1,2, let P; and @Q); be the orthogonal projections onto Dﬁ—fj and ’)T(—nj, respectively.
Observe that, for j = 1,2, the value of (7(7})&;,n;) does not change if we replace T; by
Q,;T;P; (since P;,Q; € M'); we may hence suppose that T; = Q,;T; P;.

For j = 1,2, let ¢; and v; be the vector states given by &; and n;, respectively. Let
¢ = %(gf)l + ¢2) and ¥ := %(1/11 + 19). Let ¢t > 0, and note that

V)l < 5Tl (1o, on) + 200 ) 4 Sy (e, o) + 27021 )
< (Tl + 17el) (bl + 22) oy e om)

Applying Exercise 6.5.1(i), we see that

V()| < (I3 + [ Tl) Ve, o)/ (yry, o) (a,y € M),
Using Theorem 6.5.5, we obtain &, 70 € $ with
(,¢) = (260, &0) (z €M) and  (y,9) = (yno,m0) (y€N)
as well as Ty € £($) such that
V(z,y) = (yToano,&)  (z,y €M). (6.31)

From [Dixm 3, 2.5.1. Proposition| or [Ped, 3.3.5. Proposition|, we obtain z;,y; € 9’ for
j = 1,2 such that
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{ (¢, ) = (wy;€o,y;€0) and Poy; Py =y;

(xeMm, j=1,2),
(5, x) = (2210, 2570)  and  Qoz;Qo = 2 }

where Py and @y are the orthogonal projections onto &y and Mg, respectively. Define,
for j = 1,2, partial isometries v;,w; € M’ (How?) such that

& = v;y;&o and nj = w;zjNo (j=1,2).
For j =1,2, let Tj :=yjv;Tow;z;, and note that P()Ton = Tj. We then have

Since both POTjQO = TJ for j = 1,2 and PyTQo =T, it follows from (6.31) and (6.32) that
Ty = Tj for 7 = 1,2. Consequently, we have:

(T(Tj)n;, &) = (yjviTw;zino, o) = (T (T5)m0, &) = (T (To)mo, &o) (j=12).

Hence, the definition (6.30) of T is independent of the particular choices for &, 7, and T
It remains to be shown that T does indeed lie in £2,. (M, C)*. Let V1,V € L}, (9, C).
Then, for j = 1,2, there are £;,n; € H and T; € L($) such that

Vi(w,y) = (yTjan;, &) (z,y €M, j=1,2).

The argument in the proof that T is well-defined shows that we may suppose that & =
& =: € and 1 = 12 =: 1, so that

Vi +Vo)(z,y) = (y(Th + To)an, &) (z,y € M).
It follows that
(Vi + V2, T) =(T(Th + To)n, &) = (T (T1)n, &) + (T (To)n, &) = (Vi, T) + (V2, T).

The homogeneity of T is immediate. It is also routine to check that T is bounded (with
IT) < |71} ©

If M is a W*-algebra, it is immediate (How?) that Aj 9, C Ly, o+ (I, C). The bitrans-
pose of Agy thus drops to an 9M-bimodule homomorphism Ap, 4« E,Ql)w* (M, C) — M. We

have the following:
Proposition 6.5.8 Let M be an injective W*-algebra. Then there is M € E}%)w*(im, C)
with |M| =1 such that

- M=M-2 and zAp,M==zx (x € M). (6.33)

Proof Using the GNS-construction, we can suppose that 9 acts as a von Neumann algebra
on a Hilbert space $) such that each normal state of 9 is a vector state. Let £: L($) — I
be an expectation, i.e. ||£]| = 1 and, by Theorem 6.2.4, £ € g Lop(L($)). It is immediate
that

z-E=E-x (xeM) and Eeqn = en. (6.34)
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Let O : L3 ,.(M,C) — s Lo (L($)) be as in Theorem 6.5.7. Then M := O7'(£) €
L3+ (9, C) such that (6.34) translates into (6.33). O

Does this already mean that every injective W*-algebra 991 has a normal, virtual diag-
onal? Not quite yet: A normal, virtual diagonal is, by definition, an element of £2. (9, C),
whereas the element M in Proposition 6.5.8 lies in £j, . (M, C). We need two more lemmas:

Lemma 6.5.9 Let MM be a finite W*-algebra. Then there is an M-bimodule homomorphism
0: L3 e (M, C) — L2..(M,C) with 0] <2 and Ap e = Ay~ 0 0.

Proof For each function f: U(9MM) — [0, co) with finite support such that 3,y on f(u) = 1,
define T’ : 9t — 9 through

Tya = Z f(uw)uzu™ (x € M).
uw€EU (M)

Let F denote the collection of all finite subsets of 9. For each F' = {x1,... ,x,} € Fandn €
N, we can find a function fg, : U(9) — [0, o) with finite support and </ (on) frn(uw) =1
along with z1,...,2z, € Z(9M) such that

1 ,
Tpens = 2ll < (G=1,...,n); (6.35)

this follows from [K-R, 8.3.5. Theorem]. Let tr: 91 — Z(9M) be the Z(M)-valued trace.
Since tr(Ty, , x;) = tra; for j =1,... ,n, (6.35) implies that

1 .
trz; — 2z < — (j=1,...,n)
n
and thus
2 .
Tpenzs —trag| <~ (@G=1....n) (6.36)

Let V be an ultrafilter on F' x N that dominates the canonical order filter. By (6.36), we
have

tro = li\gn Trp (z € M). (6.37)
For any pair (F,n) € F x N, define g ,,: £2.(9,C) — L2. (M, C) through

Opn(V)(,y) = > fra@V(ewu'y)  (V€LL.(MC), z,y €M),
weU (M)

and define 60,.: £2. (9, C) — L2(M, C) by letting
0.(V)(z,y) := li;n Orn(V)(z,y) (Ve L£.(MmC), z,y €M).

It is easy to see that 6, is a contractive 9-bimodule homomorphism.

We claim that 6, attains its values in C%,w* (9, C) and that ||0.] < 2 when E}%)w* (o, C)
is equipped with || - ||5=. To see this, let V € £2.(9,C). By Theorem 4.2.5, there are
@1, 2,101,102 € S(ON) N M, such that

V()| < VIV @z, ¢1) + (wa*, )V (W y, 1) + (yy* b2)  (z,y € M).
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Fix (F,n) € F x N, and note that
1070 (V) (2, 9)]
=1 > fra@)V(zu,u'y)

wEU (M)

||VH Z an UI‘*.’EU*, ¢1> + <£L‘J}*, ¢2>\/<y*y7/¢)1> + <uyy*U*a ¢2>

wEU (M)

<IWVIL D fra(u){uatau®, 1) + (ea*, d2)

w€EU (M)

\/y Z/v?/h Z an Uyy*u*,l/f2>

IN

u€U (M)

= VI T (), 01) + (w2t 020y, 1) + Ty (7). 02) (0, € W),

Passing to the limit along V and taking (6.37) into account, we obtain:

0. (V) (@ )l < VIV trata, éi) + (o, o2) /gy, ) + (bryy*, ¥2)
= [VIV(traz*, ¢1) + (ea*, )/ (y*y, 1) + (try*y,v2)  (z,y € M).

Letting ¢ := %(gbl otr+ ¢2) and ¢ := %(1/}1 otr+ 1), we see that

10 (V) (2. y)| < 2V (zz*, 6)V/ {y y.0)  (a,y € M).

It follows that 6. (V) € £2.(9,C) (Why?), and we see from Theorem 6.5.5 that 0.(V) €
L5, - (M, C) with [|6.(V)||n- < 2||V|. Letting 6 := (6.)*, we obtain an 9-bimodule homo-
morphism from £3 . (9, C)* into £3,. (9, C)* with [|0]| < 2.

Let x =)0 2, ®y; € M@M. For (F,n) € F x N, let

n
Xpn =Y, Y [fea(y)zutuy;.

J=1 ueld (M)
For V € £2.(9M,C), we have then:

(V,0(x)) = (x,0.(V))

so that
X 1= w*—li\gan,n.

By w*-continuity, it follows that
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(A 0 0)(x) = w*- li‘gn Axp, = w*—li‘r}nz Z fen(wzy; = Ax.
J=1ucl(M)

Again by w*-continuity, this implies Ap » = Ay+06. O

Lemma 6.5.10 Let 9 be a properly finite W*-algebra. Then there is an 9M-bimodule ho-
momorphism 6: £i7w*(mt, C) — L2.(M,C) with ||0]| <1 and Ap e = Ay 0 6.

Proof As in the proof of Lemma 4.2.8, we find a sequence (p, )22, of pairwise orthogonal
projections in 9 such that p, ~ egy for all n € N. It follows that w*-1lim,, . p, = 0 (to
see this just think of 90t acting as a von Neumann algebra on a Hilbert space, and observe
that p, — 0 in the strong operator topology). By the definition of ~, there is a sequence
(v,)22; in Z(9M) such that v,v} = p, for n € N. Let U be a free ultrafilter on N, and define
an 9M-bimodule homomorphism 6, : £2. (9, C) — L2(IM, C) by letting

0.(V)(@,y) :=limV (wvg,vny) (V€ L3+ (M,C), z,y € M).

Fix V € £2. (9, C), and let ¢y, ¢2, 11,12 € S(OM) N M, such that

V(z,y)| < IVIIV (@ 2, 1) + (xz*, ¢2) /(. 1) + (yy*, ¥2)  (z,y € M).

Let x,y € B1[0,91]. Then we have:

|V(£U’l):,’l)ny)| é ||V||\/<’Un£L'*ZL"U:L, ¢1> + <$l’*, ¢2>\/<y*ya 7/11> + <’Unyy*’l);,¢2>
S ||V||\/<U7L’U;;a ¢1> + <ZE.I*, ¢2>\/<y*y7¢1> + <1}n’l},’:“ 7/12>

Taking limits along U, we see that

0. (V) (@, )| < VIV 2z, 62)V/ "y, 1) (2,9 € M),

The rest of the proof is just like that of Lemma 6.5.9. O

We are now ready for the crowning finale of this chapter:
Theorem 6.5.11 For a W*-algebra I, the following are equivalent:

i) 9 is Connes-amenable.
ii) M is injective.

(

(

(iil) 9 is semidiscrete.

(iv) 9M has a normal, virtual diagonal.
(

v) M has a normal, virtual diagonal of norm at most 2.

Proof (i) = (ii) is Corollary 6.2.8.

(ii) <= (iii) are Corollary 6.4.14 and Theorem 6.4.25.

(iv) = (i) follows from Theorem 4.4.15, and (v) = (iv) is trivial.

(ii) = (v): If 9 is finite or properly infinite, the claim follows from a combination of
Proposition 6.5.8 with either Lemma 6.5.9 or Lemma 6.5.10. Let 9% be arbitrary. Then there
is p € Z(M) such that My := pIN is finite and My := (egqn — p)M is properly infinite. By
the foregoing 9; has a normal, virtual diagonal M; of norm at most 2 for j = 1,2. Define
M € £2.(9M,C)* through
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(VM) := (Vl]on, xoty s M) + (Vo xom,, Ma) (V€ L2,.(M, C).

It is routinely checked (by you) that M is a normal, virtual diagonal with [|[M| < 2. O

And for general C*-algebras, the circle also closes:
Corollary 6.5.12 For a C*-algebra 2, the following are equivalent:

(i) A** is Connes-amenable, etc.
(ii) A is nuclear.

(iii) A s amenable.

(iv) &

iv) 2 is 2-amenable.

Proof Only (i) = (iv) still needs proof.
While proving Theorem 4.2.4, we already noted that each V € £2(2, C) has a unique

extension V. € L2.(A**,C). Let M € £2.(A**,C)* be a normal, virtual diagonal with
IM]| < 2. Define M € (A&2)** = £2(A,C)* by letting

(V,M) := (V,M) (V € L3(2,0)).

It is routinely checked (by you, again) that M is a virtual diagonal for 2(. O
We conclude this chapter with more examples of amenable C*-algebras:

Example 6.5.13 Let 2 be a C*-algebra. A composition series for 2 is an increasing family
(Ig)o<p<a, where « is an ordinal number, of closed ideals of 2 such that Iy = {0}, I, = 2,
and

Is=J I (6.38)

7<B

for each limit ordinal § < «. Suppose that 2( is postliminal (or GCR or smooth or of type

*-representation 7 of A on a Hilbert

I, whatever you prefer ... ), i.e. for each irreducible
space $), we have w(2) D K(9) (see, e.g. [Dixm 3] or [Ped] for further information); this
includes all C*-algebras of type Iy ([Ped, 6.1.6. Corollary]). By [Ped, 6.2.6. Theorem], there
is a composition series (Ig)o<g<a such that Igyq1/Ig is of type Iy for all 5 < o. We claim
that Ig is amenable for each 5 < a. Assume towards a contradiction that I is not amenable
for some 8 < «; by the well ordering principle, there is a minimal 8 with this property. This
means that I, is amenable — and thus 2-amenable by Corollary 6.5.12 — for all v < 8.
If 8 is a limit ordinal, (6.38) and Proposition 2.3.17 imply that Ig is also amenable and
thus contradict the assumption. If 3 is a successor ordinal, i.e. 8 = v 4 1 for some v < (3,
the quotient C*-algebra Ig/I, is of type Iy. By Example 6.4.30, it is nuclear and therefore
amenable by Corollary 6.5.12. Since I, is amenable due to the choice of 3, Theorem 2.3.10
yields the amenability of I3 and thus — again — a contradiction. Since A = I,, the C*-

algebra 2l is amenable.

6.6 Notes and comments

Theorem 6.1.7 is essentially [Was 1, (1.9) Corollary], but our approach is a bit different. In
[Was 1], S. Wassermann shows that a nuclear W*-algebra has to be subhomogeneous. Our
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proof of Theorem 6.1.7, which avoids the nuclearity-amenability nexus, is from [Run 4]. The
hardest part in the proof of Theorem 6.1.7 is certainly Example 6.1.5, i.e. the proof that
(-, M, is not of type (QE) and thus not amenable. Disturbingly enough, this is still
the easiest proof available for the non-amenability of £>°- @, | Ml,. Another drawback of
this proof is that it is unforgivingly W*-algebraic: There seems to be no way to adapt it to
yield the non-amenability of £>°- @7 | L(¢2) for p € [1,00]\ {2}. In his very recent preprint
[Rea 2], C. J. Read establishes the non-amenability of ¢>°-@. >, L(¢2) for p € [1,00] \ {2};
interestingly, his argument breaks down for p = 2. For W*-algebras which are biduals of
C*-algebras, Remark 6.1.9 can already be found in [L-L-W].

The notion of an injective von Neumann algebra seems to originate in [Conn 1]. Theorem
6.2.4 is [Tom, Theorem 3.1]. The central result of Section 6.2 is Corollary 6.2.8, which is
commonly attributed to A. Connes: In [Conn 2], he proves it under the additional hypoth-
esis that 9, is separable; his proof makes use of his deep automorphism group machinery
developed in [Conn 1]. The more elementary proof we present — and which does not require
any separability assumption — is due to J. W. Bunce and W. L. Paschke ([Bu-P]).

Tensor products of C*- and W*-algebras are treated extensively in the literature ([Sak],
[Tak 2], [Mur], [W-0O]). Our exposition only provides the bare essentials. The notion of
nuclearity for C*-algebras was first introduced (albeit under a different name) by M. Takesaki
in [Tak 1]; in particular, that paper contains Theorem 6.3.8. The adjective “nuclear” to
describe the C*-algebras characterized in Definition 6.3.4 is used for the first time in [Lanc 1].

That every semidiscrete W*-algebra is injective was established by E. G. Effros and E.
C. Lance in [E-L]; in the same paper Corollaries 6.4.8 and 6.4.15 are proved. The converse
implication has a more involved history: It was first proved by A. Connes for the case of a
factor acting on a separable Hilbert space ([Conn 1, Theorem 6]). Using some complicated
direct integral theory, M. D. Choi and E. G. Effros extended this result to every W*-algebra
that can be represented as a von Neumann algebra acting on a separable Hilbert space
([Ch-E 1]); this establishes Corollary 6.4.27 for separable 2. Later, Choi and Effros proved
Corollary 6.4.27 for arbitrary 2 by reducing it to the separable case ([Ch-E 2]). In [Was 2],
S. Wassermann modified Connes’ arguments and obtained a direct proof Theorem 6.4.25,
which not only worked for arbitrary W*-algebras, but also avoided the use of Connes’ theory
of automorphism groups. Subsequently, A. Connes indicated how Wassermann'’s proof could
be simplified even further ([Conn 3]). The proof we present is Wassermann’s, with Connes’
simplifications incorporated into it.

The Powers—Stgrmer inequality is from [P—St].

The statement made in Corollary 6.4.5 that every nuclear C*-algebra has the metric
approximation property allows for considerable improvement ([Ch-E 3]). The C*-algebra
C3, (F2) is not amenable, but nevertheless has the metric approximation property ([Haa 1]).

Normal, virtual diagonals occur for the first time in [Haa 2|, albeit only implicitly.
Although it is not formulated as a theorem, Haagerup shows in this paper that every injective
W*-algebra has a normal, virtual diagonal of norm one; from there, he obtains that every
nuclear C*-algebra is l-amenable. In particular, he obtains better estimates than we do
in Theorem 6.5.11 and Corollary 6.5.12. His proof, however, relies on the deep fact that

every injective W*-algebra is already approximately finite-dimensional (see below). Our more
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elementary approach to normal, virtual diagonals is due to E. G. Effros and A. Kishimoto
([E-K]). In [Eff], Effros gives a direct proof for the implication from Connes-amenability to
the existence of a normal, virtual diagonal; that proof is similar to that of Theorem 2.2.4.

There are further significant properties of W*-algebras that are equivalent to Connes-
amenability.

A von Neumann algebra 901 acting on a Hilbert space $) is said to have Schwartz’ property
(P) if, for each T' € L($), the weak operator closure of the convex hull of {uTu* : v € U(IM)}
has non-empty intersection with 9t ([Schwal). A proof for the implication that Schwartz’
property (P) implies injectivity is already contained in [Schwa] (5. Lemma). Although de-
fined for a von Neumann algebra acting on a particular Hilbert space, Schwartz’ property
(P) is in fact Hilbert space independent ([Hak]).

A W*-algebra 9 is called AFD (short for: approximately finite-dimensional) if there
is a directed family (91, )q of finite-dimensional W*-subalgebras of Mt such that |J, M, is
w*-dense in 9. It is relatively easy to see that an AFD W*-algebra is Connes-amenable
([J-K-R]). May we suggest the proof as an exercise? The converse is — in my opinion —
one of the most baffling results in operator algebra theory. It was originally proved for fac-
tors acting on separable Hilbert spaces by A. Connes ([Conn 1]). Later, an alternative proof
— still for factors on separable Hilbert spaces — was published by U. Haagerup ([Haa 4]).
Haagerup’s proof is easier than Connes’ in the sense that it avoids Connes’ automorphism
group machinery; it is still very impressive. A case in which Haagerup’s argument is particu-
larly easy is that of a properly infinite factor; in fact, as Haagerup remarks ([Haa 4, p. 200]),
it carries over to general properly infinite W *-algebras. A shorter argument for finite WW*-
algebras was subsequently given by S. Popa ([Pop]). With the usual structure theory, this
establishes that every Connes-amenable W*-algebra is indeed AFD. Since finite-dimensional
W*-algebras trivially have Schwartz’ property (P), this and [Schwa, 2. Lemma] imply that
every Connes-amenable W*-algebra has Schwartz’ property (P) as well.

There is also a characterization of the Connes-amenable von Neumann algebras in the
spirit of Chapter 5: A W*-algebra is Connes-amenable if and only if its predual is injective
([Hel 4]).

In [Joh 1], B. E. Johnson defined a unital C*-algebra 2 to be strongly amenable if, for
every Banach 2-bimodule and for every D € Z1(2A, E*), there is ¢ in the w*-closed, convex
hull of {—(Du) - uv* : v € U(A)} with D = ad, (a non-unital C*-algebra is defined as
strongly amenable if its unitization is strongly amenable). All postliminal C*-algebras are
strongly amenable ([Joh 1, Theorem 7.9]). Strong amenability implies symmetric amenability
([Joh 8]). The C*-algebras O,, with 2 < n < oo, as introduced by J. Cuntz ([Cun]), however,
are nuclear (and thus amenable), but fail to be symmetrically amenable ([Joh 8]).

In [Choi], M. D. Choi constructed a non-nuclear C*-subalgebra of O, thus showing that
amenability for C*-algebras does not always carry over to C*-subalgebras.

A C*-algebra 2 is called ezact if, for each short exact sequence
{0} =T —-B -8B/ — {0}
of C*-algebras, the sequence

{O} - Q[(gminj i m@rnin% - Ql(émm(%/l) e {0} (639)



190 6 C*- and W™-algebras

is also exact ([Kir 1]). Every quotient of a C*-subalgebra of a nuclear C*-algebra is exact
([Ar-B]). More generally, the class of exact C*-algebras is closed under taking quotients and
subalgebras ([Kir 2]). In [K—Ph], E. Kirchberg and N. C. Phillips show that every unital,
separable, exact C*-algebra has a unital embedding into Os, so that the class of separable,
exact C*-algebras consists precisely of the C*-subalgebras of separable, nuclear C*-algebras.

The notions of nuclearity, injectivity, semidiscreteness, and exactness all extend to the

context of operator spaces ([E-R]).



7 Operator amenability

Our discussion of amenability of von Neumann algebras showed that Definition 2.1.9 is not
well-suited to deal with every class of Banach algebras: Since it ignores the dual space struc-
ture of W*-algebras, it is too strong to encompass sufficiently many interesting examples.
The “right” notion of amenability for W*-algebras is Connes-amenability, which takes the
additional structure into account.

There is an analoguous situation for Fourier algebras of locally compact groups: For
all locally compact abelian groups G, the Fourier algebra A(G) is amenable, but there
are compact groups G, for which A(G) fails to be amenable. Hence, already for very well
behaved groups G, the Fourier algebra A(G) behaves badly (if we define good behavior as
being amenable).

The reason why Definition 2.1.9 is inappropriate to characterize the Fourier algebras of
amenable, locally compact groups is that — as for von Neumann algebras — it ignores an
important additional structure of Fourier algebras: They are not only Banach algebras, but
operator Banach algebras (Definition D.4.1) in a canonical way (Examples D.4.3(c)). In order
to capture the amenability of a locally compact group G through some sort of amenability of
A(G), we have to develop a notion of amenability that recognizes the operator space structure
which A(G) has as the predual of VN(G). This notion is called operator amenability, and
as we shall see, G is amenable precisely when A(G) is operator amenable.

Of course, a discussion of operator amenability requires a certain background in the
theory of operator spaces. The definitions and results needed in this chapter are collected in
Appendix D.

7.1 Bounded approximate identities for Fourier algebras

If G is a locally compact, abelian group with dual group I', then A(G) = L(I') is certainly
amenable. So, which are the locally compact groups G for which A(G) is amenable?

We will first deal with a seemingly more modest question: For which locally compact
groups G does A(G) have a bounded approximate identity?

We start with a lemma that improves Exercise 1.1.6(ii):

Lemma 7.1.1 Let G be an amenable, locally compact group. Then, for each compact subset
K of G and each € > 0, there is f € P(G) such that

16 % f = fl <e (g9 €K).

V. Runde: LNM 1774, pp. 191-207, 2002
(© Springer-Verlag Berlin Heidelberg 2002
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Proof Fix a non-negative function fo € P(G). Since A1 is a representation of G on L!(G),
there is a neighborhood U of e in G such that

184 * fo = folli = 1M (9)fo — fol < g (g e U). (7.1)

Since G is amenable, there is a left invariant mean on L*°(G); in fact, as an inspection of
the proof of Theorem 1.1.9 shows, this mean can be chosen to be even topologically left

invariant. Proceeding as in Exercise 1.1.6, we obtain a net (f, ), in P(G) such that
If % fa = fali =0 (f € P(G))
and thus, in particular,
165 % fo* foa = falli =0 (9 €G). (7.2)

Since K is compact, there are g1,...,9, € K such that K C U?:l Ug;. By (7.2), there is
fao € P(G) such that

€ €
n VRl

||6gj*f0*fa07f(xo“1< (]:1,,?1) a’nd HfO*fozgffongl<

4 4
so that
169, * fo * fao — fo * faolln
€ .
< |10g; * fo * fao = faollt + 1 fo* fao = faoli <5 (G =1,...,n). (7.3)

2
Let f:= fo* fa,, and let h € K. Then there is j € {1,... ,n} such that hgj_1 € U. We then

obtain:

l[6n * f = £l

= By % 8y % fo * Fag — o foull

< Wgr % B, % fo Fno = Byt * o r Faglln A Ipgs % Jo * oo = fo ¢ fagll
= 1109, * fo* fao = fo * faollt + 10451 * fo = fola

(Why do we have equality here?)

18,1 % fo— folli. by (73)

€
27

AN
QN NCRIC W NCNIC

+
+ by (7.1), since hg;1 e,

This proves the claim. 0O
Let G be a locally compact group. We denote the norm closure of Xy(L'(G)) by C5, (G).

Exercise 7.1.1 Let G be a locally compact group.
(i) Show that the module action of A(G) on VN(G) = A(G)* restricted to X2(L'(Q)) is given

by pointwise multiplication:
2D =%@)-F=X(]) (FeAQ), fell(q))

(ii) Show that C3,(G) is a closed A(G)-submodule of VN(G).
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Exercise 7.1.2 Let G and H be locally compact groups. Show that
C3, (G x H) 2 C3,(G)®minCx, (H).
Lemma 7.1.2 Let G be a locally compact group. Then the following are equivalent:

(i) There is ¢ € C3,(G)* such that

fro=0-f=F (feAQ)).

(ii) Thereis ¢ € VN(G)* such that

fro=0-f=f (f€AQ)).
Morover, if (i) and (ii) hold, then ¢ in both (i) and (ii) can be chosen as a state.

Proof (i) = (ii): We may view ¢ as an element of C§_(G)***. The universal property of
C3,(G)™ implies that A2 has an extension Az to C§, (G)** as a W*-representation with range
VN(G). Let p € Z(C5,(G)**) be such that Ay restricted to pC5, (G)** is an isomorphism
onto VN(G). We may thus view p - ¢ as an element of VN(G)*. We obtain:

(T f-o=f-(p-0)=(T-fi¢=—p-¢)=0 (f€AG), TecVN(G)).

It follows that

f--o)=@-0)-f=f (f<€AQ)).

(ii) = (i): Restrict ¢ to C5, (G).

Suppose that (i) holds. It follows from Exercise 7.1.1(i) that the module action of A(G)
on Cf,(G)* C L>(G) is given by pointwise multiplication. Hence, ¢ as in (i) is equal to the
constant function 1. This implies that ¢ is multiplicative and thus a state. Our argument
for (i) = (ii) shows that if ¢ in (i) is a state, then ¢ in (ii) can also be chosen as a state.
O

Theorem 7.1.3 (Leptin’s theorem) The following are equivalent for a locally compact

group G:

(i) G is amenable.
(ii) A(G) has an approzimate identity bounded by 1.
(iii) A(G) has a bounded approzimate identity.

Proof (i) = (ii): Let (fa)a be a net in P(G) such that

”69 * fo — fa”l —0

uniformly on all compact subsets of G (the existence of such a net is guaranteed by Lemma
1

7.1.1). Let (£4)a be defined by &, := f2. Then (£,)q is a net in L?(G) with [|£,]|2 = 1 such

that — as a consequence of Exercise 4.4.5 —

[A2(9)€a — &all2 = 0
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uniformly on all compact subsets of G. It follows (How?) that

Xe(f)éa = (£, Déalla =0 (f € LNG)).
Define (eq)q by letting e, := &q % €q; then (eq)q is a net in A(G) bounded by one such that

‘<€a7 S‘Q(f» - <f7 1>| = |<5‘2(f)§ou€a> - <f7 1><€a7§a>|
< A2(Néa = (£ 1)Eall2
-0 (felL'q)).
It follows that the L*°-function ¢ = 1 has a continuous extension ¢ to C5, (G), namely the
w*-limit of (en)a in C},(G)*. It is clear that
fro=0-f=f (f€A)).
By Lemma 7.1.2, there is E € VN(G)* = A(G)** such that

[-E=E-f=[f (f€AQG).
Also by Lemma 7.1.2, we may suppose that |E| = 1. Let (é,) be a net in B1[0, A(G)] such
that é, — E in the w*-topology. It follows that
f=w-lim fé, = w-limé, f (f € A(G)).

Passing to convex combinations, we obtain an approximate identity for A(G) bounded by 1.

(i) = (iii) is trivial.

(ili) = (i): Let (en)a be a bounded approximate identity for A(G). Without loss of
generality suppose that (e, ), has a w*-limit ¢ € VN(G)*. It is clear that

f-o=0-f=F (f€AQG).

By Lemma 7.1.2, we may suppose that ¢ € S(VN(G)). Since S(VN(G))NA(G) is w*-dense
in S(VN(G)), we can find a net (f3)s in S(VN(G))NA(G) with ¢ = w*-1limg fz. Note that
fs — 1 pointwise on G. By Theorem A.3.8, there is a net (£5)s in L?(G) with [|&s]] = 1
such that fg = &3 * Eﬁ (Why precisely?). We then have:

A2(9)&s — &5l = (A2(9)€s — &8, A2(9)Ep — &)
IA2(9)€s113 + [1€5115 — 2Re (A2(9)€s,&s)

= 2(1 — Re f3(9))
-0 (g € Q).

Let mg := £5€p (pointwise product). Then mg € P(G), and

18 % ms —mpll < [(A2(9)€8)A2(9)Es — (N2(9)€8)Eal11 + [[(A2(9)€8)Ep — €n€slln
< [X2(9)€slllr2(9)€s — Epll2 + [1X2(9)85 — Esll211E5112
= 2[[A2(9)¢s — &5l
— 0.
Any w*-accumulation point of (mg)g is then a left invariant mean on L>*(G). O

Corollary 7.1.4 Let G be a locally compact group such that A(G) is amenable. Then G is

amenable.
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7.2 (Non-)amenability of Fourier algebras

In view of how nicely the notions of amenability for Banach algebras and for locally compact
groups have been fitting together so far, one might be tempted to conjecture that the converse
of Corollary 7.1.4 is true as well. As we shall see, this is not the case: There are compact
groups G such that A(G) fails to be amenable.

Definition 7.2.1 Let G be a locally compact group. A unitary representation 7 of G on a
Hilbert space $) is called irreducible if $ and {0} are the only closed subspaces of §) that are
invariant under 7(G). The dimension dim 7 of 7 is defined as the Hilbert space dimension
of the space 9.

Definition 7.2.2 Let G be a locally compact group, and let 7 and p be unitary represen-
tations of G on Hilbert spaces $ and R, respectively. Then 7 and p are called unitarily
equivalent, if there is a unitary U € L($), R) such that

plg) =Un(g)U" (g9 €G).

It is easy to see that if two unitary representations of a locally compact group are
unitarily equivalent and one of them is irreducible, then so is the other. Also, any two

unitarily equivalent unitary representations have the same dimension.

Definition 7.2.3 Let G be a locally compact group. Then G denotes the collection of equiv-
alence classes of irreducible unitary representations of G with respect to unitary equivalence.

Remark 7.2.4 If G is abelian, then the irreducible, unitary representations of G are one-
dimensional. Hence, two irreducible, unitary representations of G are unitarily equivalent if
and only if they coincide. It follows that G can be identified with the dual group of G.

For the sake of notational simplicity, we will use the same symbol for an irreducible,

unitary representation of a locally compact group G and for its equivalence class in G.
Theorem 7.2.5 Let G be a compact group. Then dimn < oo for each 7 € G.

Exercise 7.2.1 Read and understand the proof of the preceding theorem ([H-R, (22.13) Theorem])
in [H-R].

Let G be a locally compact group, and let m be a unitary representation of G on a
Hilbert space $3. Then we obtain a *-representation 7 of L!(G) on $), i.e. a *~homomorphism
7: LYG) — L(9) by letting

F(F)Em) = /G f@)m(@)e.m) dmalg)  (f € L'(G)). (7.4)

If G is compact and 7 is irreducible, 7 is a *~homomorphism into Mgy ~, so that Tr7(f) is

well-defined for f € L!'(G) where Tr is the canonical trace on Mgy, . Note that, if 71 and

Ty have the same equivalence class in G, then Tr 7, (f) = Tr@a(f) for f € LY(G) (Why?).
In the sequel, we denote the nuclear norm on M, by || - ||z

Proposition 7.2.6 Let G be a compact group. Then:
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(i) An element f € L*(G) has a representative in A(G) if and only if
> (dim ) |7 (f)|la < o0;
el
in this case, we have
1 la) = Y (@mm)||7(f)]a-
e
(ii) If ¢: G — Unen My, is a function such that ¢(7) € Maim » for each m € G and
> (dimm)|[¢(m) |l < oo,

TFEG

then there is f € A(G) such that 7(f) = ¢(x) for all w € G.
(iii) If f € A(G), then

fleg) =Y (dimm)Tr #(f).

TeG

Exercise 7.2.2 Identify the statements of Proposition 7.2.6 in [H-R, §34] and understand their
proofs (the notation of [H-R] is different from ours; for example, G is denoted by ¥ and A(G) is
by R(G)).

Exercise 7.2.3 Let G be a compact group, and suppose that mg(G) = 1. Show that L?(G) and

A(QG) are Banach algebras with respect to convolution.
Definition 7.2.7 Let G be a compact group. Then A (G) denotes the range of the map
7: A(G)BA(G) = A(G), fogr fxg
equipped with the quotient norm || - ||, induced by +.
There is an analogue of Proposition 7.2.6 for A, (G):

Proposition 7.2.8 Let G be a compact group.
(i) An element f € L'(G) has a representative in A,(G) if and only if
D (dimm)? |7 (f) v < oo;
re@@
in this case, we have
£l = (dimm)?[7(f) |-
re@@
(i) If p: G — Unen My, is a function such that ¢(m) € Maim~ for each m € G and
> (dim )| ¢(m) | < oo,

ﬂeé

then there is f € Ay(G) such that 7(f) = ¢(m) for all w € G.
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Proof First observe that, for each m € G, the operator v drops to a metric surjection
Yo : Mdim #@Mdim+ — Maimx, where Mg« is equipped with || - |»- (Why is this true?).
The result then follows from Proposition 7.2.6. O

Exercise 7.2.4 Work out the proof of Proposition 7.2.8 in detail.

We now establish, for a compact group G, a link between the amenability of A(G) and
the existence of certain nets in A, (G):

Lemma 7.2.9 Let G be a compact group such that A(G) is amenable. Then there is a
bounded net (fo)a in Ay (G) such that:

() [Ifaflly = 0 for each f € Ay(G) with f(eq) = 0;
(11) fa(eG) — 1
(i) fa € Z(L1(G)).
Proof Let (m,), be an approximate diagonal for A(G). Define
7 A(G)®AG) — A(G), feg—(f®g).

It is easy to see that ¥ is a continuous map onto A, (G). Let f, := §(my,), so that the net
(fa)a is bounded in A, (G).

Let f € A(G)®A(G) belong to ker A 4(g). Then it follows easily (Provide the details!)
that m, e f — 0. Define A,.: C(G) — C(G x G) by letting

(A f)(g,h) == f(gh™")  (g9.h€q).

It is not hard to see (again: provide the details) that (A.(§(my)))« is also an approximate
diagonal for A(G), so that A,(¥(m,))ef — 0 holds. Let f € A,(G) be such that f(eq) = 0.
By Exercise 7.2.5 below, it follows that A,f € A(G)®A(G), and f(eg) = 0 implies that
A f € ker Ay(g). We then have:

A*(faf) = (A*fa) b (A*f) = A*(ﬁ/(ma)) o A f —0.

Since, again by Exercise 7.2.5 below, A, : A,(G) — A(G)®A(G) is an isometry, it follows
that |[fafll, — 0.

Since A(G) is unital (Why?), Aagyma — eq(g). Viewing each m, as a function on
G x G, we thus obtain:

falee) = F(ma)(ea) = /G ma(g,g) dme(g) — 1.

This proves (ii).
For (iii), replace the net (f,)q be the net (f!), defined through

fuy = [ falahg™)dmela) (€ G)
where ma(G) = 1. It is not hard to check that, if (f, ) satisfies (i) and (ii), so does (f%)a,
and from the definition it is immediate that (f.,), lies in Z(LY(G)). O

Exercise 7.2.5 With notation as in the proof of Lemma 7.2.9, show that A, maps A, (G) into
A(G)®A(G) and that A.|4_ (g is an isometric right inverse of 4.
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We can now show that A(G) is not amenable for certain compact groups G:

Theorem 7.2.10 Let G be an infinite compact group such that, for each n € N, the set
{r e G:dimn =n} is finite. Then A(G) is not amenable.

Proof Assume that A(G) is amenable, and let (fa)a be a net in A,(G) as specified in
Lemma 7.2.9. Let C' > 0 be such that sup,, ||fa|ly < C. By Proposition 7.2.8(i), we have

S (dimm)? 7 (fa)l < C.

TeG
Since || - ||y > || - |loo, Lemma 7.2.9(i) implies that f, — 0 uniformly on compact subsets of
G\ {eg}. From (7.4), it is then follows that 7(fs) — 0 for all 7 € G (here we need the fact
that G is infinite, so that mg({eg}) = 0). Fix N € N. Then we have:

Yo @mm)|F(f)lw = Y (dimm)[a(fa)lly+ Y (dimm)[|7(fa)lla

py=te] rel el

dim <N dim 7> N
< Y (dimm)||F(fa)] |N+ Y (imm)?[7(fa)lla
TeG T€G
dim 7<N dim 7> N
. - C
< Y @mmFfa)ly + 5
dilzer<N

Let € > 0, and choose N € N so large that % < 5. We obtain:

S mmF(fa)lv < Y @immllF(fa) e+ 5 (7.5)
TrEG dir::iG;N

The hypothesis on G implies that the second sum in (7.5) is finite, so that

> @mm)F(fa)ly < 5

TG
dim n<N

for large «; it follows that
> (dimm)|[7(fa)lla <€
red
for large . Hence, we have
> ([@dma)||7(fa) | — 0. (7.6)
el

By Lemma 7.2.9(iii), the net (f,)s belongs to Z(L'(G)). Consequently, for each 7 € G,
the net (7(fa))a lies in Z(Mgim =) = CEgim x, s0 that ||7(fa)llx = |Tr7(fo)|- It follows that

|faleg)] = Z(dim )Tr 7 (fa)l by Proposition 7.2.6(iii),
re@

> (dim )| Tr #(fa)|

re@

= > (dimm)[|7(fa)lln

re@@
— 0, by (7.6).

IN
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But this contradicts Lemma 7.2.9(ii) O

Example 7.2.11 By [H-R, (29.37) Theorem], the special orthogonal group SO(3) satisfies
the hypothesis of Theorem 7.2.10. Hence, A(SO(3)) is not amenable.

7.3 Operator amenable operator Banach algebras

The Fourier algebra of a locally compact group G is not only a Banach algebra, but —
equipped with its operator space structure as the predual of VN (G) — an operator Banach
algebra (Examples D.4.3(c)). As will become apparent in the next section, we have to take
this operator space structure into account if we want to obtain a satisfactory notion of
amenability for A(G).

In this section, we develop a notion of amenability for arbitrary operator Banach algebras.
Most of it parallels our discussion in Sections 2.1 and 2.2, so that we leave the proofs
as exercises to the reader. The necessary background information on operator spaces is

assembled in Appendix D.
Definition 7.3.1 Let 2 be an operator Banach algebra. A an operator space E which is
also a left A-module is called left operator A-module if the bilinear map

Ax E—FE, (a,x)—a-x

is completely bounded.
Right operator 2-modules and operator 2-bimodules are defined analoguously.

Exercise 7.3.1 Let 2 be a Banach algebra, and let £ be a Banach module (left, right or bi-).
Show that M AX (E) is an operator M AX (2)-module.

Exercise 7.3.2 Let 2 be an operator Banach algebra, let E be a left operator 2-module, and let

F be a right operator 2-module. Show that EéF is an operator 2-bimodule in a canonical fashion.

Exercise 7.3.3 Let 2 be an operator Banach algebra, and let E be an operator 2A-module (left,
right, or bi-). Show that E* with the corresponding dual module action is again an operator -

module (right, left, or -bi, respectively).

We can now define operator amenability:

Definition 7.3.2 Let 2 be an operator Banach algebra. Then 2 is called operator amenable
if, for every operator 2-bimodule F, every completely bounded derivation D: 2 — E* is

inner.

It is clear that an operator Banach algebra which is amenable as a Banach algebra is
operator amenable. As the example of certain Fourier algebras will show, the converse is not
true.

Exercise 7.3.4 Let 2 be an operator amenable operator Banach algebra. Show that 2 (as a Banach
algebra) has a bounded approximate identity.

Approximate and virtual diagonals have their analogues for operator Banach algebras:
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Definition 7.3.3 Let 2 be an operator Banach algebra.

(i) An element M € (Qlé)?l)** is called a wirtual operator diagonal for 2 if
a-M=M-a and a-AFM=aq (a € 2A).
(ii) A bounded net (m, ), in ASA is called an approximate operator diagonal for 2 if
a-myg—mgy-a—0 and algm, — a (a ).

There is a perfect analogue of Theorem 2.2.4 for operator amenability:
Theorem 7.3.4 For an operator Banach algebra 2 the following are equivalent:

(i) A is operator amenable.
(ii) There is an approzimate operator diagonal for 2.

(iii) There is a virtual operator diagonal for 2.

Exercise 7.3.5 Prove Theorem 7.3.4. (Hint: For (ii) = (i), first show as in Proposition 2.1.5 that

is is sufficient to consider the duals of pseudo-unital operator modules.)

Exercise 7.3.6 Let 2 be a Banach algebra. Show that 2 is amenable if and only if MAX () is

operator amenable.

7.4 Operator amenability of Fourier algebras

In this section, we shall prove that a locally compact group G is amenable if and only if its
Fourier algebra A(G) is operator amenable. The difficult direction is

G amenable — A(G) operator amenable.

We shall use the characterization of operator amenability through approximate diagonals
given in Theorem 7.3.4.

For our first lemma, note that, for any locally compact group, the canonical A(G)-
bimodule action on A(G)é}A(G) ~ A(G x G) extends canonically to B(G x G) (How?).
Also note that A: A(G)éA(G) — A(G) is given by restricting a function in A(G x G) to
{(g,9) : g € G}; thus A extends canonically to an operator from B(G x G) to B(G).

Lemma 7.4.1 Let G be an amenable, locally compact group, and suppose that there is a
bounded net (mqy)q in B(G x G) such that

If - ma —ma - flaexe) =0 (f € A(G)) (7.7)

and

IfAme = fllpe —0  (f € A(G)). (7.8)

Then A(G) is operator amenable.
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Proof By Theorem 7.1.3, A(G) has a bounded approximate identity, say (eg)g. Since A(G x
G) is a closed ideal in B(G x G) (Theorem A.3.13), the net (eg-mq-€g)a,3 is an approximate
operator diagonal for A(G). O

Hence, in order to show that A(G) is operator amenable for an amenable, locally compact
group G, it is sufficient to find a net in B(G x G) as described in Lemma 7.4.1. This net

will eventually consist of elements of the form

me: G x G —C, (g,h)— (Aa(g)p2(h)E, ),

where ¢ € L?*(G) is a unit vector; it is immediate from Theorem A.3.11(i) that me¢ €
B(G x G).
Let G be a locally compact group, and define V € £(L?(G)) through

(VO(9) = A9) 2ég™")  (E€L*(G). g€ ).
It is easily seen (Check it!) that
p2(9) =V h(g)V (g €G), (7.9)
Also define W € L(L?(G x GQ)) by letting
(We)(g,h) :==E(g.gh) (£ € L*(G x @), g,h € Q).
Exercise 7.4.1 Let G be a locally compact group. Show that
(V' @idp2e) )W =W((V" ®idr2q))

Lemma 7.4.2 Let G be a locally compact group, and suppose that there is a net (£u)a of
unit vectors in L?(G) such that

W (& ®n) — (@] —0  (neL*G))

and

[A2(9)p2(9)6a — &all = 0

uniformly on all compact subsets of G. Then the net (me,)a n B(G x G) satisfies the
hypotheses of Lemma 7.4.1.

Proof Let f € A(G). We may suppose (Why?) that
flg)=Nalg)n,m)  (9€G) (7.10)

for some 7 € L?(G). From Remarks A.3.12(a), we conclude that

(f ' m€u)<g?h) = <)‘2(g>777n><)‘2(g)V*)\2(h)V£aa£a>a by (79>7
= ((M2(V (R)V @ Xa2(9))(la ®n),6a®n)  (9,h € G). (7.11)

By Exercise 7.4.1, we have as well:
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(me, - f)(g,h)

= (A2(9)V" A2 (h)V&a, Ea) (A2 (h)n, m)

= ((M2(9) ®idr2(e) (VA2 (R)V @ A2 (h))(€a @ 1), €a @ 1)

= ((A2(9) ®1dr2(c)) (V" ®idr2(q)) W (A2(h) @ idp2 ) )W(V @ idL2(6)) (§a ® 1),

)

= (W*(A2(9) ®@idp2(a)W (V' ®@1idr2(q))(A2(h) @ idp2 (@) (V @ idpz ) W (€a @ 1),
W*(€a ®@n))

= ((A2(9) ® X2(9)) (V" A2 (M) V @ id L2 () W™ (§a @ 1), W* (€a @ 1))

= ((A2(DV XMV @ X (g))W* (Lo @n), W (a®@n)  (9,h €G). (7.12)

Combining (7.11) and (7.12), we see that

(f -me ) (g, h) — (me,, - f)(g,h)
= ((A2(9)V" A2 (M)V @ X2(9)) (§a @ M), Ea @ 1)
—({(A2(@)V X2 (M)V @ A2 (9)) W (§a @ 1), W (§a @ 1)
= ((A2(9)V " X(M)V © A2(9))(§a ®@n — W (a @ 1)), {0 @ 1)
{29V A2 (R)V @ Ao ()W (Ea @), (o @ =W (& @) (9,0 € G).

From Theorem A.3.11(i), it follows that

If - me, —me, - fllpaxe < 2nllllée ©n—W"(&a @0
= 2[In[[|W(§a ®n) — &a @ 7|

— 0.

This establishes (7.7).
To prove that (mg, ). satisfies (7.8), we may suppose that n in (7.10) belongs to Coo(G).
We have:

(fAme,)(9)
= fl9)me.(9,9)
= (A2(9)V"X2(9)VEa, €a)(A2(9)n, m)
= ((A2(9) ® A2(9))(idr2(q) @ V A2(9)V) (1 @ &a), 1 @ &a)
= (W (Aa(g) ®@idL2(c))W(idL2(q) @ Vi A2(9)V) (1 @ &a), 1 © &a)
= (W*(A2(9) ®idr2(e))(drze) @ VX (g)VIW( @ &) n®&a)  (Why?)
= (W7 (idr2(e) @ V*)(A2(9) ® A2(9))(idr2) @ V)W (n ® &a),n ® &a)
= (W*(idp2q) @ V)W (A2(g) @ idp2(q)) W (idp2 () @ VIW(n @ €a),n @ &a)
= ((A2(9) ®idr2(e)(idr2 @y @ V)W (idr2qy @ V)W (n @ ),
W(ide ey @ V)W ®&)) (g€ G).

It follows that:
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(fAme,)(9) — f(g)
= ((A2(g) ®idr2(@))(dr2(q) @ V)W (idp2 gy @ V)W (n @ €a),
W(idpz(q) @ VIW(n ® &a))
—{(A2(g) ®idr2) (@ &a) N © &a)
= ((A2(9) ®1dp2(6)) (W(idr2(c) @ VIW(n @ &) = n® &a), W(idr2(q) @ V)W (n @ &a))
+{(A2g9) ®idr2(c) (N ® &), W(idr2 () @ VIW (@ &) —n®&a) (9 € G).

Hence, we obtain:
Ilf Ame, — fllBe) < 2IlI[W({deeqy @ V)W @&a) — 1@ &all- (7.13)
Let K := supp(n). Since [|A2(g)p2(9)§a — &all — 0 uniformly on K, we obtain:
[W(idr2g) @ VIW(n® &) — n @ &al?
- /G/G (W (idr2) @ V)W) (1 @ €a)(g, h) — (1 ® ) (g, h)|* dme(h) dma(g)

= [ [ |a@ tnwtatahg™) = noa®] dme(h) dma(o)
= [ o) [ |ato) Heatahg™) = &ah)]” dmo(h) dmeto)
= [ @) Ixaa)pa0)6a — ol dmo)

Together with (7.13), this yields (7.8). O
For an amenable, locally compact group G, we are therefore left with the task of finding
anet (£4)q of unit vectors in L?(G) that satisfies the conditions of Lemma 7.4.2 ...

Theorem 7.4.3 Let G be a locally compact group. Then the following are equivalent:

(i) G is amenable.
(ii) A(G) is operator amenable.

Proof (ii) = (i): If A(G) is operator amenable, it has a bounded approximate identity by
Exercise 7.3.4. By Theorem 7.1.3, G is amenable.

(i) = (ii): Let K C G be compact and let € > 0. By Lemma 7.1.1, there is fx . € P(G)
such that

164 % fr,e — frellh <€ (g€ K).

We may suppose that fx . € Coo(G). Let 4 be the basis of all compact neighborhoods of eg.
For U € 4, define:

fore(g) = ﬁw) /G free(W)xu (At gh) A(R) dmg(h) (g € G).

It is routinely checked (by you) that fu i . € P(G).
We have:
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109 * fu, ke ¥ g1 — fu,k el

: F)xo (kg hgk) AK) Alg) dime (k)
mg(U

_ / fK,6<k>xU<k-1hk>A<k>dmc<k>] dme(h)

/fKe xu (k™ hk)A(k) dme (k)
7/ fK7€(k)XU(k71hk)A(l€) dmc(k'>‘ dmg(h)

G—//\fmg k) — fr.o(k)|xu (k™ hk) A(k) dmg(h) dma (k)

- m
- ”(Sg*fK,e fK,€||1
<€ (g € K).

It follows that
16g * fu,i,e ¥ 0g-1 — fur,ell1 — 0

uniformly on all compact subsets of G. Let &y i = fg_’ K As in the proof of Theorem
4.4.13, we see that

IX2(9)p2(9)éu, ke — Eu,K,el| — O

uniformly on all compact subsets of G.
Fix n1,...,n, € L?(G). Since )\ is continuous with respect to the strong operator
topology on L?(G), there is Uy € U such that

/3 n;(gh) —n;(R)]> dma(h) = [A2(g~ ) —mill5 <€ (g€l j=1,...,n).

For any K C G compact and € > 0, let C' := supp(fk.). By [H-R, (4.9) Theorem|, we may

suppose without loss of generality that
gUog™ ! C Uy (g €C).
Let U € 4 be contained in Uy. For j =1,... ;n, we obtain:
W (Ev,rc.e @ 15) = Evc.e @ 2
= [ [ v xc@)Plna) = ny (0 dm(9) dma ()
= [ | foncainy(ah) =, 00 dmo () dma (1)

- / / (ﬁ / fKﬁ(k)xU(k—lgk—l)A(k)dmc<k))

nj(gh) — ( )[dme(g) dme(h)

/ Frcelh ( ( / In(kgh~1h) — (h)|2de(h)) dmc(g)) dma (k)

<e (Why?).
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It follows that ({u,x,¢)v,x,e has a subnet (§,)q such that
IW(Ea®n) —Ea@nll =0 (neL*q)).

From Lemmas 7.4.2 and 7.4.1, we conclude that A(G) is operator amenable. O

Example 7.4.4 As we saw immediately after Theorem 7.2.10, A(SO(3)) is not amenable.
Nevertheless, it is operator amenable by Theorem 7.4.3.

Remark 7.4.5 The previous example also shows that operator amenability depends very
much on the particular operator space structure on a Banach algebra: A(SO(3)) is operator
amenable with respect to its operator space structure as the predual of VN(SO(3)). On the
other hand, M AX (A(SO(3))) is not operator amenable by Exercise 7.3.6.

Exercise 7.4.2 In [Los], V. Losert shows that, for any locally compact groups G and H, that
A(G)RA(G) = A(G x H) (not necessarily isometrically) if and only if G or H has a closed, abelian
subgroup of finite index. Use this result to show that A(G) is amenable for any locally compact

group G with a closed, abelian subgroup of finite index.

7.5 Operator amenability of C*-algebras

By Examples D.4.3(b), each C*-algebra is canonically an operator Banach algebra. So, what
is the deeper meaning of operator amenability for C*-algebras?

As it turns out, for C*-algebras, amenability and operator amenability coincide:
Theorem 7.5.1 Let A be a C*-algebra. Then the following are equivalent:

(i) 2 is amenable.

(ii) A is operator amenable.

Proof (i) = (ii) is true for any operator Banach algebra.

(ii) = (i): Without loss of generality suppose that 2 is unital (Why?). By Theorem
7.3.4, there is a virtual operator diagonal M € (QIQ%QI)** By Theorem D.3.9, the identity
on 2 ® A extends to a complete contraction 6 : ADA — AR,A. Let M := §**(M). Then
M € (ADpA)** = L2 (A, C)* satisfies

a-M=M-a and adj.,M=a (a e?A).

Arguing as in the proof of Corollary 6.5.12, we conclude that 2 has a virtual diagonal and
thus is amenable by Theorem 2.2.4. 0O

7.6 Notes and comments

Theorem 7.1.3 is due to H. Leptin ([Lep]); an alternative proof was later given by A. De-
righetti ([Der]): Our proof of (iii) = (i) is patterned after his approach. Both in [Lep]
and in [Der], (i) = (ii) is proved with a Fglner type condition. The statement of Theorem
7.1.3 remains true if we replace the Fourier algebra by any Figa-Talamanca—Herz algebra
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(see [Pie]). The free group in two generators is not amenable, but, nevertheless, A(Fs) has a
(necessarily unbounded) approximate identity ([Haa 1]). For any locally compact group and
f € A(G), the multiplication operator Ly is completely bounded by Examples D.4.3(c) and
Remarks D.4.2(a). If A(G) has an approximate identity (eq)q such that (L, )q is bounded
in Lp(A(G)), the group G is called weakly amenable ([C-H]): Amenable and free groups
are weakly amenable whereas certain Lie groups aren’t. By sheer coincidence, we thus have
weakly amenable Banach algebras and weakly amenable, locally compact groups, although
these notions are essentially unrelated.

Theorem 7.2.10 is due to B. E. Johnson ([Joh 7]). If G is a compact group such that
{dim7 : 7 € G} is bounded, then A(G) is amenable ([Joh 7, Theorem 5.3]); this is a
particular case of Exercise 7.4.2 ([L-L-W, Corollary 4.2]). On the other hand, A(SO(3))
is not even weakly amenable ([Joh 7, Corollary 7.3]). Amenability and weak amenability of
the Fourier algebra are further investigated in [L-L-W] and [For].

Operator amenability for operator Banach algebras was introduced in [Rua 2]; Theorems
7.4.3 and 7.5.1 are also from that paper.

For a locally compact group G, the pair (A(G),VN(G)) is an example of a Hopf~von
Neumann algebra. In [Rua 3], the operator amenability of the preduals of general Hopf-von
Neumann algebras is discussed. In fact, (A(G),VN(G)) is even a Kac algebra, i.e. a Hopf-
von Neumann algebra with additional structure (see [E-S] for the definition). Operator
amenability seems to be particularly well-suited to the study of Kac algebras ([Rua 3] and
[R-X]).

Hochschild cohomology with coefficients in (particular) operator bimodules and with
completely bounded cochains has been studied for quite some time for von Neumann algebras
(see [S—S]). The approach in [S—S], however, does not carry over to arbitrary operator Banach
algebras: The underlying homological algebra is based on the Haagerup tensor product, so
that it works only for closed subalgebras of £($) for some Hilbert space $; for general
operator Banach algebras, however, we need a homological algebra based on the operator
projective tensor product. The development of a homological algebra with respect to the
Haagerup tensor product — analoguous to Banach homology —, still seems to be in its
initial stages (see [Hel 7] for some remarks). There are some partial results: In [Pau 2], for
instance, Hochschild cohomology with completely bounded cochains for such algebras is
described in terms of Ext-groups (analoguously to Theorem 5.2.28); see [Ari 1] and [Hel 8]
for further results in this direction.

In [R-X], it is shown for general operator Banach algebras that operator amenability
has a characterization in terms of the splitting of certain short, exact sequences (similar to
the one given for amenability in Exercise 2.3.8). In fact, the basics of Banach homology —
such as Theorem 5.2.28 — carry over to the operator space/Banach algebra/Banach module
world relatively painlessly (see [Ari 2] and [Woo 1]).

Of course, one can define operator variants of amenability-like properties such as super-
amenability, weak amenability, biprojectivity, etc. In [Ari 2], O. Yu. Aristov systematically
develops a theory of operator biprojective operator Banach algebras which pararllels the
theory of biprojective Banach algebras; in particular, there is an operator analogue of Seliv-

anov’s structure theory for biprojective Banach algebras. The results existing so far further
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confirm that the operator space structure of A(G) for a locally compact group G is crucial
when it comes to amenability, biprojectivity and related properties: N. Spronk showed that
A(G) is always operator weakly amenable, i.e. that every derivation from A(G) into VN(G)
is inner ([Spr 1]), and P. Wood and O. Yu. Aristov, independently, proved that A(G) is
operator biprojective if and only if G is discrete ([Woo 2] and [Ari 2, Theorem 7.30]).
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Let 2 be a Banach algebra, and let ¢ € ®@g. A point derivation at ¢ is a functional d € 2A*
such that

(ab,d) = (a, 9)(b,d) + (b, d)(a,d)  (a,beA).

It is clear that, whenever there are non-zero point derivations on a Banach algebra 2, then
2 cannot be amenable (not even weakly amenable). Non-zero point derivations, however,
arise naturally whenever we have some sort of differentiable structure on ®g, e.g. in the case
2 = A(D) or 2 = C!([0,1]). It thus seems that amenable Banach algebras and differential
geometry are essentially disjoint topics.

As it turns out, however, if 2 is an amenable Banach algebra and if B is a dual Banach
algebra, then certain sets of homomorphisms from 2 into B carry a natural, albeit non-trivial
differential geometric structure.

In this chapter, we prove only one result in this direction. In order to provide the back-
ground for this, most of the chapter consists of a (necessarily superficial) introduction to
differential geometry over Banach spaces. Familiarity with finite-dimensional differential ge-

ometry will help, but is not necessary.

8.1 Infinite-dimensional differential geometry

The aim of this section is to provide a quick, self-contained introduction to (complex) infinite-
dimensional differential geometry. It is far from being comprehensive, and its purpose is solely
to prepare the ground for our investigation of spaces of homomorphisms in the next section.

We start by defining what we mean when saying that a map between Banach spaces is
differentiable:

Definition 8.1.1 Let E and F be Banach spaces, and let U C E be open. Amap f: U — F
is called (complex) Fréchet differentiable at x € U, if there is T' € L(E, F') such that

i W@ +y) — flz) - Tyl _

0.
R 1yl

In this case, the operator T is called the (complex) Fréchet derivative or the differential of
f at z and denoted by df,.

Exercise 8.1.1 Let F1, F2, and E3 be Banach spaces, let U C F1 and V C E3 be open, let x € U,
and let f: U — FE> be Fréchet differentiable at = such that f(U) C V. Show that, if g: V — FEj3 is
Fréchet differentiable at f(x), then g o f is Fréchet differentiable at x with d(g o f). = dgs()dfe-

V. Runde: LNM 1774, pp. 209-219, 2002
(© Springer-Verlag Berlin Heidelberg 2002
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Definition 8.1.2 Let E and F' be Banach spaces, and let U C E be open. Amap f: U — F
is called holomorphic, if it is Fréchet differentiable at each point of U, and if the map

U— L(EF), z~df, (8.1)
is continuous.

Remark 8.1.3 Let E and F be Banach spaces, and let let U C E be open. If f: U — F'is
Fréchet differentiable at every point of U, then f is clearly continuous and G-holomorphic
in the sense of [Muj, 8.1 Definition]|. By [Muj, 8.7 Theorem], f is thus holomorphic in the
sense of [Muj, 5.1 Definition]. On the other hand, if f is holomorphic according to [Muj,
5.1 Definition], it is obvious that its Fréchet derivative exists everywhere, and that (8.1) is

continuous. Hence, the continuity of (8.1) is redundant in Definition 8.1.2.

Examples 8.1.4  (a) Linear maps between Banach spaces are trivially holomorphic.
(What is the Fréchet derivative in this case?)
(b) Let Fy,...,E,, and F be Banach spaces. Then each T' € L(E, ..., FE,; F) is holo-
morphic.
(c) Let 2 be a unital Banach algebra. Then

InvA —» InvA, ar—a !
is holomorphic.
Exercise 8.1.2 Work out Examples 8.1.4(b) and (c) in detail.

Some results about differentiable maps in finitely many dimensions carry over to the

infinite-dimensional context:

Theorem 8.1.5 (mean value theorem) Let E and F be Banach spaces, let U C E be

open and convex, and let f: U — F be holomorphic. Then we have:

1 (@) = FW)Il < supflldf=|| : z € Uille —yll (2,5 €U).

Proof Let ¢ € F* be such that ||¢|| < 1. Then ¢ o f: U — C is holomorphic (Why?). Fix
xz,y € U. The function

g:[ovl]*)c7 t'_><f(t$+(17t)y)a¢>
is continuously differentiable (Why?) with
g'(t) =d(¢o fliura-1y(@ —y) = (dfizra-y(@ —y),0)  (t€]0,1]).
In particular, we have
1 1
(fx) = f(y),¢) = 9(1) — 9(0) = / g'(t)dt = / (dfrar -ty (z —y), @) dt.
0 0
It follows that

[(f(x) = f(y), )| < sup{||df-|| : =z € Utllx —y.

The Hahn-Banach theorem then yields the claim. O
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Theorem 8.1.6 (inverse mapping theorem) Let E and F be Banach spaces, let U C E
be open, and let f: U — F be holomorphic. Suppose that xo € U is such that dfs, is an
isomorphism of E and F. Then there are open neighborhoods V. .C U of g and W of f(xo)
such that flv:V — W is bijective and has a holomorphic inverse.

Proof Without loss of generality suppose that E = F, df,, = idg, and 2o = f(z9) = 0
(Why is this possible?)

Letting ¢g := idg — f, we see that ¢ is holomorphic with dg,, = 0. From Definition 8.1.2,
it follows that there is 7 > 0 such that

1
ldgell <5 (e B0, B]). (32)
Together, (8.2) and Theorem 8.1.5 yield that
1
lg(@) = Sllzll - (z € B0, E)). (8.3)

In particular, g maps B,[0, E] into Bz [0, E].
Let y € Bz [0, E]. We claim that there is a unique € B,[0, E] such that f(z) = y. The
map

B.[E]| - E, z—y+gx) (8.4)

maps B, [0, E] into itself (Why?). Theorem 8.1.5 and (8.3) yield

1y +g(x1)) = (y + g(z2))|| = llg(z1) — g(w2)]| < %Hxl —aol (w122 € B[O, E)),

so that (8.4) has a unique fixed point in B.[0, E] by Banach’s fixed point theorem. From
the definition of (8.4) is is obvious that x € B,[0, E] is a fixed point for (8.4) if and only if
f(x) = y. This proves the claim.

It follows that f~': B,[0, E] — B [0, E] exists. Note that

|21 — z2|| < [ f(21) = fz2)]| + lg(21) — g(2) ]|
< | f(z1) = f(z2)|| + %Ilm — x| (71,72 € B,[0, E]),

where the inequality follows from (8.2) and Theorem 8.1.5. Hence,

ey = @oll <2/ f(x1) — flz2)l (21,22 € B[O, E])

holds, and f~! is continuous.
It can then be shown that f~! is even holomorphic (Exercise 8.1.3 below). O

Exercise 8.1.3 Complete the proof of Theorem 8.1.6 by showing that f~'|w : W — V is holo-
morphic. What is del for y € W7 (Hint: Proceed just as in the finite-dimensional situation ...

)

With a notion of infinite-dimensional holomorphy at hand, we can introduce manifolds

over arbitrary Banach spaces:

Definition 8.1.7 Let M be a topological space, and let F be a Banach space. A holomorphic
atlas on M over E is a family ((Uy, ¢o))a of pairs with the following properties:
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(i) (Uq)a is an open cover of M.

(ii) Each ¢, is a homeomorphism from U, onto an open subset of E.

(iii) For any two indices a and 3 such that U,NUs # &, the map ¢pgod,t: ¢o(UaNUg) —
#3(UyNUp) is biholomorphic, i.e. holomorphic and bijective with a holomorphic inverse.

Definition 8.1.8 Let E be a Banach space. A topological space M together with a holo-
morphic atlas on M over F is called a Banach manifold over E.

By the way in which Banach manifolds are defined, they are the natural habitats for

holomorphic mappings:

Definition 8.1.9 Let M and N be Banach manifolds — not necessarily over the same
Banach space —, and let ((Uy, ¢0))o and ((Vs,13))s be the corresponding holomorphic
atlases. A map f: M — N is called holomorphic if all the maps ¢z0 fo¢, ! are holomorphic.
If f is bijective and f~! is also holomoprhic, then f is called biholomorphic.

With this definition, we can express when we want to essentially identify two atlasses:

Definition 8.1.10 Two holomorphic atlasses ((Uq;®a))a and ((Vs,93))s on a Banach
manifold M are defined to be equivalent if the identity map from (M, ((Ua,¢a))a) to
(M, ((Vs,43))s) is biholomorphic. An equivalence class of holomorphic atlasses on M is
called a holomorphic structure on M.

Of course, the holomorphy of a map between Banach manifolds depends only on the
holomorphic structures involved and is independent of the particular atlasses.

Another important definition is that of a chart:

Definition 8.1.11 Let M be a Banach manifold over a Banach space F, and let p € M.
A chart of M at p is a pair (U, ¢), where U is an open neighborhood of p, ¢(U) is an open
subset of E, and ¢: U — ¢(U) is biholomorphic.

Next, we introduce the concept of the tangent space of a Banach manifold.

Definition 8.1.12 Let M be a Banach manifold over a Banach space F, and let p € M.
Two triples (U1, ¢1,21) and (Us, ¢2,x2) — where (Uj, ¢;) are charts at p and z; € E for
j = 1,2 — are defined to be equivalent if d(¢s o gi)l_l)pxl = x9. An equivalence class of such
triples is called a tangent vector of M at p. The collection of all tangent vectors of M at p

is called the tangent space of M at p and is denoted by T, M.

Exercise 8.1.4 Let M be a Banach manifold over a Banach space E, let p € M and let (U, ¢) be
a chart at p.

(i) Show that E 5 z — (U, ¢, z) induces a bijection between E and T), M.
(ii) Show that this bijection is independent of the particular chart (U, ¢).

The bijection between E and T, M enables us to identify T, M with E, so that T,M is a
Banach space in a canonical manner. What happens in the particular case, where M is an
open subset of some Banach space?

Exercise 8.1.5 Let M and N be Banach manifolds, let p € M, and let (U, ¢) and (V, %) be charts
of M and N at p and f(p), respectively. Show that, for any holomorphic map f: M — N, the
differential d(yo f o ¢~ ")y, canonically induces a bounded linear map dfy: T, M — Ty ()N, which
is independent of the particular charts (U, ¢) and (V).
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Extending Definition 8.1.1, the map df, is also called the differential of f at p.

Exercise 8.1.6 Prove a chain rule as in Exercise 8.1.1 for the differentials of holomorphic functions

between Banach manifolds.

With these notions, we can extend Theorem 8.1.6 to holomorphic maps between mani-
folds:

Theorem 8.1.13 Let M and N be Banach manifolds, let f: M — N be holomorphic,
and let p € M be such that df,: Ty,M — Ty, N is an isomorphism. Then there are open
neighborhoods U of p in M and V of f(p) in N such that fly: U — V is bijective and has

a holomorphic inverse.
Exercise 8.1.7 Use Theorem 8.1.6 to prove Theorem 8.1.13.

The notion of a submanifold is relatively intricate — even in the finite-dimensional
context. When dealing with Banach manifolds, we also have to take into account that closed

subspaces of Banach spaces are rarely complemented:

Definition 8.1.14 Let M be a Banach manifold over a Banach space E. A non-empty
subset N of M is called a submanifold of M if there is a complemented subspace F' of F
such that, for each chart (U,¢) of M, there is a projection P from F onto F such that
Po¢: NNU — F is open and bijective.

Exercise 8.1.8 Show that a submanifold of a Banach manifold is again a Banach manifold. (Over

which space?)
The next proposition identifies certain submanifolds of a given Banach manifold:

Proposition 8.1.15 Let M and N be Banach manifolds, and let f: M — N be holomorphic
such that, for each p € M, the bounded linear map df,: TyM — Ty, N is surjective with

complemented kernel. Then:

(i) For each p € M, the set f=1(f(p)) is a submanifold of M.
(ii) For each p € M, there are open neighborhoods U of p in M and V of f(p) in N such
that fly: U — V has a holomorphic right inverse.

Proof We first make a few preliminary considerations.

Fix ¢ € M, and choose a chart (U, ¢) of M at q. We may suppose (Why?) that ¢(q) =0
and de¢g : T,M — E is the identity on E. Let P: T,M — kerdf, be the projection onto
ker df,;, and define

f: U — N xkerdf,, p+~— (f(p),Po(p)). (8.5)
Then f is holomorphic, and
dfy = (dfg, P): T,M — Ty N x ker df,

is an isomorphism of Banach spaces (Why?). By Theorem 8.1.13, there are open neighbor-
hoods V of ¢ in M and W of (f,0) in N x ker df, such that f|V: V' — W is biholomorphic.
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Making W smaller, if necessary, we may suppose that W = Wy x W5, where W7 is an open
neighborhood of f(q) in N, and W5 is an open neighborhood of 0 in ker df;.

For the proof of (i), let p € M, let ¢ € f~1(f(p)), and choose a chart (U, $) of M at q.
By the foregoing, there are open neighborhoods V of ¢ in M and Wy x W5 of (f(¢),0) in
N X kerdf, such that f:V — Wy x Wy — defined as in (8.5) — is biholomorphic. Then
FUFY(f(0) € f(p) x kerdf, with f(U N f~2(f(p))) = f(p) x Wa (Why?). In particular,
P¢: UnN f71(f(p)) — W is a homeomorphism. This shows that f~1(f(p)) is indeed a
submanifold.

For (ii), let p € M, and choose (U, ¢), V, W1, and W5 as in our preliminary considerations,
but with p in the role of ¢q. Define

g: Wi =V, g~ f(q,0).
It is then clear that g is holomorphic, and a routine calculation shows that it is also a right
inverse of f. 0O

Definition 8.1.16 A group G which is also a Banach manifold such that the maps

1

G—G, g—g and  GxG—G, (91,92)— 9192

are holomorphic is called a Banach—Lie group. A subgroup H of a Banach—Lie group G is
called a Banach—Lie subgroup of G if it is also a submanifold of G.

Examples 8.1.17  (a) Let & be a unital Banach algebra. Then, by Examples 8.1.4(b)
and (c¢), Inv2l is a Banach-Lie group.
(b) Let %A be any Banach algebra, and let Aut(2() denote the automorphism group of 2,

i.e. the invertible homomorphisms in £(2(). Let
U:= {60 € Aut() : |lidgy — 0] < 1},

so that U is open in Aut(2), and define

S 9 —i n
log: U — Z(2,2A), 60— Z(—l)"fl(%m)
n=1

(Why does that land us in Z1(,24)?). Then log is a homeomorphism onto its image
(with continuous inverse exp |log7). For each o € Aut(2), define ¢, (-) := log(oc1).
Then (0U, ¢u)seaut(a) is a holomorphic atlas on Aut(?4) over ZL(2A,20). Tt is not hard
to see (it is done the same way as in the following exercise) that this turns Aut(2) into

a Banach-Lie group.

Exercise 8.1.9 Let 2 be a unital Banach algebra.
(i) Define a holomorphic atlas on Inv 2 as in Examples 8.1.17(b) and show that this turns Inv 2

into a Banach—Lie group.
(ii) Show that this atlas is equivalent to the canonical one on Inv %, i.e. as an open subset of 2.

Definition 8.1.18 Let G be a Banach—Lie group acting on a Banach manifold M. We say
that the action of G on M is holomorphic if the map

GXM_)Ma (g7p)'_>gp

is holomorphic.
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Let G be a group acting on a non-empty set X, and let x € X. We denote the orbit of
x by O(z) and define

G- X, g g-x. (8.6)

We can finally introduce the notion of a Banach homogeneous space:

Definition 8.1.19 Let G be a Banach—Lie group acting holomorphically and transitively
on a Banach manifold M. We say that M is a Banach homogeneous space under the action
of G if there is p € M such that

(i) kerdr?, is a complemented subspace of T¢, G, and
(ii) dr?.: Te G — T, M is surjective.

The conditions in Definition 8.1.19 are reminiscent of the hypotheses of Proposition
8.1.15, except that in Definition 8.1.19 only one particular point of the manifold is considered.
This turns out to not be a restriction:

Lemma 8.1.20 Let G be a Banach-Lie group acting on a Banach manifold M such that
M is a Banach homogeneous space under the action of G. Then, for each g € M and g € G,
we have:

(i) kerdrd is a complemented subspace of T4G;
(i) drf: TyG — Ty qM is surjective.

Proof Let p € M be as in Definition 8.1.19. For g € GG, define biholomorphic maps
9:G—G, hwgh and L9:M— M, q—g-q.
Note that 77 = LYo 7P 019 ' for each g € G, so that
dr? = (dLY)(dr? ) (dIS )

by Exercise 8.1.6. Since L, and 197" are biholomorphic, dL{ and dl{1 are isomorphisms of
Banach spaces. It follows that d7} is surjective with complemented kernel for each g € G.

Let now g € G and ¢ € M be arbitrary. Since the action of G on M is transitive, there
is h € G such that ¢ = h - p. Let

G — G, ke~ kh,
so that 79 = 7P o r. Tt follows that
h
drl = drghdrg,

so that d7l is surjective with complemented kernel. O

Combining Lemma 8.1.20 with Proposition 8.1.15, we obtain:

Corollary 8.1.21 Let G be a Banach—Lie group acting on a Banach manifold M such that

M is a Banach homogeneous space under the action of G. Then:

(i) For each p € M, the set {g € G:g-p=p} is a Lie subgroup of G.
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(ii) For each p € M and each g € G, there are open neighborhoods U of g in G and V' of
g-p in M such that 7P|y : U — V has a holomorphic right inverse.

Our next theorem will be very important in the next section, when it comes to identifying

certain sets of homomorphisms as Banach homogeneous spaces:

Theorem 8.1.22 Let A be a unital Banach algebra such that G = Inv® acts holomorphi-
cally on a Banach space E, let © € E, and suppose that there is p € O(x) such that:

(i) kerdr?, is complemented in Te,G;
(ii) randr?, is a complemented subspace of E;
(iii) 77: G — O(x) 1is open.

Then O(x) is a submanifold of E which is a Banach homogeneous space such that we have

T,0(z) = randr?,.
Proof Let Fy be a closed subspace of T, G such that T, .G = I @ ker d7l_. Define
¢: Teoe G = Fy @ kerdrl, — G, (y,z) — exp(y) exp(z).

Using Theorem 8.1.13 (Work out the details if you're in doubt!), we can find an open
neighborhood U of 0 in T, ,G and V of eg in G such that ¢|y: U — V is biholomorphic.
Define

P Tec - O(‘r)a Y= ¢(y) - p.

Then 1 is an open map from U onto a neighborhood of p in O(x). Since

d
pr exp(ty) - p =0 (y € kerdrl,)
t=0

(Why is this the case?), it follows that exp(y) - p = p for all y € kerdr?_. It follows that

7/1(y,2') - w(yvo) (y € Flv S kerdec),

so that ¢ maps F; N U onto a neighborhood of p in O(x).
Let Fy be a closed subspace of E such that E' = randrl, @ Fy. Another application of
Theorem 8.1.13 shows that

PieF—E (y,2)—9(y) +z

maps an open neighborhood of 0 biholomorphically onto an open neighborhood of p in E.
In particular, there is an open neighborhood of p in O(x) which is a submanifold of E.
A translation argument as in the proof of Lemma 8.1.20 eventually yields that O(x) is a
submanifold of E (please, work out the details, in particular the bit on the tangent space).
O
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8.2 Spaces of homomorphisms
If A and B are Banach algebras, we write Hom(2,B) to denote the set of algebra ho-
momorphisms from 2 into 9B, i.e. those maps in L(2,B) which are multiplicative. Every
6 € Hom(2(,B) turns B into a Banach 2A-bimodule. It is not at all clear why any subset of
Hom (2, 9B8) should be a Banach manifold (over which space?).

The following theorem is the technical heart of this section:

Theorem 8.2.1 Let A be an amenable Banach algebra with virtual diagonal M, let B be
a dual Banach algebra with identity, and let § € Hom (2, B) be such that 0** (A M) = em.
Then Kg: L(A,B) — B, defined through

(0, K6(T)) = (9, Ay (T ©0)"(M)) (¢ € B., T € L(A,B)),

18 a bounded linear map such that:

(i) (1Kol < [MI]]|6]]-
(ii) For every b€ B and T € L(2,B), we have:

Ko(LyT) = blCo(T).
(iii) For everya € A and T € L(A,B), we have:
Ko(TL,) =Ko(T)0(a).

(iV) ’Cg(a) = €x.

Proof (i), (ii), and (iv) are straightforward to verify.
For (iii), let a € A, T € L(A,B), and ¢ € B. We obtain:

(9, Ko(TLa)) = (&, Ko(T)0(a)) = (¢, A5 (T'La © 6)™ (M)) — (¢, A5 (T © 6)" (M)#(a))
= (0, A5 (T® )™ (a-M)) — <¢, A (T ©0)™(M)b(a))
= (¢, A5 (T®0)™ (M- a)) — (¢, A5 (T'® 6)™ (M)0(a))
= (0, A5 (T ® 6)" (M)b(a)) — <¢, Az (T ®6)™ (M)b(a))
=0,

as claimed. O
Theorem 8.2.1 allows for an alternative approach to Theorem 4.4.11(i):

Exercise 8.2.1 With 2, 98, and 6 as in Theorem 8.2.1, let
Qyp: B — B, b— Kg(ORy).
Show that Qp is a quasi-expectation onto Zg (6(2)).
Exercise 8.2.2 With 2, 8, and 6 as in Theorem 8.2.1, define
ad: B — L(A,B), br—adyob,

and let Py := ad o K.
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(i) Show that ran Qy = kerad and Ky o ad = idgs — Qp.
(ii) Show that Py is a projection onto Z* (2L, B).

(iii) Show that we have a canonical exact sequence
{0} > ker Qp — B 208 23 £(2,8) =T £(A,B)/2 (A, B) = K, (Zs (0(2))) — {0}
Let A and 8 be Banach algebras such that 9B is unital. Define a group action of Inv
on L(2A,B) through
(b-T)(a) := bT(a)b* (benvB, T e LA, B), a ). (8.7)
Note that O(8) C Hom(2(,B) for each § € Hom(2, B).
Exercise 8.2.3 Let 2 and ‘B be Banach algebras such that 98 is unital.

(i) Show that the action of Inv®B on L(2,B) as defined in (8.7) is holomorphic.
(i) Let T € B, and let 77 : Inv B — L(2, B) be defined as in (8.6). Show that dr.,, = ad.

Proposition 8.2.2 Let 2 be an amenable Banach algebra, let B be a dual Banach algebra
with identity, and suppose that A has a virtual diagonal M such that 6**(AFM) = ex.
Then, for each 8 € Hom(,B), there is an open neighborhood U of 6 in Hom(2,B) such
that

Ko(oc) eInv®B and Ky(o)-0=0 (c €U).

Proof Let

1
U := {0 € Hom(2,B) : o — 0] < }
I

Let ¢ € U, and note that
less = Ko (o)l = Ko (0 — )| < [IM][I][[|6 — ol <1,
so that Ky(o) is invertible. By Theorem 8.2.1(ii) and (iii), we also have:
o(a)o(0) = Ko(Lo(a)o) = Ko(oLa) = Ko(0)0(a)  (a € ).
But this means that
(Ko(0) - 0)(a) = Kg(0)0(a)Ko(o) ™ =0(a)  (a€q),
as claimed. O

Exercise 8.2.4 Let 2 and B be as in Proposition 8.2.2.

(i) Let b € B be such that |les — b|| < 1. Show that there is ¢ € B such that b = expec.

(ii) Let expB denote the subgroup of InvB generated by the set {exp b : b € B}. Show that
exp ‘B is the component of Inv B containing ey .

(iii) Let # € Hom(2,B). Show that o € Hom(%, B) lies in the component of Hom(, B) con-
taining 6 if and only if there are b1,... ,b, € B such that

o(a) = (expb1) - - - (exp bn)0(a)(exp bn)71 -+ (exp bl)71 (a €).
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We can now use the information provided by Proposition 8.2.2 to identify a differential

structure on orbits of homomorphism:

Theorem 8.2.3 Let 2 be an amenable Banach algebra, let B be a dual Banach algebra with
identity, and suppose that A has a virtual diagonal M such that 0** (A3 M) = eq. Then for
each 6 € Hom(,B) the following hold:

(i) The orbit O(0) is a Banach homogeneous space, and thus, in particular, a Banach
submanifold of L(AU,B).
(ii) For every o € O(0), the tangent space T,O(x) is isomorphic to Z'(A,B).

Proof By Exercise 8.2.3(ii), we have dr? = ad. Since kerad = ran Qy, and since Qy is a
projection, it follows that ker drf% is complemented in B = T, (Inv B). The same is true for
randr? = ker(id—Py) (by Exercise 8.2.2(iii)). Also, by Proposition 8.2.2, 77 : Inv B — O(6)
is open, so that the hypotheses of Theorem 8.1.22 are satisfied. This settles (i).

For (ii), note that we may suppose without loss of generality that o = 6 (since O(f) =
O(0)). By Theorem 8.1.22, we have

Ty0(0) = ranad = Z*(A,B)

(here, as in the solution to Exercise 8.2.2, we need that 2 is amenable and 9B is dual, so
that Z1(2A,B) = B1(2,8)). O

8.3 Notes and comments

Infinite-dimensional holomorphy is discussed in great detail in the monographs [Muj] and
[Din]. As in the finite-dimensional case, there are numerous equivalent characterizations of
holomorphic functions in the infinite-dimensional setting.

A standard source on differential geometry (over R™) is [K-N], whereas [Lang 3] treats
manifolds over arbitrary Banach spaces. Our exposition is patterned after [Lang 3] and [Rae].
In particular, the discussion of Banach homogeneous spaces is taken from [Rae].

Our discussion of the differential geometry of spaces of homomorphisms is from the
work of G. Corach and J. E. Galé ([C-G 2]). In order to keep the necessary background
from differential geometry to a minimum, we have not stated Theorem 8.2.3 in its full
strength; in addition to what we prove, one can show that 7¢: Inv®8 — O(#) is a so-called
Banach principal bundle whose structure group is easily identified (see [K-N] for the relevant
definitions). The results from [C-G 2| are generalized in [C-G 1], where a class of Banach
algebras is considered which includes all amenable Banach algebras, but also all dual Banach
algebras with a normal, virtual diagonal.

An apparently very important concept in the differential geometry of spaces of homomor-
phisms is that of a reductive structure (see [C—G 2] for the definition). In [A-C-St], nuclear
C*-algebras and Connes-amenable von Neumann algebras are characterized through the

existence of certain reductive structures. A similar result for group algebras is proved in

[C-G 2.
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The following problems are — to my knowledge — still open: Some of them have been
around for quite a while, sometimes for decades; others are new. Some, in particular the
older problems, are quite hard, and their solution would be a major breakthrough in the
field. Others are hopefully easier, and just the fact that I don’t know (yet) how to solve

them shouldn’t discourage anyone from trying.

Amenable, locally compact groups

Since the main focus of these notes are amenable Banach algebras, we only present one

problem on amenable, locally compact groups. It’s a classic, due to J. Dixmier:

Problem 1 Let G be a locally compact group such that each uniformly bounded represen-
tation of G on a Hilbert space is similar to a unitary representation. Does this mean that G

is amenable?

This problem falls into the category of so-called similarity problems ([Pis 2]). In [Pis 4],
G. Pisier gives a new approach to this problem (in the discrete case) and related ones, along

with partial solutions.

Amenable Banach algebras

In [Joh 8], B. E. Johnson introduced the notion of a symmetrically amenable Banach algebra.

His definition is in terms of approximate diagonals.

Problem 2 Is there a characterization of symmetrically amenable Banach algebras in terms

of derivations?

Some results from [Joh 8] suggest that one might have to consider Lie or Jordan deriva-
tions.
In Theorem 4.4.11, we used (Connes-)amenability to establish the existence of certain

quasi-expectations. Does a converse hold?

Problem 3 Let 2 be a Banach algebra with the following property: For every dual Banach
algebra B and for every homomorphism 6: 2 — B there is a quasi-expectation Q: 6 —
Zx(0(2A)). Is A necessarily amenable?

V. Runde: LNM 1774, pp. 221-229, 2002
(© Springer-Verlag Berlin Heidelberg 2002
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The answer is affirmative for C*-algebras: If 2 is a C*-algebra acting via the universal
*-representation on a Hilbert space $), then the property in Problem 3 implies that there
is a quasi-expecation from L£($)) onto the von Neumann algebra 2. Hence, 2’ and thus
A"’ = A** is injective by Theorem 6.2.6. By Corollary 6.5.12, this means that 2( is amenable.

Sometimes, amenability forces members of a certain class of Banach algebras to have a
particular structure (think of Theorems 2.3.14 and 6.1.7). The following problems, the first
of which saw the light of day in [G-R-W], ask for further results of this kind:

Problem 4 Let 2 be an amenable Banach algebra, let B be any Banach algebra, and let
0:2A — B be a weakly compact homomorphism. Is 6(2() necessarily finite-dimensional and

semi-simple?

Partial answers are given in [G-R-W] and also in [Joh 6], but the general case seems to
be open even when 2l = L(G) for a locally compact group G. A special case of Problem 4
is when 2l =B and 0 is the identity:

Problem 5 Let 2 be an amenable Banach algebra whose underlying Banach space is re-

flexive. Is 2 finite-dimensional?

Essentially the same argument as in the proof of Proposition 4.1.2 shows that, if the
algebra in Problem 5 is finite-dimensional, it must be of the form M, ® --- & M, with
ny,...,n, € N. In the Hilbert space case, the problem has an affirmative answer ([Gh-L-W];
see also [Joh 6]). Other partial results are given in [Zha], [Run 1], and [Run 3.

Another problem including Problem 5 as a special case is the following:

Problem 6 Let 2 be a Banach algebra such that 20** — equipped with either Arens product

— is amenable. Does this imply that 2 is isomorphic to a subhomogeneous C*-algebra?

All we positively know about 2 is that it must also be amenable ([Gh-L-W] or [Gou 2]).
However, the only known examples of Banach algebras 2 such that 2** is amenable are
the subhomogeneous C*-algebras. Even demanding that 20 be Arens regular doesn’t seem
to bring us closer to a solution of Problem 6. The following is a particular case of Problem

6 which one should perhaps try to tackle first:

Problem 7 Let 2 be a Banach algebra such that 20** is commutative and amenable. Does

this imply that 2 = Co(£2) for some locally compact Hausdorff space 27

Examples of amenable Banach algebras

There are a surprising number of Banach algebras around for which it it still unknown if
they are amenable or not.

The following was already asked by Johnson ([Joh 1]):
Problem 8 Is there an infinite-dimensional Banach space E such that £(F) is amenable?

Intuitively, there should be no such space: Algebras of the form L(E) for infinite-
dimensional E are simply too “large” to be amenable. It follows from Theorem 6.1.7 that

the solution to Problem 8 is negative for Hilbert spaces; other Banach spaces E for which
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L(E) is known to be non-amenable are ¢! ([Rea 2]) and spaces of the form (P & ¢4 for certain
values of p and ¢ (Example 4.4.9). But still, the following rather special case of Problem 8

seems to be open:
Problem 9 Is £(¢?) amenable for some p € (1,00) \ {2}?

Probably not, but where is a proof?
The following problem is related to Problem 8:

Problem 10 Let (E,)5%; be a sequence of finite-dimensional Banach spaces such that
lim,, o dim E,, = co. Can (- @, , L(E,,) be amenable?

As a consequence of Theorem 6.1.7, Problem 10 has a negative answer if E, = (2.
Another case in which a negative answer to Problem 10 was given only very recently is where
E, = ¢ for some p € [1,00] \ {2} independent of n ([Rea 1]). Interestingly, the methods to
prove the non-amenability of £>*°- @7 | L(¢2) are completely different depending on whether
p=2orpc[l,o00]\{2}. Of course, a negative answer to Problem 6 would entail a negative
answer to Problem 10 in its full generality.

We call a Banach operator algebra on some Banach space F a Banach operator ideal if
it is an ideal in £(FE). The only known amenable Banach operator ideals are of the form
A(FE) for a suitable Banach space E. This naturally leads to the following question, which

generalizes Problem 6:

Problem 11 Let 2 be an amenable Banach operator ideal on some Banach space F. Is
A= A(E)?

The central problem for Banach algebras of approximable operators is the following:

Problem 12 Characterize in Banach space theoretic terms those Banach spaces E for which
A(E) is amenable.

The long open question of whether a commutative, radical, amenable Banach algebra
existed was eventually answerd by C. J. Read (Corollary 3.2.8). The following question was

raised (and discussed) in [Loy et al.]:

Problem 13 Is there a commutative, radical, amenable Banach algebra with compact mul-

tiplication?

In [Loy et al], a singly-generated, radical, weakly amenable Banach algebra was con-
structed, which is also an integral domain and has a bounded approximate identity of a
rather peculiar form. That algebra, however, cannot be amenable. If Problem 13 has a posi-
tive answer, Fxercise 4.3.4 implies that there is a commutative, radical, biprojective Banach
algebra (which would positively answer Problem 20 below).

Theorem 7.2.10 and related results from [Joh 7] and [For| lead to the following challenging
problem:

Problem 14 Which intrinsic condition characterizes those locally compact groups G for
which A(G) is amenable?
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In view of Theorem 7.2.10 and Exercise 7.4.2, it is a good guess that these are precisely
those locally compact groups with a closed, abelian subgroup of finite index. If one wishes
to increase the challenge, one can replace A(G) in Problem 14 with an arbitrary Figa-

Talamanca—Herz algebra.

Amenability-like properties

Obviously, the following is the central problem regarding super-amenable Banach algebras:
Problem 15 Is there an infinite-dimensional, super-amenable Banach algebra?

If there is such an algebra, Theorem 4.1.5 implies that the algebra itself as well as
many modules on which it acts lack the approximation property. Surprisingly, not even the

following, rather special case of Problem 15 has been solved yet:

Problem 16 Is there an infinite-dimensional Banach space E such that L£(E) is super-

amenable?

By Lemma 4.1.4, no such Banach space can have the approximation property. As shown
in [Joh 8], super-amenability of L(F) forces E to be even more bizarre ...

In [D-Gh-G], H. G. Dales, F. Ghahramani, and N. Greenbaek generalized Theorem 4.2.3
by showing that H!(LY(G), L*(G)™*) = {0} for every locally compact group G and for all
odd n € N. The following is still open:

Problem 17 Is H'(L'(G), L}(G)™*) = {0} for every locally compact group G and for all
n € N?

Adopting the terminology of [D-Gh-G], Problem 17 is the question of whether L}(G) is
permanently weakly amenable for every locally compact group G. The answer is obviously
positive for amenable groups, but also for every free group ([Joh 9]). The relevance of
Problem 17 lies in the fact that H!(L(G), L}(G)**) = {0} implies H (L} (G), M(G)) = {0},
so that a positive answer to Problem 17 would solve a classical problem posed by Johnson:

Problem 18 Is H'(LY(G), M(G)) = {0} for every locally compact group G?

For partial results, see [Joh 1], [Gh-R-W], and [Joh 10].
In view of how difficult the proof of Theorem 4.2.4 is relative to that of Theorem 4.2.3,
we ask:

Problem 19 Is there a “simple” way to prove that all C'*-algebras are weakly amenable?

Here, “simple” means that the proof should at least avoid the Grothendieck inequality.
We only have one question on biprojective and biflat Banach algebras:

Problem 20 Is there a radical, biprojective Banach algebra?

As we already mentioned, a positive answer to Problem 13 would automatically solve
Problem 20.
Connes-amenability has so far received relatively little attention outside the context of

von Neumann algebras ...
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Problem 21 Let 2 be an Arens regular Banach algebra such that 2** is Connes-amenable.

Is A amenable?

For C*-algebras, the answer is “yes” by Corollary 6.4.27; a partial result in the general
situation is Theorem 4.4.8.

There are some results on Connes-amenable W*-algebras, which can be formulated for
arbitrary Connes-amenable, dual Banach algebras. But are they still true?

For a von Neumann algebra, Connes-amenability is the same as injectivity, so that the

following problem has a positive answer for W*-algebras by Theorem 6.2.6:

Problem 22 Let 2 be a dual Banach algebra with the following property: For every dual
Banach algebra % and for every w*-continuous homomorphism 6: 2l — B there is a quasi-

expectation Q: B — Zy(0(A)). Is A necessarily Connes-amenable?
In view of Theorems 2.2.4, 4.4.15 and 6.5.11, the following is natural:

Problem 23 Let 2 be a Connes-amenable, dual Banach algebra. Is there a normal, virtual

diagonal for A7

The answer is positive if 2 is a W*-algebra ([Eff]) or the measure algebra of a locally
compact group ([Run 5]). The main difficulty when trying to mimic the proof of Theorem
2.2.4 is that, for a dual Banach algebra 2, the dual Banach 2-bimodule £2,. (2, C) need
not be normal. The methods used in [Eff], [E-K], and [Run 5] to overcome this obstacle for
particular dual Banach algebras do not carry over to the general situation. My guess is that
Problem 23 has a negative answer for arbitrary 2.

In [Run 4], the notion of strong Connes-amenability was introduced, and it was shown
that strong Connes-amenability is equivalent to the existence of a normal virtual diagonal.
A positive answer to Problem 23 would thus entail the equivalence of Connes-amenability
and strong Connes-amenability.

In view of [Hel 4], the following question — posed to the author by Helemskii — is
canonical to ask:

Problem 24 Let 2 be a Connes-amenable, dual Banach algebra with predual 2A,. Is 2,
injective?

Banach homology

There is an article by Helemskii which — as stated in its title — contains 31 open problems
from topological homology ([Hel 6]); most of them are still open.

Let 2 be a Banach algebra, let E be a Banach 2-bimodule, and let, for n € N, the n-th
algebraic Hochschild cohomology group be denoted by H™ (2, E). For each n € Ny, there is
a canonical group homomorphism ¢ : H"(2A, E) — H™(, E) (see the notes and remarks

section of Chapter 2).
Problem 25 Let A be a Banach algebra, and let £ be a Banach 2-bimodule. Can we say
anything meaningful about ¢: H3 (2, E) — H?3(2, E) for certain 2 and E?

Maybe the methods of [Sol], [D-V], or [Wod] can be adapted to yield partial answers to
this problem. Maybe ...
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C*- and W*-algebras

The results on the (Connes-)amenability of C*- and W*-algebras we have presented in these
notes have one thing in common: Their proofs are much deeper and more complicated than
those of all the results we had previously encountered. In particular, the proofs for the non-
amenability of the W*-algebras (>°- @~ | M, and £($)), where §) is an infinite-dimensional
Hilbert space, seem to be inappropriately deep for an answer to an (apparently) simple
question about simple algebras.

We thus ask:

Problem 26 Is there a more elementary proof for the non-amenability of the W*-algebra
(-, | M,,, preferably one that establishes the non-amenability of - 7 | L(¢?) for
all p € [1, co] simultaneously?

As we already mentioned, the methods from [Rea 2| that establish the non-amenability

of £°-@>7 | L(¢F) for p € [1,00] \ {2} do not work for p = 2.

n=1

Problem 27 Let $ be an infinite-dimensional Hilbert space. Is there a more elementary
proof for the non-amenability of £(5)), perhaps one that could be modified to solve Problem
97

Among the properties of W*-algebras equivalent to Connes-amenability, being approxi-
mately finite-dimensional is the formally strongest — injectivity, semidiscreteness, and the
existence of normal, virtual diagonals are easy to establish for AFD W*-algebras. We have
not given a proof for the implication from Connes-amenable/injective/semidiscrete to AFD
because a reasonably self-contained proof of this implication — even with the simplications
due to Haagerup and Popa — would probably have been longer than the remainder of these

notes. We thus ask (perhaps naively):

Problem 28 Is there a “reasonably” simple proof for
Connes-amenable/injective/semidiscrete —- AFD?

Let $) be a Hilbert space, and let 2 and % be closed subalgebras of £(£)). Then 2 and
B are called similar if there is an invertible operator T' € L£(§)) such that % = TBT 1.
An intriguing open problem — another similiarity problem — asks for a characterization
of those closed subalgebras of £($)) that are similar to C*-algebras. An important role here
seems to be played by the following property: If H! (2, L(8)) = {0} for every Hilbert space
R and for every bounded representation 7: 2 — L(8), then the algebra 2 is said to have
the total reduction property (this is not quite the definition, but equivalent to it by [Gif,
9 Theorem]). It is clear that, if 2 is amenable, it has the total reduction property. On
the other hand, £($)) has the total reduction property for every Hilbert space § ([Pis 2,
Corollary 7.14]). The question of whether every C*-algebra has the total reduction property
is equivalent to a famous similarity problem due to R. V. Kadison ([Pis 2, Problem 0.2] and
[Gif, 16 Corollary]).

The following question is raised in [Gif]:
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Problem 29 Let $ be a Hilbert space, and let 2 be a closed subalgebra of £($)) with the
total reduction property. Is 2 then similar to a C*-algebra?

A partial answer is due to J. Gifford: It is positive if 2 C K(9) ([Gif, 37 Theorem]|; see
also [Wil]).
A perhaps easier variant of Problem 29 is:

Problem 30 Let $ be a Hilbert space, and let 2 be a closed, amenable subalgebra of £($).
Is A then similar to a C*-algebra?

This seems to be open even for commutative 2.

Operator amenability

The notion of operator amenability is still very young, so that one should expect a lot of
tractable problems in that field.

The results existing so far (see [Rua 2], [R-X], and [Ari 2]) suggest that the theory of
operator amenable operator Banach algebras very much parallels the theory of amenable
Banach algebras. Nevertheless, the existence of natural operator Banach algebra structures
over a Banach algebra 21 which may be different from M AX () allows for interesting new
twists (as the example of the Fourier algebra shows).

If 2 is a uniform algebra, then M TN (2l) is an operator Banach algebra. Theorem 2.3.14
suggests the following:

Problem 31 Let 2 be a uniform algebra such that MIN(2l) is operator amenable. Is 2
already a C*-algebra?

Let G be a locally compact group, and let Bj,(G) := C} (G)*. Since C§ (G)* is a
quotient of C*(@G), the space Bjy,(G) is a closed subspace of B(G); in fact, By,(G) is a
closed ideal of B(G) ([Eym, (2.16) Proposition]). The unitary representation

G — L(L*(G x Q)), g~ Xa(g) ®\a(g)

extends to a *-homomorphism from Cy,(G) into M(C5, (G)) ([Lanc 2, pp. 83-86]) such that
the adjoint map induces the algebra multiplication on Bj,(G) ([Lanc 2, Proposition 8.5]).
It follows that Bj,(G) is an operator Banach algebra.

Problem 32 Which are the locally compact groups G such that By,(G) is operator a-

menable?

Certainly, if G is compact, then By,(G) = B(G) = A(G) is operator amenable by
Theorem 7.4.3. Suppose conversely that By, (G) is operator amenable. Since A(G) is a
closed C}_(G) submodule of By,(G), there is a central projection p € C5, (G)*™* such that
A(G) = p- Bx,(G). In particular, A(G) is complemented in Bj,(G) with a completely
bounded projection onto A(G). As in the proof of Theorem 2.3.7, we conclude that A(G) has
a bounded approximate identity, so that G is amenable by Theorem 7.1.3. My guess is that
the operator amenability of B),(G) not only implies the amenability, but the compactness
of G.
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Recently, N. Spronk has shown that, for a locally compact group G, its Fourier—Stieltjes
algebra B(@) is also an operator Banach algebra ([Spr 2]). One can then, of course, pose the
analogue of Problem 32 for B(G) (with probably the same answer). It is very likely that, for
algebras such as B),(G) and B(G), the “right” notion of amenability, i.e. one that precisely
captures the amenability of G, is a hybrid of operator amenability and Connes-amenability.

Apparently the notion of biflatness has not yet been studied in the operator Banach
algebras context. By [R—X], all operator amenable operator Banach algebras are biflat, so
that A(G) is operator biflat for all amenable locally compact groups. Trivially, operator
biprojective operator Banach algebras are operator biflat, so that A(G) is also operator
biflat by [Woo 2] or [Ari 2, Theorem 7.30], respetively. It is highly plausible that a property
of locally compact groups which all amenable and all discrete groups have is, in fact, ejoyed
by all locally compact groups. Hence, the following question is likely to have a positive

answer:
Problem 33 Let G be a locally compact group. Is A(G) operator biflat?

By [R—X, Corollary 4.5], the answer to Problem 33 is indeed positive if G is a so-called
[SIN]-group, i.e. if L'(G) has a a bounded approximate identity belonging to Z(L'(G))
(a somewhat weaker condition is, in fact, sufficient ([R-X, Theorem 4.4]). Another piece of
circumstantial evidence that supports the belief that Problem 33 has an affirmative answer
is the main result of [Spr 1] because it is very likely that there is an operator analogue of
Theorem 5.3.13.

Let G be a locally compact group. Theorem 7.1.3 remains valid if we replace A(G) by
A, (Q) for some p € (1,00). The question of whether Theorem 7.4.3 also remains true for
arbitrary Figa-Talamanca-Herz algebras A,(G) with p € (0,00) \ {2} faces an immediate
obstacle: There is no canonical operator space structure (except M AX(A,(G)), of course)
that turns A,(G) into an operator Banach algebra.

We thus ask:

Problem 34 Let G be a locally compact group. What is the “right” notion of amenability
for the Figa-Talamanca-Herz algebras A,(G) for p € (1,00) \ {2}7

In [Pis 5], G. Pisier uses his interpolation theory of operator spaces ([Pis 3]) to introduce
a canonical operator space structure on all LP-spaces. In [Run 6], this is used to introduce,
for a locally compact group G and p € (1,00), an operator space analogue OA,(G) of
A, (G). These algebras OA,(G) are operator Banach algebras, but for p # 2, we only have a
contractive inclusion 4,(G) C OA,(G) in general and not identity. Also, A(G) and OAs(G)

are identical only as Banach spaces, but generally not as operator spaces.

Geometry of spaces of homomorphisms

If 2 is an amenable Banach algebra, then there are differential geometric structures on
certain spaces of homomorphisms from 2. The big general question is, of course, if the

presence of such structures characterizes the amenable Banach algebras:
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Problem 35 Let 2 be a Banach algebra such that for each dual Banach algebra 8 with
identity and for each 8 € Hom(2(, B), there is an open neighborhood U of § and a continuous
map K: U — Inv*B such that

Ko(0)0(a)C(0)~ =0(a) (0 €U, ac).

Does this mean that 2l is amenable?

A closely related condition does indeed imply amenability ([Gou 1, Theorem 3]).



A Abstract harmonic analysis

A locally compact group is a group G which is also a locally compact Hausdorff space such
that the maps

GxG—G, (g9,h)—gh and G—G, g—gt

are continuous. Abstract harmonic analysis is the study of locally compact groups and of
the spaces and algebras associated with them.

This appendix serves as a storage space for the notions and facts from abstract harmonic
analysis required for these notes. In order not to bloat it, we more or less refrain from giving
proofs and refer to the literature instead.

A.1 Convolution of measures and functions

Let G be a locally compact group. We write M (G) for the space of all (finite) complex,
regular Borel measures on G. By Riesz’ representation theorem (e.g. [Coh, Theorem 7.3.5]),
M (G) can be identified with the dual space of Co(G). We want to make M (G) into a Banach
algebra.

Definition A.1.1 Let G be a locally compact group, and let u, v € M(G). The convolution
product pxv € M(G) of pu,v € M(G) is defined through

tnevyi= [ ([ amauta))aviny (7 € cofci. (A1)

By Fubini’s theorem, the order of integration in (A.1) is irrelevant. It is routine (albeit
dull) to check that (M(G), ) is a unital Banach algebra — the measure algebra of G —,
which is commutative if and only if G is abelian. By the way, what is the identity of M (G)?

Exercise A.1.1 Let G be a locally compact group, and let H be closed subgroup of GG. Show that
the adjoint of the restriction map from Co(G) into Co(H) is an isometric algebra isomorphism from
M(H) into M(G) whose range is the set of those measures in M (G) with support in H.

Next, we consider two particular subalgebras of the measure algebra.

Exercise A.1.2 Let G be a group. For y, v € £*(G) define their convolution product p* v € £(G)
through

(wxv)(9) =D wlghw(h™")  (heq).

heG

(i) Show that (£'(G), *) is a unital Banach algebra.

V. Runde: LNM 1774, pp. 231-241, 2002
(© Springer-Verlag Berlin Heidelberg 2002
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(ii) Let G be equipped with the discrete topology, so that £' (G) = M(G) isometrically as Banach
spaces. Show that this isomorphism is an isomorphism of Banach algebras if both M(G) and

7 (G) are equipped with their respective convolution products.
We now relate ¢1(G) and M (G) for an arbitrary locally compact group G.
Definition A.1.2 Let G be a locally compact group.

(i) For g € G, the point mass 64 € M(G) at g is defined through

(f:0q) = F(9)  (f €Co(@)).

(ii) A measure in M(G) is called discrete if it is in the closed linear span of {d, : g € G}.
Exercise A.1.3 Let G be a locally compact group. Show that

HNG) = M(G), Y u(g)dy (A.2)

geG

is a unital, isometric homomorphism of Banach algebras whose range is the set of discrete measures
in M(G).

We shall thus identify ¢*(G) with the subalgebra of M(G) consisting of all discrete
measures.

For the second subalgebra of M(G) we are interested in, we require the following result
([H-R, (15.5) Theorem] and [H-R, (15.8) Remarks]) which is one of the most fundamental
results in abstract harmonic analysis:

Theorem A.1.3 Let G be a locally compact group. Then there is a non-zero, reqular
(positive) Borel measure mg on G — left Haar measure — which is left invariant, i.e.
ma(gE) = mg(E) for all g € G and all Borel subsets E of G. If my, is another non-
zero, reqular, left invariant Borel measure on G, then there is a constant ¢ > 0 such that

mg = cmg.

Exercise A.1.4 Let G be a locally compact group, and let & # U C G be open. Show that
mG(U) > 0.

Remark A.1.4 Left Haar measure on a locally compact group G is unique only up to a
mutliplicative constant. For general G, there is no canonical way to normalize Haar measure.
However, both for discrete and for compact groups a normalization is possible. In the discrete
case, we suppose that mg({g}) =1 for all g € G, i.e. mq is counting measure; for compact
G, regularity of mq forces mg to be a finite measure, so that we can suppose without loss of
generality that m is a probability measure (there is a conflict between these normalizations
in case G # {eg} is finite ... ).

Sometimes we might omit (or simply forget) the adjective “left” in these notes when
speaking of Haar measure. We thus make the tacit convention that “Haar measure” always

means “left Haar measure”.

Examples A.1.5 (a) On R", Haar measure is n-dimensional Lebesgue measure.

(b) If G is discrete, counting measure is Haar measure.
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Exercise A.1.5 Let G be a non-discrete, locally compact group. Show that ma({g}) = 0 for g € G.

Conclude that the homomorphism (A.2) is an isomorphism only if G is discrete.

As is customary, for a locally compact group, we write L!(G) for those (equivalence

classes of) Borel functions on G which are integrable with respect to mg.

Definition A.1.6 Let G be a locally compact group, and let fi, fo € L(G). Their convo-
lution product fi * fo € L*(G) is defined through

(fr* f2)(g) == /G AW (b~ gy dma(h) (g€ G). (A3)

Exercise A.1.6 Convince yourself that the convolution product on L'(G) as introduced in Defini-
tion A.1.6 is well defined, i.e. the integral in (A.3) exists for all g € G outside a set of Haar measure
zero and fi * f2 as defined there is again in L'(G). If you have difficulties, look at [Coh], [Fol], or
[H-R].

Remark A.1.7 Alternative formulas for the convolution product of two L!-functions are
given in [H-R, (20.10) Theorem]; for some of them, the modular function (introduced below)
is needed.

As in the case of the measure algebra it is routinely, though somewhat tediously checked
that (L'(G), *) is a Banach algebra. Does that deter you from actually checking it?

If G is discrete, L'(G) = £*(G), so that L*(G) is unital in this case. For arbitrary locally
compact G, this is no longer true, but at least, we have a bounded approximate identity (see
[B-D, §11] for a definition):

Theorem A.1.8 Let G be a locally compact group, let 3 be a basis of neighborhoods of eq,
and let (er)vey be a net in LY (G) with the following properties:

(i) ey >0 for allU € 4;
(ii) supp(er) C U for all U € Y;
(iii) [ler]l1 =1 for all U € Al

Then (ev)vey is a bounded approzimate identity for L*(G).

Corollary A.1.9 Let G be a locally compact group. Then L*(G) has a bounded approzimate
identity in P(QG).

Theorem A.1.8 is an immediate consequence of the slightly more general [H-R, (28.52)
Theorem].

There is an element of asymmetry in the definition of L!(G), since we have chosen to
define it via left Haar measure. Although left Haar measure need not be right invariant, it

behaves “relatively nicely” under right translations ([H-R, (15.11) Theorem)]):

Theorem A.1.10 Let G be a locally compact group. Then there is a unique, continuous
function Ag: G — (0,00) — the modular function of G — such that

(i) Ag(gh) = Ag(g)Ag(h) for all g,h € G, and
(il) mg(Eg) = Ag(g9)ma(E) for each g € G and for each Borel subset E of G.
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Remark A.1.11 If Ag = 1, the group G is called unimodular. Trivially, abelian and dis-
crete groups are unimodular, but so are all compact groups: In this case, Theorem A.1.10(i)
implies that Ag(G) is a compact subgroup of (0,00), so that Ag(G) = {1} (Why exact-
ly?). Examples of locally compact groups which are not unimodular can be found in [H-R,
(15.17)].

If it is clear to which locally compact group G we are referring, we simply write A instead
of Ag. We use the symbol A also for the diagonal operator (introduced in Section 2.2) of a
Banach algebra as well as for the symmetric difference of sets, but no confusion should arise

Exercise A.1.7 Let G be a locally compact group, and let f € L*(G). Define f through

flg) =A@ Hfg™) (9€q).

(i) Show that f is well defined, i.e. does not depend on the choice of a particular representative
for f.
(ii) Show that f € L'(G) with

/ f(g) dme(g) = / 1(g) dme(g).
G G

For any locally compact group G, the map
LNG) = M(G), fr fdmg (A4)

is an isometric isomorphism whose range consists of those measures that are absolutely
continuous with respect to Haar measure. Although Haar measure need not be o-finite
(just think of counting measure on an uncountable group), there is a version of the Radon—
Nikodym theorem for measures on locally compact spaces ([Coh, Proposition 7.3.8]) which
ascertains that every absolutely continuous measure in M (G) lies in the range of (A.4). In
fact, more is true ([H-R, (19.18) Theorem]):

Theorem A.1.12 Let G be a locally compact group. Then the set of all measures in M(G)
which are absolutely continuous with respect to mg is a closed ideal of M(G) and, via (A.4),

is isometrically isomorphic to L*(G) as a Banach algebra.

We shall thus, for any locally compact group G, identify L'(G) with its image under
(A4)in M(G).

Exercise A.1.8 Let G be a locally compact group. Show that L'(G) is w*-dense in M(G).

Exercise A.1.9 Let G be a locally compact group such that L'(G) is unital. Show that G is
discrete.

The next proposition shows how the convolution product of an L'-function with an
arbitrary element of M(G) is computed ([H-R, (20.9) Theorem]):

Proposition A.1.13 Let G be a locally compact group, let p € M(G), and let f € L*(G).
Then

(1 Pg) = /G fh gy dp(h)  and  (fxp)(g) = /G Fgh™) A1) duh)

hold for mg-almost all g € G.
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For any locally compact group G, the dual space of L!(G) can be canonically identified
with L>(G), the space of all (equivalence classes of) essentially bounded, mg-measurable
functions on G, where two such functions are identified if their difference is locally mg-zero
([H-R, (12.18) Theorem)). Surprisingly, every element of L>°(G) has a representative which
is a Borel function ([Coh, Theorem 9.4.8]). We conclude this section with the definition of
the convolution of a measure with an L*°-function:

Definition A.1.14 Let G be a locally compact group, let 4 € M(G), and let ¢ € L*>(G).
Then p* ¢, ¢ x p € L (QG) are defined through

(1 9)(g /ash lgydu(h)  and (6% p)(g /¢>gh Ydu(h)  (A5)
for locally mg-almost all g € G.

Remarks A.1.15  (a) It can be shown that p * ¢ and ¢ * p as defined in (A.5) are well
defined and satisfy

I dlloe < lellllélle and — ||¢* plloo < [[@]loolrell-

For convolution from the left see [H-R, (20.12) Theorems]; the corresponding claim for
convolution from the right can be proved analoguously.

(b) Let 4 € M(G), and let ¢ € L*(G) N L>=(G). Then the meanings of i * ¢ according
to Proposition A.1.13 and Definition A.1.14 are consistent. However, unless G is uni-
modular, the formulae for ¢ * p in Proposition A.1.13 and Definition A.1.14 may define
different objects.

Our definition of the convolution of a measure from the right with an L*°-function has
the drawback that we use one symbol to denote possibly different objects: We have to be
careful if we consider a certain function as an element of L' or of L*°. Its advantage becomes
apparent in the following exercise:

Exercise A.1.10 Let G be a locally compact group.

(i) For f € Co(G) and pu € M(G), define f € Co(G) through f(g) := f(g~') for g € G and
fi € M(G) through (£, i) := (f, ). Furthermore, let - denote the dual module action of M(G)
on L°°(G) (Exercise 2.1.1). Show that

prx¢=¢-ji and ¢xpu=ji-¢ (pe€M(G), ¢ L7(Q)).

(ii) Conclude that Definition A.1.14 defines a Banach bimodule action of M(G) on L*(G).
(iii) Let pu = f dmg for some f € L*(G). Show that fi is also absolutely continuous with respect

to mg and compute its Radon—Nikodym derivative.

A.2 Invariant subspaces of L>°(G)

Let G be a locally compact group. In Definition 1.1.3(ii), we defined what we mean by a
left invariant subspace of L*°(G). Although we haven’t given a formal definition, it should

be obvious what a right invariant subspace of L>°(G) is supposed to mean; a subspace of
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L*>°(@G) which is both left and right invariant is simply called invariant. It is clear from these
definitions that L>°(G) along with Co(G) are invariant subspaces of L*°(G); the space Cp(G)
of all bounded, continuous functions on G is also invariant.

In this section, we discuss three more invariant subspaces of L>(G).
Definition A.2.1 Let G be a locally compact group. A function f € Cp(G) is called

(i) left uniformly continuous if the map
G—Cy(G), grbgx*f

is continuous (with respect to the norm topology on Cy(G)),

(i) right uniformly continuous if the map
G—G(G), g [xdg

is continuous, and
(iil) wniformly continuous if it is both left and right uniformly continuous.

Remark A.2.2 Our definitions of left and right uniform continuity are consistent with those
in [Fol]. Readers of [H-R] should be aware that a function that is left uniformly continuous
in the sense of Definition A.2.1 is called right uniformly continuous in [H-R] (and vice versa).

We use the following notation:

LUC(G) :={f € C,(G) : f is left uniformly continuous};
RUC(G) :={f € Cy(G) : f is right uniformly continuous};
UC(G) :={f € Co(G) : f is uniformly continuous}.
Our first proposition lists the basic properties of LUC(G), RUC(G), and UC(G) for a

locally compact group G; note that L*°(G) equipped with “pointwise” multiplication is a
C*-algebra (in fact, a W*-algebra).

Proposition A.2.3 Let G be a locally compact group. Then LUC(G), RUC(G), and
UC(G) are closed invariant subspaces and unital C*-subalgebras of L>°(G).

Proposition A.2.3 follows more or less directly from Definition A.2.1, so that we leave its
proof to the reader:

Exercise A.2.1 Prove Proposition A.2.3.

Remark A.2.4 By [Fol, (2.6) Proposition], every function in Coo(G) with compact support
belongs to UC(G). It follows that Co(G) C UC(G).

Exercise A.2.2 Let G be a locally compact group, let u € M(G), and let ¢ € Co(G) C L=(G).
Use Remarks A.2.4(b) to show that p* ¢, ¢ * u € Co(G) as well.

Our second proposition is a combination of [H-R, (20.16) Theorem] and Cohen’s factor-
ization theorem (see [H-R, (32.45)] for (i); (ii) and (iii) follow analoguously):

Proposition A.2.5 For a locally compact group G the following hold:
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(i) LUC(G)={f*¢: [ € LG), ¢ € L=(G)};
(ii) RUC(G) ={px*f: [ e LNG), ¢ € L>(G)};
(i) UC(G)={f1*xdxfa: f1,[2 € LI(G), ¢ € L™(G)}.
Exercise A.2.3 Show that, for a locally compact group G, the following hold:

(i) LUC(G)={f*¢: fe L G), ¢ € LUC(G)};
(i) RUC(G) ={¢xf:fe LY G), € RUC(Q)};
(ili) UC(G) ={fi*¢* fa: fr,f2 € L'(G), ¢ € UC(G)}.

Although left and right uniformly continuous functions do not show up explicitly in the
following exercise (whose third part is needed for the proof of Theorem 2.1.8), you should
keep Proposition A.2.5 in mind when doing it. Note that, for any locally compact group G,
the measure algebra (and thus all of its subalgebras) can be isometrically embedded into
Cb(G)* via

(fo) = /G fg)dulg)  (f € Co(G), € M(G)). (A.6)

Exercise A.2.4 Let G be a locally compact group.

(i) View M(G) as a subspace of Cp(G)* via (A.6). Show that £'(G) is dense in M(G) with respect
to the w*-topology on Cy(G)*.
(ii) The weakly strict topology on M (G) is defined through the seminorms (py,4) rer1(g), per ()

where

pro() = p* L) +[(f o)l (neM(G), feL(G), € L))

Show that £*(G) is weakly strictly dense in M(G). (Hint: Proposition A.2.5 and (i).)
(iii) Show that £'(G) is strictly dense in M (G). (Hint: Show that the strict and the weakly strict
topology on M (G) have the same bounded linear functionals.)

A.3 Regular representations on LP(G) and associated algebras

For any p € [1,00) we define two representations of G on LP(G):
Definition A.3.1 Let G be a locally compact group, and let p € [1, c0).
(1) The left reqular representation Ap: G — L(LP(G)) is defined through

Mo(9)E)(h) :=E&(g™h)  (9,h € G, £ € LP(G)).

(ii) The right regular representation p,: G — L(LP(G)) is defined through

=

(rp(9)8)(h) := Alg)»&(hg)  (9,h € G, £ € LP(G)).

Remarks A.3.2  (a) It is is immediate from Definition A.3.1 that both A, and p, map
G into the invertible isometries on LP(G), i.e. into the unitaries if p = 2.
(b) By [H-R, (20.4) Theorem], both A, and p, are indeed representations of G on LP(G)
in the sense of Definition 1.4.1 (this follows from the fact that Coo(G) C UC(G) is norm
dense in L?(QG)).
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(¢) For p =1, we have the following formulas:

M(@E=6g+¢ and pi(g)é=Exb (g€ G, E€ LYG)).

For each p € [1,00), the left and the right regular representation, respectively, of a locally
compact group G canonically induce representations of the measure algebra M(G) — and
thus of L'(G) — on LP(G); they are denoted by ;\p and pp, respectively, and are given
through:

Ap(w)€,m) = /G<Ap(g)§,77> dy(g)
and  (pp(p)€,m) = /G<pp(g)£,77> du(g)  (n€ M(G), € € LP(G), n € LYG)),

where g € (1, 00] is such that % + % =1 (so that L1(G) = L?(G)*).

Exercise A.3.1 Let G be a locally compact group, and let p € [1,00). Show that 5\p and p, are
faithful, i.e. injective.

Definition A.3.3 Let G be a locally compact group, and let p € (1,00). The Banach
algebra PM,,(G) of p-pseudomeasures on G is the closure of \,(L*(G)) in £L(LP(G)) with

respect to the weak operator topology.

It is an immediate consequence of the Krein-Smulian theorem that PM,(G) is w*-closed
in £L(LP(G)) = (LP(G)®L4(Q))* (Exercise B.2.10) for each locally compact group G and for
all p,q € (1, 00) with % + % = 1. It follows that PM,(G) is itself a dual space. So, what’s its
predual?

For any function f on a locally compact group G, we define f through f(g) := f(¢~")
for g € G (as we already did in Exercise A.1.10 for f € Co(G)). Let g € (1,00), and let
n € L1(Q); then 7 does not depend on the particular representative of 7, so that we may
speak unambiguously of /) € LI(G) (compare Exercise A.1.7(a)).

Exercise A.3.2 Let G be a locally compact group, let p,q € (1,00) be such that % + % =1, let
& € LP(G), and let n € LY(G). Show that

(€ xi)(g /e (g~ h)dma(h) (g €G)

defines a function in Co(G) such that || *7||cc < [[E|lpl|n]lq. (Hint: Use the fact that Coo(G) is dense
in both LP(G) and LY(G) along with Remarks A.2.4(b).)

Yet another use of the convolution symbol %, but this time it’s at least consistent with
Definition A.1.6 ...

Definition A.3.4 Let G be a locally compact group, and let p,q € (1,00) be such that
1,1 _
T3 = 1.
(i) The space A,(G) consists of those f € Co(G) such that there are sequences (&,)52,
in LP(G) and (n,)22, in LY(G) with

oo

Z 1&nllpllnnlly < oo (A7)

n=1



A.3 Regular representations on LP(G) and associated algebras 239

and
f=> & i (A.8)
n=1

(ii) For f € Ay(G), let || f]|a,(c) be the infimum over all numbers (A.7), where (£,)p4
and (n,)52, are sequences in L?(G) and LY(G), respectively, such that (A.8) holds.

For a locally compact group G, and p,q € (1,00) with % + % = 1, the linear space
(Ap(G), ]l la,(c)) is a quotient space of LP(G)®LI(G) and thus a Banach space. But more
is true ([Her, Corollary to Theorem A)):

Theorem A.3.5 Let G be a locally compact group, and let p € (1,00). Then the Banach
space (Ap(G), | - l|a,(@)) is a Banach algebra with respect to pointwise operations.
Exercise A.3.3 Let G be a locally compact group.

(i) Show that Coo(G) N Ap(G) is dense in Ap(G) with respect to || - ||.a,(c)-

(ii) Show that A,(G) is norm dense in Co(G).

Banach algebras of this type are called Figa-Talamanca—Herz algebras. The connection
between Figa-Talamanca—Herz algebras and pseudomeasures is a straightforward duality
([Pie, Proposition 10.3]):

Theorem A.3.6 Let G be a locally compact group, and let p,q € (1,00) be such that %—i—% =
1. Then A,(G)* = PM,(G), where the duality is given through
€x0,T):=(Tn,§) (T € PMy(G), ¢ € L*(G), n € LU(G)). (A.9)

Exercise A.3.4 Let G be a locally compact group, and let p,q € (1,00) be such that % + % =1

(i) Show that \,(M(G)) C PM,(G).
(ii) Show that

(f: X)) = /Gf(g) dulg)  (f € Ap(G), p € M(G)).
Conclude that A,: M(G) — PM,(G) is w*-continuous with w*-dense range.

We now consider to the special case where p = 2. Traditionally, terminology is a bit

different in this situation:
Definition A.3.7 Let G be a locally compact group. Then:

(i) VN(G) := PM3(Q) is the group von Neumann algebra of G.
(ii) A(G) := A3(G) is the Fourier algebra of G.

The space L?(G) is a Hilbert space for any locally compact group G, so that it is more
convenient to work with conjugate duality, rather than with duality. One thus considers
A(G) as consisting of those f € Co(G) for which there are sequences (£,)52; and (9,)52,
in L?(G) with Y07 [[&all2linmllz < oo and f = Y07 | &, * 1, where ~ denotes complex
conjugation (What’s the minor difference between this description and Definition A.3.47).
The duality (A.9) between A(G) and VN (G) then becomes

(€xn,T):=(Tn,€) (T €VN(G), &ne L*G)).
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Exercise A.3.5 Let G be a locally compact group.

(i) For u € M(G) define p* := i (recall the definition of fi from Exercise A.1.10). Show that *
is an involution on M (G) which leaves L' (G) invariant.

(ii) Show that Ao: M(G) — L(L*(G)) is a *-homomorphism.

(iii) Conclude that VN(G) is not only called a von Neumann algebra, but really is one.

Exercise A.3.6 Let G be a locally compact group. Show that VN (G) = X\2(G)".

The elements of the Fourier algebra allow for another description ([Eym, Théoréme, p.
218]):
Theorem A.3.8 Let G be a locally compact group, and let f € A(G). Then there are
&n € L*(G) with f = &x 1 and || flla@) = [I€ll2[1nll2-

Remarks A.3.9 (a) As a consequence of Theorem A.3.8, A(G) consists of all functions
of the form

G—C, g~ (h(g)én)

with &, 7 € L*(G).

(b) Also as a consequence of Theorem A.3.8, the weak operator topology and the ultra-
weak topology on VN (G) coincide — not only on bounded sets, but on all of VN (G).
(c) Let G be a locally compact abelian group with dual group I". Then the image of L (G)
under the Fourier transform is also denoted by A(I") and called the Fourier algebra of I'.
By Plancherel’s theorem ([Rud 1, 1.6.1 Theorem]) and Theorem A.3.8, both definitions

characterize the same object ([Rud 1, 1.6.3 Theorem]).

Let G be a locally compact group. Then ) induces a C*-norm on L'(G). By [B-D,

Lemma 39.2], the supremum
|fl = sup{||£[| - ||l is a C*-norm on LY(G)}  (f € L}(G))
defines a C*-norm on L'(G) with

DA< A< (f € LYG)).

The completion C*(G) of L' (G) with respect to |- | is a C*-algebra, the group C*-algebra of
G (not to be confused with the reduced group C*-algebra C}_(G), which is the norm closure
of Mo(LY(G)) in L(L*(G))).

Definition A.3.10 Let G be a locally compact group. Then B(G) := C*(G)* is called the
Fourier—Stieltjes algebra of G.

You probably wonder why this dual space is called an algebra ...

Since | - | < || - ||l1, the space B(G) embeds continuously into L'(G)* = L*(G) for
each locally compact group G; we can thus identify B(G) with a subspace of L*>(G). The
following theorem collects the basic facts about B(G) ([Eym, (2.1) Proposition, (2.4) Lemma,
and (2.16) Proposition]):

Theorem A.3.11 Let G be a locally compact group. Then the following hold:
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(i) A function f € L*>(Q) belongs to B(G) if and only if there is a unitary representation
m of G on some Hilbert space $ and €,m € $) such that

flg) =(m(9)¢,m)  (9€q) (A.10)

and (automatically) || f|l < |E|Inll- The vectors & and n can be chosen such that || f|| =

€N Iml-
(ii) With pointwise multiplication, B(G) is a Banach algebra with identity.

Remarks A.3.12  (a) There is a (fairly straightforward) link between multiplication in
B(G) and the representation (A.10) of functions in B(G): Let fi, fo € B(G); for j = 1,2,
let 7; be a unitary representation of G' on some Hilbert space $;, and let ;,7; € $; be
such that

filg) = (mj(9)&5.m5) (9 €G).

Then we have:

f1(9) f2(9) = (m1(9)&1,m){(m2(9)E2: m2)
= ((m1(g9) ® m2(9))(§1 @ &2),m @ n2) (g € G).

(b) Let G be a locally compact abelian group with dual group I'. Then C*(G) = Co(I'),
so that B(G) = M(I") via the Fourier—Stieltjes transform (see [Rud 1]). As in the case
of the Fourier algebra, Definitions A.3.10 extends the notion of the Fourier—Stieltjes

algebra of a locally compact abelian group to arbitrary locally compact groups.

Exercise A.3.7 Conclude from Theorem A.3.11 that, for any locally compact group G, we have
B(G) cUC(G).

From Theorem A.3.8 and Theorem A.3.11(ii), it follows that A(G) embeds isometrically
into B(G) for any locally compact group G. More is true ([Eym, (3.4) Proposition]):

Theorem A.3.13 Let G be a locally compact group. Then A(QG) is a closed ideal of B(G).

A.4 Notes and comments

Our principal source on abstract harmonic analysis is [H-R]: an encyclopedic treatise which
contains virtually everything there was to know about abstract harmonic analysis up to
1970. Nevertheless, its sheer size along with its scope and generality make reading it a
somewhat daunting experience for the beginner. An alternative source is the much slimmer
book [R-St]. A more recent text is [Fol]: it really deserves the word “course” in its title.
Although [Coh] is a textbook on measure theory, it also contains an excellent exposition
on the basics (Haar measure, convolution, etc.) of abstract harmonic analysis. The slender
monograph [Rud 1] is a classic that confines itself to the abelian case.

The Fourier algebra as well as the Fourier—Stieltjes algebra of an arbitrary locally com-
pact group were introduced by P. Eymard in [Eym]. General Figa-Talamanca—Herz algebras
were studied by C. Herz ([Her]).



B Tensor products

Since Banach space tensor products are rarely covered in an introductory course on function-
al analysis, this appendix gives an essentially self-contained crash course on tensor products:
We start with the algebraic tensor product, then proceed to the injective and projective ten-
sor products, and finish with the Hilbert space tensor product.

Unlike in Appendix A, we do not refer to the literature for proofs, but either give them
in reasonable detail or leave them to the reader as exercises (with hints, of course, where
necessary).

B.1 The algebraic tensor product

The tensor product F1 ® Fs of two linear spaces Fy and FEs is a universal linearizer: Every
bilinear map from F; x F, factors uniquely through E; ® Es.

We give the formal definition of a — we still have to justify that we may speak of the
— tensor product of linear spaces for an arbitrary finite number of spaces:

Definition B.1.1 Let F4,..., E, be linear spaces. A tensor product of Eq,... ,E, is a
pair (7,7), where 7 is a linear space and 7: Fy; X --- X E,, — 7 is an n-linear map
with the following (universal) property: For each linear space F', and for each n-linear map
V:FEy x---x E, — F, there is a unique linear map V:T — Fsuch that V=V or.

It is clear that a tensor product (7,7) of Ey,. .. , F, is not unique: If 7’ is another linear
space, and if §: 7/ — T is an isomorphism of linear spaces, then (7’,0 o) is another tensor
product of Ei,...,E,. We call tensor products arising from one another in this fashion
isomorphic: Given two tensor products (77, 71) and (73, 72), an isomorphism of (77, 7) and
(72, 72) is an isomorpism 6: 7; — 75 of linear spaces such that 7o = 6 o 7. The best we can
thus hope for is uniqueness up to isomorphism, which is indeed what we have:

Exercise B.1.1 Let E1,..., E, be linear spaces, and let (71,71) and (72,72) be tensor products
of E1,...,E,. Show that there is a unique isomorphism of (71, 71) and (72, 72).

We may thus speak of the tensor product of n — in most situations: two — linear spaces.
From now on, we shall also use the standard notation for tensor products: Given linear spaces
Ei,...,E, and their tensor product (7,7), we write £, ® --- ® E,, for 7.

Furthermore, we define

T1Q - Q@Xy i =T(T1,... ,Tp) (x1 € Eq,y... x4 € Ey). (B.1)

Elements of F1 ® --- ® E,, are called tensors, and elements of the form (B.1) are called

elementary tensors. Not every tensor is an elementary tensor: The set of all elementary

V. Runde: LNM 1774, pp. 243-254, 2002
(© Springer-Verlag Berlin Heidelberg 2002
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tensors is (except in trivial cases) not a linear space. Hence, the tensor product must contain
at least all linear combinations of elementary tensors. As the following proposition shows,

these are all there is:

Proposition B.1.2 Let F4,...,E, be linear spaces, and let x € F1 ® --- E,. Then there

ism € N, and for each j =1,... ,n there are x§-1), ... ,x;m) € I such that
m
XZngk) ®- - Qzh, (B.2)
k=1

Proof Let F be the set of all tensors of the form (B.2), and define
ViEy XX E,—>F, (T1,...,Zp) — 21 Q& Xy.

It is routinely seen that F'is a linear space, and that V is n-linear. From the defining property
of By ® ---® E,, there is a unique linear map V: By ® - -- ® E,, — F such that

Vi1 ® - ®ax,) =V(zg,...,zp) (1 € En,y...,z, € Ey).
It follows that V is the identity on Ey ® --- ® E,, (Why not just on F?). 0O

Exercise B.1.2 Let FE be a linear space. Show that £ x C 3 (x, A\) — Az induces an isomorphism
of E®C and F.

Exercise B.1.3 Show that the tensor product is associative: If E1, E2, and Es3 are linear spaces,
then

EiQE:QEs>FE @ (E:2QFE3) > (E1®E:)® Es
through canonical isomorphisms.

Exercise B.1.4 Let Ey, Fi,...,E,, F, be linear spaces and let Tj : E; — Fj; be linear for j =
1,...,n. Show that there is a unique linear map ' ® - - - T, : B1 ® -+ @ E, —» F1 ®---® F),, such
that

MR @T)(T1®  Qzn) =Tiz1® - Q@ Thn (x1 € F1,... ,xn € En).

Exercise B.1.5 Let 2 be an algebra, let ' be a left A-module, and let F' be a right 2-module.
Show that there is a unique bimodule action of 2 on £ ® F' such that

a-(z®y)=a-zQy and (zQyY)-a=zQyY-a (aed,x e E,y€eF). (B.3)

Exercise B.1.6 Let 2 and B be algebras. Show that there is a unique product e on 2A® B turning
2 ® B into an algebra such that

(a1 ® b1) @ (a2 ® b2) = (a1a2 ® bib2) (a1,a2 € A, b1, bs € B). (B.4)

If A and B have identity elements ey and es, respectively, show that ey ® e is an identity for
A®DB.
Exercise B.1.7 Let n € N.

(i) Let E be a linear space. Show that

Mn@)EHMn(E), [Aj,k;]z;:l,...,n X T = [)\ngJZ] j

J=1,...
=1, k=1

is an isomorphism of M,, ® E and M, (FE) as linear spaces.
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(ii) Let A be an algebra. Show that the linear isomorphism (B.5) between M,, ® 2 and M, ()
is an algebra isomorphism.
(iii) Let m € N. Show that canonically

My, ® M, = Ml (M)

1%

Mnm
as algebras.

So far we have dealt with tensor products without bothering to ask if they exist at all.
Luckily, they do:

Theorem B.1.3 Let Ey,..., E, be linecar spaces. Then their tensor product £1 ® - -- Q@ E,

exists.

Proof For convenience, we switch back (in this proof only!) to the notation of Definition
B.1.1.

Let 7 be the linear space of all maps from the set E; x - - - x E,, to C with finite support.
For (x1,...,2,) € By X --- X E, define 6, . .y, the point mass at (x1,... ,2,), through

171.f (y17"' 7y”) (‘117"' 7171)7
62 Tyeee sy =
( 1,‘..,In)(y yn) {E, ] . )

Also define
7 B x---x E, — T, (1, &p) — Oy, san)-

Note that 7 is not an n-linear map: In order to “make it linear”, we have to factor out a
certain subspace. Let 7y be the subspace of 7 spanned by all elements of the form

A1, g, swn) T O,y ym) — 0@, Aajpayssens s2n)
MpeC xi, i € Br,...,x5,y; €Ej,...  Zn,yn € Ey), (B.6)

where j ranges from 1 to n. Define 7 := ’f/’fb, let m: 7 — 7T be the quotient map, and let
7 := wo 7. From the definition of ’ff), it follows that 7 is n-linear (work out the details for
yourself).

We claim that (7,7) is a tensor product. To prove this, let F' be another linear space,
and let V: Ey x --- x E, — F be an n-linear map. Define a linear map V: 7 — F through

V(0. .zn)) = Ve, .. ,xp) (x1 € Er,y... x4 € Ey).

Then V satisfies V = V o 7; since every element of 7 is a finite linear combination of point

masses, V is uniquely determined by this property. Define
Vie+To):=V(x) (xeT). (B.7)

It is clear that V = V o7 — once we have established that V is well defined. However, since
V =V o7, and since V is n-linear, it is easily, albeit tediously verified (nevertheless, do it)
that V vanishes on tensors of the form (B.6) and thus on all of 7, which shows that V is
indeed well defined.
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Finally, suppose that W: T — F is another linear map satisfying ¢ = W o . Then W
and V are necessarily related in the same way as V and V are in (B.7) (Why?). Since V/,
however, is uniquely determined through V = V o 7, this establishes V=W. O

The construction of F4 ® - -+ ® E, is not very illuminating, and we won’t come back to
it anymore; actually, it is needed only to establish once and for all that tensor products of
linear spaces exist. Whenever we work with tensor products, however, we shall either use
their defining property or Proposition B.1.2.

For use in the next section, we require the following lemma:

Lemma B.1.4 Let m € N, let Eq,...,FE, be linear spaces, and, for j = 1,... ,n, let

x§1), . ,xgm) € E; be such that

Yo el =0 (B.8)
k=1
Then, if xﬁ}), e ,xE{”) are linearly independent, we have

xgk)®~--®x51k_)1:() (k=1,...,m).

Proof Suppose that there is kg € {1,...,m} such that xgk(’) ® - ® xflkf)l # 0. Define a

linear map ¢: F,, — C via a Hamel basis argument such that
<x5f0>,¢> =1 and <x£f>,¢> =0 (k# ko).
Then
EyxX -+ XE, 1XE,>F® - QFE, 1 (x1, ,Zp-1,Zn) — (Tp, O)(x1 @ -+ - Q@ Tp_1)

is an n-linear map and thus induces a linear map ¢: F1®---QF, 1QF, - F1®---QF,_1
such that

<Z$(1k) ®"’®x5lk)’¢> =2 g @l #£0
k=1

contradicting (B.8). O

B.2 Banach space tensor products

Suppose that Eq,... , E, are Banach spaces. Then their tensor product F; ® - - - ® F,, exists
by Theorem B.1.3. Except in rather trivial cases, however, there is no need for £1 ® ---® E,
to be a Banach space.

The first problem is to define a norm on F; ® --- ® E,,. Once we have found a suitable
norm, we can obtain a Banach space tensor product of E1, ... , E, by completing F1®- - -QF,
with respect to this norm. Of course, one can define norms on F; ® --- ® E, as one pleases
via elementary Hamel basis arguments. However, very few norms obtained in this fashion
will yield a useful notion of a Banach space tensor product. In order to obtain Banach space
tensor products we can work with, we have to require at least one property for the norm on
Fi® - ®E,:
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Definition B.2.1 Let Ey,... , E, be Banach spaces. A norm ||-|| on F1 ®---® E,, is called
a cross norm if

|21 ® - @ n | = [|z1]] - - |20l (z1 € Ev,y...,x, € Eyp).

Two questions arise naturally in connection with Definition B.2.1:

1. Is there a cross norm on £ ® --- ® E,,?7

2. Is there more than one cross normon F; ® --- ® E,,7

We deal with the first question first.

B.2.1 The injective tensor product

Let Ey, ..., E, be Banach spaces with dual spaces ET,..., Ey, and let ¢; € EY for j =
1,...,n. Since C® --- ® C = C by Exercise B.1.2, ¢; ® -+ - ® ¢, is a linear functional on
Ei1® - ®FE,.

Definition B.2.2 Let E,... , E, be Banach spaces with dual spaces EY, ..., E*. Then we
define forx e 1 ® ---® E,

[xle := sup{[(x,¢1 @ - -- @ ¢)| : ¢; € B1[0, Ej] for j =1,... ,n}.
We call || - || the injective norm on F1 ® - - ® E,,.

Although we have just called || - ||c the injective norm, this is just a name tag: We don’t
know yet if it is a norm at all. It is not difficult, however, to show this (and even more):

Proposition B.2.3 Let E1, ..., E, be Banach spaces. Then || - || is a cross norm on E1 ®
. QE,.

Proof 1t is clear from the definition that

ey @ - @@alle <[laall---[lzall (21 € Enseony2n € En).

This also implies, by Proposition B.1.2, that the supremum in Definition B.2.2 is always
finite. Let z; € Ej; for j = 1,... ,n. By the Hahn-Banach theorem, there are ¢; € ET with
ll¢;ll =1 and (z;, ¢;) = ||z;|| for j =1,... ,n, so that

le1 ® - @aplle 2 (21 @+ @ T, 61 @+ ® )| = [l2a]| -+ [[zall.

All that remains to be shown, is thus that || - || is a norm.

It is easy to see (but please check it, nevertheless) that ||| is a seminorm on E1 ®- - -Q E,,.
What has to be shown is therefore that ||x|. = 0 implies x =0 for all x € B4 ® --- @ E,,.
O

We postpone the remainder of the proof for an instant:

Exercise B.2.1 Let Ei,... ,E, 1, E, be Banach spaces and let || - [|I"" and || - || denote the
injective norms on E1 ® ---® Ep—1 and E1 ® - - - ® Ey, respectively (if n =2, || - ||£1) is just supposed
to be the norm on E1). Show that, for x € B, ® -+ - ® E,,

I = sup {ld @ 9) " < 6 € Bifo, B3]}
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Proof of Proposition B.2.3 (continued) We prove that || - || is indeed a norm by induction
onn. Let x € B3 ® ---® E, \ {0}. By Proposition B.1.2, there is m € N, and for each

j=1,...,n there are x( ) ,x;m) € I such that
k=1
We may suppose that :c( ) ,xﬁ{”) are linearly independent (Why?). By Lemma B.1.4,

this means that there is kg € {1,... ,m} such that acgk‘)) ® - ® x(k") # 0. By the induction

hypothesis, we have

(n—

€

(kO)

‘Qw,” 750

(with notation as in Exercise B.2.1). Use the Hahn-Banach theorem to find ¢ € B4]0, E;]
such that

o

<x£f°>,¢>> >0 and <xgg€>,¢> =0 (k% ko).

From Exercise B.2.1, we conclude that

(n—1)
Ixle = lltia @ 9D = (alk),6) o) @ @alle) | >0,
which completes the proof. O
Definition B.2.4 Let FE;,..., F, be Banach spaces. Then their injective tensor product

E1®---®F, is the completion of F1 ® --- ® E,, with respect to || - |-

Exercise B.2.2 Prove an associative law, as in Exercise B.1.3, for the injective tensor product

(with isometric isomorphisms).

Exercise B.2.3 Let E1, F1,... , En, F,, be Banach spaces, and let T; € L(E;, F}). Show that 71 ®
- ® T, is continuous with respect to the injective norms on F1 ® --- ® E,, and [} ® -+ ® F),,
respectively, and satisfies

Ty @ @Tull = IT1] - - | T |-

Exercise B.2.4 Let 2 be a Banach algebra, let F be a left Banach 2-module, and let F' be a right
Banach 2-module. Show that the bimodule action (B.3) of % on E ® F turns EQF into a Banach
2A-bimodule.

Towards the end of our discussion of the injective tensor product, we give a concrete
description of the injective tensor product in a particular case.

Let £2 be a set, and let F be a linear space. For f € C* and z € E, we define fz € B¢
through

(fr)(w) == flw)z  (weR).

Theorem B.2.5 Let (2 be a locally compact Hausdorff space, and let E be a Banach space.

Then the bilinear map
CO(‘Q) 2 E*)CO(“QvE% (fax) I—>f;L' (Bg)

induces an isometric isomorphism Co(2)QF = Co(2,E).
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Proof We only treat the case where {2 is compact.

From the defining property of the algebraic tensor product C(§2) ® E, it follows that
(B.9) extends to a linear map from C({2) ® E into C({2, E). With an argument similar to
that used to solve Exercise B.2.1 (how is it done precisely?), we see that this linear map is
an isometry and thus injective with closed range. It remains to be shown that it has dense
range as well.

Let f € C(£2,FE), and ¢ > 0. Being the continuous image of a compact space, K :=
f(£2) C E is compact. We may thus find x1, ... ,z, € E such that

K C B(z1, E)U---UB(an, E).
Let Uj := f~Y(B(z;,E)) for j =1,... ,n. Choose f1,...,fn € C(£2)4+ such that
i+ + =1 and supp(f;) CU; (j=1,...,n).

For w € {2, we then have
£ (@) = (hwr+ -+ faza) @)1 < D fi@) I f(w) = 2ll. (B.10)
j=1

It easy to see (just check how easy) that the right hand side of (B.10) is less than e. This
completes the proof. 0O

Exercise B.2.5 Prove Theorem B.2.5 for general locally compact spaces.
In view of Theorem B.2.5, we feel justified in writing f ® « for the map fx € Co(£2, E).

Exercise B.2.6 Let 2 be a locally compact Hausdorff space, and let 2 be a Banach algebra.
Show that the multiplication e on Co({2) ® 2 defined in Exercise B.1.6 extends to Co(£2)®2 turning
the isomorphism Co(£2)®2 =2 Co(£2,2l) from Theorem B.2.5 into an algebra isomorphism, where
Co(£2,21) is equipped with pointwise multiplication.

Exercise B.2.7 Let {21 and {25 be locally compact Hausdorff spaces. Show that there is a canonical
isometric algebra isomorphism Co(£21)®Co(£22) =2 Co(£21 X (22).

There is a connection between the injective tensor product and approximable operators

on Banach spaces:

Definition B.2.6 Let F be a Banach space, let z1,... ,2, € E, and let ¢1,...,¢, € E*.
Then T:= 377, 2; © ¢; € F(E) is defined through

n

Tx = Z(m,¢j>xj (x € E).

j=1
It is clear that every finite rank operator arises in this fashion.

Proposition B.2.7 Let E be a Banach space. Then the linear map
EQFE*— L(E), 2@¢p—x0¢

s an isometry with respect to the injective norm on EQ E*, and thus extends to an isometric

isomorphism of EQE* and A(E).
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Proof Forzi,...,z, € Eand ¢1,... ,¢p € E*let T:= 37 2,0 ¢; and x:=3 " | ;®
¢;. Then
170 = 17"
=sup{||T""X||: X € E*, | X|| < 1}
=sup{[(¢, T X)|: ¢ € E7, |9 <1, X € £, || X[| < 1}

= sup qujv xjv t¢ € BT, ||¢||§17X€E**7 ||X||§1
j=1

=sup{[(x,¢ @ X)[: ¢ € E", |9l <1, X € B, || X][| <1}

This completes the proof. 0O

B.2.2 The projective tensor product

The injective tensor product of Banach spaces has its drawbacks:

1. It is not characterized by the obvious functional analytic analogue of the definining
(universal) property of the algebraic tensor product.

2. For two Banach algebras 2 and 9B, the injective norm || - ||c on 2 ® 9B is, in general, not
submultiplicative with respect to the product defined in Exercise B.1.6, so that e does

not extend to ARB (except in special cases such as the one discussed in Exercise B.2.6).

As we shall now see, there is a cross norm such that the corresponding tensor product
of Banach spaces has the desired properties.

Definition B.2.8 Let E1,... , E, be Banach spaces. Then we define forx € £1 ® - - Q E,:

|x,,.mf{zu O o] xfzw gp}.

We call || - ||» the projective norm on By @ --- ® E,.

Proposition B.2.9 Let Ey,... , E, be Banach spaces. Then || - ||» is a cross norm on E1 ®
--® FE,, such that

Xl < llxllx  (x€E1®- @ Ey),

for any cross norm ||+ || on E1 ® -+ Q E,,.
Proof Tt is immediate that || - || is a seminorm on F; ® - -- ® E,, satisfying
|21 @ - @ Zpllr < 121+ ||2nll (z1 € By, ... oy € Ey).

Letx € F1®---®FE,.For j =1,... ,n choose ac§ )7. . 7x§m) € E; such thatx = >/ | xgk)@)
(k)

xy, . For any cross norm || - ||, we have
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NED [
k=1

Since ||x||r is the infimum over all possible expressions occurring as right hand sides of

e

’. (B.11)

(B.11), we obtain ||x|| < ||x||~. In the special case where ||- || = || - ||¢, we obtain || |le < || ||,
which establishes that || - || is a norm, and

lzall--llznll =21 @ @ anlle <21 ®@ - @l (21 € E1,... ;20 € Ey),
so that || - || is a cross norm. O

Definition B.2.10 Let Fy,..., E, be Banach spaces. Then their projective tensor product
E1®---®FE, is the completion of Ey ® --- ® E,, with respect to || - ||-.

Exercise B.2.8 Show that the projective tensor product of Banach spaces satisfies the following
universal property: Let F1, ..., E, be Banach spaces. Then for every Banach space F', and for every
V € L™(Es,... ,En; F), there is a unique V € L(E1Q - - - ®E,; F) with |V|| = ||V such that

V(z,... ,xn):‘?($1®'~~®xn) (1 € F1,... ,xn € Ey).

Exercise B.2.9 Let Fi,...,E, be Banach spaces, and let F1®---®FE, be the completion of
P ® - ® E, with respect to some cross norm. Show that the identity on £ ® - -+ ® F, extends
to a contraction from E1®---QF, to E1® - QF,.

Exercise B.2.10 Let F,... , E,, F be Banach spaces. Show that
(1@ Rz @y, V) :=(y,V(x1,... ,2n))
(x1 € F1,...,xn € By, y€ F,V € L"(Ex,... ,En F*))
induces an isometric isomorphism of (E1® - - ®E,&F)* and L"(E:,... ,En; F*).

Exercise B.2.11 Prove an associative law, as in Exercise B.1.3, for the projective tensor product

(with isometric isomorphisms).

Exercise B.2.12 Let E1, F4,... , En, F,, be Banach spaces, and let T; € L(Ej, F}).

(i) Prove an analogue of Exercise B.2.3 for the projective tensor product.
(ii) Show that, if T; € K(E;, F;) for j=1,... ,n, then Ty @ --- ® T}, is also compact.

Exercise B.2.13 Let 2 be a Banach algebra, let E be a left Banach 2f-module, and let F' be a
right Banach 2-module. Show that the bimodule action (B.3) of % on E ® F turns EQF into a
Banach 2-bimodule.

Exercise B.2.14 Let 2 and 9B be Banach algebras. Show that || - ||~ is submultiplicative with
respect to the product e on AW defined in Exercise B.1.6, so that e extends to A®WB turning it into
a Banach algebra. If 20 and B have bounded approximate identities (e«)o and (eg)gs, respectively,
show that (eq ® €5)a,s is a bounded approximate identity for ARDB.

There is a useful analogue of Proposition B.1.2 for the projective tensor product:

Proposition B.2.11 Let E,,... ,E, be Banach spaces, and let x € E1&---®E,. Then

o0
there are sequences (azg.k)> in E; for j =1,...,n such that
k=1
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e < o
k=1
and
x=Y a" e ez (B.13)
k=1

Moreover, ||x||x is the infimum over all infinite series (B.12) such that (B.13) is satisfied.

Proof For each x € E1®---®F, having a series representation as in (B.13), let ||z|/ be
the infimum over all infinite series (B.12) such that (B.13) holds. It is easy to see that
| l#|Fy®---®F, is a cross norm such that the resulting completion of F; ® - - - ® E,, enjoys the
same universal property as the projective tensor product (Exercise B.2.8). It follows that
I lls = 1l (Why?). o

Let F be the subspace of F1® -+ ®F, consisting of all x having a series representation
as in (B.13). It is not difficult to see that (F, | -||#) is a Banach space (Hint: Show that every
absolutely converging series in (F, || - ||z) converges.). It follows that F = E1®---®FE,. O

Exercise B.2.15 Work out the proof of Proposition B.2.11 in detail.

There is an analogue of Theorem B.2.5 for the projective tensor product. For a measure
space (§2,S, 1) and a Banach space E, let L'(£2, S, u; E) denote the space of all (equivalence
classes of) p-integrable functions on {2 with values in E. If you don’t feel comfortable
about Banach space valued integration, have a look at [Lang 1]: there, integration theory is

developed from scratch for Banach space valued functions.

Theorem B.2.12 Let (12,8, 1) be a measure space, and let E be a Banach space. Then the

bilinear map
LY2,8,u) x E — LY2,8,1;E), (f,z)— fx (B.14)
induces an isometric isomorphism of L'(2,S, n)®FE and L*(2,S,u; E).

Proof 1t follows immediately from the universal property of the projective tensor product,
that (B.14) induces a contraction from L'(£2,S,u)®E into L'(£2,S,u; E). From the defi-
nition of L'(£2,S, u; E), it is clear that this contraction has dense range; it remains to be
shown that it is also an isometry.

For fi,..., fo € L'(2,8,p) and x1,... ,x, € B, let f =372 fjzjand x =30, f; ®

zj. We claim that | f[l1 = ||x||r. A simple density argument shows that we may confine
ourselves to the case where fi,..., f, are step functions. Furthermore (Why?), we may
suppose without loss of generality that there are mutually disjoint (24,...,(2, € S with

u(82;) < oo for j=1,...,n such that f; = xo, for j =1,... ,n. It follows that

£l = / i = Wil =Y (@)l = D fillllzl > f1xllx,
2 j=1 j=1 j=1

which completes the proof. O

Exercise B.2.16 Let G be a locally compact group, and let 2l be a Banach algebra.
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(i) Show that L'(G,%) becomes a Banach algebra through the convolution formula

(f1* f2)(9) = /Gfl(gh_l)fz(h) dma(h)  (f1,f2 € L'(G,2)).

(ii) Show that, if L'(G)®2 is equipped with the product e from Exercise B.2.14, then the
isomorphism of L' (G)&2A and L' (G, 2A) from Theorem B.2.12 is an algebra isomorphism, where
L'(@G,9) is equipped with the convolution product from (i).

Exercise B.2.17 Let G; and G2 be locally compact groups. Show that there is a canonical iso-
metric algebra isomorphism L'(G1)®L'(G2) = LY (G1 x G2).

We conclude this section on Banach space tensor products with an easy exercise that
relates the injective and the projective tensor product:

Exercise B.2.18 Let E be a Banach space, and let F' be a finite-dimensional Banach space. Show
that EQF is complete both in the injective and in the projective norm. Conclude that EQF = EQF.

B.3 The Hilbert space tensor product

Let $; and - be Hilbert spaces. When is $;©$), a Hilbert space (or $;®$2)? The answer
is: hardly ever (even if we are willing to put up with merely topological, but not isometric
isomorphism). If we want a tensor product of Hilbert spaces to again be a Hilbert space, we
need a different construction.

Exercise B.3.1 Let $1,...,9, be Hilbert spaces.

(i) Show that there is a unique positive definite, sesquilinear form on $; ® - - - ® 9, such that

(1@ ®@&,m® - ®@nn) = (E1,m)  (Ens M) (E1,m €91,... &, M0 € Hn).

(ii) Show that the norm on $; ®- - - ® 9, induced by the scalar product from (i) is a cross norm.

Definition B.3.1 Let 94,...,, be Hilbert spaces, and let (-,-) be as in Exercise B.3.1.
Then the Hilbert space tensor product $1®---®%, of H1,...,9, is the completion of
H1® -+ ®H, with respect to the norm induced by (-, -).

Exercise B.3.2 Let $; and $2 be Hilbert spaces with orthonormal bases (e&l)) and (e(;)) ,
a B8

respectively.

(i) Show that (ef}l) ® e/(;)) is an orthonormal basis for $1®$2.

a,B

(if) Show that each element of $1®%2 has the form ) >, &1) ® ESLQ), where <££L1))oo and
n=1

@) : : o @[ |le@]?
» are sequences in )1 and $2, respectively, such that Y >  |/&xn &n < 00.

n=1

Exercise B.3.3 Prove an analogue of Exercise B.2.3 for the Hilbert space tensor product.

There is an analogue of Theorem B.2.12:

Exercise B.3.4 Let (£2,S, 1) be a measure space, and let $) be a Hilbert space. Then the bilinear

map
L*(02,8,p) x 9 — L*(2,8,1:9),  (f.€) — f¢&

induces an isometric isomorphism of L?(£2,S, 1)®$ and L*(22,S, i; H).
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Exercise B.3.5 Let G1 and G2 be locally compact groups. Show that there is a canonical isometric
isomorphism L?(G1)®L?(G2) = L*(G1 x Gs) such that

A2((g1,92)) = A2(g1) ® A2(g2) (g1 € G, g2 € Ga2)
with the appropriate identifications made.

That was it, already!

B.4 Notes and comments

The algebraic tensor product of linear spaces (or, more generally, of modules over commu-
tative rings), is a standard construction in abstract algebra; see, e.g., [Lang 2].

The theory of Banach space tensor products, initiated by A. Grothendieck, is a vast and
deep area. Of course, the injective and the projective norms are not the only cross norms
on tensor products of Banach spaces — and by far not the only interesting ones. We have
limited ourselves to these two norms because they are the only ones we need in these notes.
If you want to dig much deeper, look into [D-F]. If E and F are any two Banach spaces
such that EQF = E®QF, then, in most cases, E or F is finite-dimensional ([D-F, Exercise
4.12]). In 1981, G. Pisier constructed an infinite-dimensional Banach space E such that
E®E = EQFE ([Pis 1]) although the contrary had been conjectured by Grothendieck.
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In these notes, we need some background from the theory of Banach spaces for several

reasons:

— If F is a Banach space, the amenability (or non-amenability) of A(E) corresponds to
certain Banach space properties of F.

— When dealing with super-amenable or — more generally — biprojective Banach algebras,
we require the approximation property for the proofs of some results.

— For C*-algebras, amenability implies the approximation property.

In this appendix, we collect the required notions and results. As far as the extent to
which we present proofs is concerned, this appendix lies somewhere between Appendices A
and B. The fact that some proof is not included does not necessarily imply that it is too

deep or too technical to be presented here, but just that it would have taken too much space.

C.1 Approximation properties

Definition C.1.1 Let E be a Banach space. Then:

(i) E has the approzimation property if there is a net (S, )4 in F(E) such that S, — idg
uniformly on compact subsets of E.

(ii) E has the C-approzimation property with C > 1 if there is a net (Sy)q in F(F) with
sup,, ||Sa|| < C such that S, — idg uniformly on compact subsets of E.

(iii) E has the bounded approzimation property if it has the C-approximation property
for some C' > 1.

(iv) E has the metric approzimation property if it has the 1-approximation property.

Examples C.1.2  (a) A basis for a Banach space E is a sequence ()52, in E with the
property that, for each = € E, there is a unique sequence (A;)72; in C such that

T = Z ALTk; (C.1)
k=1
for example, the spaces ¢y and ¢P for p € [1,00) have a (canonical) basis (What is it?).

Let E be a Banach space with a basis (2)72 . For each n € N, let P,,: E — E be the

unique projection which, for each € F with a representation (C.1), is defined as

Pn{E = i )\kxk.
k=1

V. Runde: LNM 1774, pp. 255-263, 2002
(© Springer-Verlag Berlin Heidelberg 2002
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Certainly, P, — idg uniformly on all finite subsets of E. In order to establish the
(bounded) approximation property for E, it suffices (Why?) to show that each P, is
continuous and that sup,,cy || P || < 0o. Define a new norm ||| - ||| on E through |||z||| :=
sup,en || Prz| for € E. It is immediate from this definition that each P, is bounded
and has norm one with respect to ||| - |||. Then || - || < ||| - |||, and it is routinely checked
(Do it!) that (E, ||| - |||) is complete. The open mapping theorem implies that || - || and
Il - ||| are equivalent.

(b) For any Hilbert space $), let F be the collection of all finite-dimensional subspaces of
$. For each F' € F, let Pr be the orthogonal projection onto F. Then Pr — idg in the
strong operator topology and thus uniformly on compact subsets of . Hence, $ has the
metric approximation property.

(c¢) All the examples of Banach spaces with property (A) discussed in Examples 3.1.12
have the bounded approximation property.

Remarks C.1.3 (a) There are Banach spaces without the approximation property; in
fact, for any infinite-dimensional Hilbert space ), the space £($) lacks the approximation
property ([Sza]).

(b) A reflexive Banach space has the approximation property if and only if it has the
metric approximation property; the same is true for separable dual Banach spaces ([D-F,
16.4, Corollary 4]).

(¢) There are (separable) Banach spaces which have the approximation property, but not

the bounded approximation property ([L-Tz, I, Example 1.e.20]).

We have a brief (and rather superficial) look at the hereditary properties of the approx-
imation property:

Exercise C.1.1 Let E be a Banach space with the (bounded) approximation property, and let F'
be a complemented subspace of E. Show that F has the (bounded) approximation property as well.

Remark C.1.4 Both ¢y and ¢? for p € [1,00) \ {2} contain subspaces lacking the approxi-
mation property ([L-Tz, I, Theorem 2.d.6 and II, Theorem 1.g.4]). Hence, the approximation
property is not inherited by arbitrary subspaces. Dualizing, we see that also quotients need

not inherit the approximation property.

Exercise C.1.2 For j = 1,2, let E; be a Banach space with the Cj-approximation property for
some C; > 1. Show that both E;®E> and E;&®E»> have the C; Cz-approximation property.

For any Banach spaces F7, ... , E,, the identity on F4 ®---® E,, extends to a contraction
from F1® - - ®F, into E1® - - - ®F,, by Exercise B.2.9. This map can be used to characterize

the approximation property:
Theorem C.1.5 For a Banach space E the following are equivalent:

(i) E has the approzimation property.
(ii) For any Banach space F, the canonical map from EQF into EQF is injective.
(iii) The canonical map from EQE* into EQE* is injective.
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(iv) The map
EQE* - N(E), 20¢—z0¢ (C.2)
s an isometric isomorphism.

Proof (i) = (ii): Let x € EQF \ {0}. Then there are sequences (z,,)22; in E and (y, )%

in F such that >°7 , [|zn||[|yn|| < 0o and x = >"77 | 2, @ y,, (Proposition B.2.11). Wlthout
loss of generality, we may suppose that ||z,| — 0 and Y .~ [lyn|| < co (Why?). Since
{z, : n € N} U {0} is compact, the approximation property for FE implies that there is
S € F(FE) such that

E3IES

1Sz — 2n|| < ==s—— (n €N). (C.3)

22 =1 lynll
Let y := Y >° | S%,, @ yn. Then (C.3) implies that ||x — y||» < %|/x||~, so that y 0. Since
there are z1,... ,2p, € E and ¢1,..., ¢, with S = 377" 21 © ¢y, this means that there

is ¢ € E* with 07 (zn,#)y,, # 0. The Hahn-Banach theorem yields ¢ € F* such that
oo @, &) (Yyn, ¥) # 0. From the definition of | - ||, it is now immediate that the image of
x in EQF is non-zero.

(il) = (iii) is trivial.

(iii) = (iv): Clearly, (C.2) is the composition of the canonical map from EQE* into
E&E* with the canonical isomorphism between FQE* and A(E) (Proposition B.2.7). Since
both maps are injective, so is (C.2). By definition, (C.2) is onto, and the definition of the
nuclear norm implies that (C.2) is even an isometric isomorphism.

(iv) = (i): Let 7 denote the topology on L(FE) of uniform convergence on all compact
subsets of E. Assume that E lacks the approximation property; this means that idg does
not lie in the 7-closure of F(FE). The Hahn-Banach theorem then implies that there is a
T-continuous linear functional on £(E) that vanishes on F(E), but not at idg. By [L-Tz, I,

Proposition 1.e.3], each 7-continuous functional is of the form

LE)—=C, T (Tr,,¢n),

n=1

where (2,)22; and (¢,)%2; are sequences in E and E*, respectively, with the property that

S llznllll@nll < co. Hence, there exist such sequences (z,,)5%; and (¢,,)52; with
n:l
but

Z xna(bn (05)

From (C.4), it follows (How exactly?) that > - (z, ¢, )x, = 0 for all z € E. It follows that
X 1= 0" Ty @ P, € EQE* lies in the kernel of (C.2). Since (C.2) is injective, this means
x = 0, but this contradicts (C.5). O

With Theorem C.1.5 at hand, we can establish yet another hereditary property for the
approximation property:
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Corollary C.1.6 Let E be a Banach space such that E* has the approximation property.
Then E has the approrimation property.

Proof Since E* has the approximation property, the canonical map from E*®E** into
E*®E** is injective. From the definition of the injective norm, it is immediate (Do you
believe that?) that the inclusion of E ® E* into E** ® E* is an isometry with respect to
the injective norms on both spaces. Hence, the canonical map from EQE* into EQE* is
injective as well, so that FE has the approximation property by Theorem C.1.5. O

C.2 The Radon—Nikodym property
Let E and F' be Banach spaces, and define a bilinear map kg p: E* X F* — (EQF)* through

ﬂE,F(¢7¢)(x7y) = <$7¢><y71r/)> (5U € E7 ¢ € E*7 Yy € F7 ¢ S F*)

It is immediate from the definition of the injective norm that xg r has norm one. The
universal property of the projective tensor product implies that kg r induces a linear map
of norm one from E*®F* into (EQF)*. We are interested in the question of when rp r is

an isomorphism.

Definition C.2.1 A Banach space E has the Radon—Nikodym property if, for each finite
measure space (£2,S, 1) and each bounded linear operator T': L'(§2,S, 1) — E, there is a
bounded p-measurable function ¢: 2 — E such that

Tf = / fodu  (f € LN, ). (C.6)

Exercise C.2.1 (i) Use the classical Radon—Nikodym theorem to conclude that C has the
Radon—Nikodym property.
(ii) Let (Fa)a be a family of Banach spaces each of which has the Radon—Nikodym property.
Show that their ¢!-direct sum £'- @ o Fo has the Radon-Nikodym property as well.
(iii) Conclude that £'(I) has the Radon-Nikodym property for any index set I.

Exercise C.2.2 Let E be a Banach space with the Radon—Nikodym property, and let F' be a
closed subspace of F'. Show that F' has the Radon—Nikodym property.

Examples C.2.2 (a) Any reflexive Banach space has the Radon—Nikodym property:
This follows immediately from the strong Dunford—Pettis theorem ([D-F, C4, Theorem]).
(b) Any separable, dual Banach space has the Radon-Nikodym property (this follows
from [D-F, C5, Proposition]).
(c) Let T: L'([0,1]) — co be the operator that assigns to each function f € L(T) the
sequence of its Fourier coefficients (with positive index):

1
— 2mint
Tf:= (/0 f(t)e dt)nEN.

Assume that there is a bounded Lebesgue-measurable function ¢: [0, 1] — ¢o C £°° such
that (C.6) holds. It follows (How exactly?) that
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¢(t) — (GZﬂint)neN

for almost all ¢ € [0, 1]. For all ¢ € [0,1], however, |e2™"¢| = 1 holds, so that ¢(t) & co
for almost all ¢ € [0,1]. Hence, ¢y lacks the Radon—Nikodym property.

Exercise C.2.3 Let (2 be a locally compact Hausdorff space with infinitely many points. Use
Exercise C.2.2 and Examples C.2.2(c) to show that Co(£2) lacks the Radon-Nikodym property.

For the problem we are interested in, the Radon—Nikodym property is relevant due to
the following theorem ([D-F, 16.6, Theorem(1)]):

Theorem C.2.3 Let E and F' be Banach spaces such that

(i) E* or F* has the approzimation property, and
(ii) E* or F* has the Radon—Nikodgm property.

Then kg, F: E*QF* — (EQF)* is an isometric isomorphism.

Remark C.2.4 Suppose that E is a Banach space such that kg r: E*QF* — (EQF)* is a
topological isomorphism for every Banach space F'. Then E* has both the Radon—Nikodym
property and the metric approximation property ([D-F, 16.6, Theorem(2)]).

C.3 Local theory of Banach spaces

By the local theory of Banach spaces we mean the study of those properties of a Banach
space which are accessible through the investigation of its finite-dimensional subspaces.

It is elementary that every finite-dimensional subspace F' of a Banach space FE is comple-
mented, i.e. there is a bounded projection P from F onto F. It is a highly non-trivial problem
to determine what the best, i.e. smallest, value for ||P|| is. For arbitrary finite-dimensional
subspaces of arbitrary Banach spaces the following estimate is the best one available ([Woj,
I1.B.7., 10 Theorem)):

Theorem C.3.1 Let E be a Banach spaces, let n € N, and let F be an n-dimensional
subspace of E. Then there is a projection P of E onto F with ||P| < v/n.

The following notion is of fundamental importance in the local theory of Banach spaces
([Woj, IL.LE.15]):

Definition C.3.2 Let £y and Fs be Banach spaces. Then FEj is finitely representable in Fo
if there is C' > 1 such that, for each finite-dimensional subspace F of E1, thereis 7: F — FEy
such that [|7|[[Ir}m | < C.

Sloppily speaking, a Banach space F is finitely representable in the Banach space Fs if
each finite-dimensional subspace of F; “is” a subspace of Fs.

For every Banach space F, its bidual E** is finitely representable in E. This follows
immediately from the local reflexivity principle ([Woj, II.E.14, Theorem)):
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Theorem C.3.3 (local reflexivity principle) Let E be a Banach space, let F' be a finite-
dimensional subspace of E**, let ¢1,... ¢, € E*, and let € > 0. Then there is 7: F' — E
such that 7|prp = idrae, |77 2l < 1+€, and

<T(X)a¢j>:<¢ij> (XGFaj:L-“vn)'

Exercise C.3.1 Use Theorem C.3.3 to prove an analogue of Corollary C.1.6 for the bounded
approximation property: If E is a Banach space such that E* has the C-approximation property
for some C' > 1, then E has the C-approximation property as well.

Exercise C.3.2 Use the previous exercise along with Exercise C.1.2 to exhibit a separable Banach

space with the metric approximation property whose dual lacks the approximation property.

To pass from local to global statements about Banach spaces, the following construction
is useful:

Definition C.3.4 Let E be a Banach space, let I be an index set, and let ¢ be an ultrafilter
on [. Then:

(i) £°°(I, E) is the space of all bounded families (z4)aer in F.
(ii) My is the subspace of £°°(I, F) consisting of those (x4 )aer for which limy ||z4] = 0.
(iii) The quotient space (E)y := £°°(L, E') /Ny is called an ultrapower of E.

Exercise C.3.3 Let E be a Banach space, let I be an index set, and let & be an ultrafilter on 1.

(i) Let £>°(I, E) be equipped with its canonical norm. Show that Ay is a closed subspace of
(=1, E).
(ii)) Show that, for any z = (za)aer € £°(1, F), the equality

[l := lim |za]| = [lz + Nu||

holds.
(iii) Conclude that ((F)u,| - ||) is a Banach space.

Every Banach space is canonically contained in all of its ultrapowers (How?).

Exercise C.3.4 Let E be a finite-dimensional Banach space, and let (E)y be an ultrapower of E.

Show that the canonical embedding of E into (E)y is an isomorphism.

Unless the ultrafilter is fixed, i.e. consists of all sets containing a given point, the corre-
sponding ultrapower of an infinite-dimensional Banach space is much larger than the original
space. Nevertheless, we have the following:

Proposition C.3.5 Let E be a Banach space, and let (E)y be an ultrapower of E. Then
(E)y is finitely representable in E.

Proof Let F be a finite-dimensional subspace of (E)y with Hamel basis x1,... ,x,. Let I
be the index set over which U is defined. For each j = 1,... ,n, let (z;.o)aecr € £°(L, E) be
such that z; = (2j,a)aer + Ny. For a € I, define 7,: F — E through

Ta () 1= T (j=1,...,n).
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Clearly, C' := sup,¢;||7al| < oo0. Let & € F. Then there are Aq,...,\, such that z =
> j=1 Ajxj. Tt follows that

tim 7o (@)l| =Tim || Ajajal| = {1>_ Ajag|| = llall- (C.7)
j=1 j=1 u

For any z € F, (C.7) yields I, € U, such that
1
Szl < lra@)l < 2llzll - (o€ L). (C.8)

For § > 0 choose a d-net, say af,...,x,, in B1(0,F). Choosing ¢ sufficiently small (How

m

exactly is this done?), we obtain from (C.8) for all @ € I; N---N I, that

1
glell < lra@)ll < 8llz]| (z € F).

This completes the proof. O

Remark C.3.6 It is not hard to show even more: The map 7, in the proof of Proposition
C.3.5 can be chosen such that ||75|||75 | (m)ll < 1+ €, where € > 0 is arbitrarily chosen.
Try it for yourself, and if you don’t succeed, have a look at [Hei, Proposition 6.1] and its

proof.

Theorem C.3.7 For two Banach spaces E1 and Es, the following are equivalent:

(i) Eq is finitely representable in Es.

(ii) There are C > 1 and a directed family F of finite-dimensional subspaces of Ey such
that
(a) U{F : F € F} is dense in E1, and
(b) for each F € F, there is : F — By such that |7 |77 (m)| < C.

(iil) Ey is topologically isomorphic to a closed subspace of some ultrapower of Es.

Proof (i) = (ii) is obvious.

(ii) = (iii): Let U be an ultrafilter on F that dominates the order filter. For each F € F,
thereis 7p: F — Fy such that ||7p|||| 75" |-(m |l < C. Multiplying 77 by an appropriate scalar,
we can suppose that |[7p|| = 1. Let Ey := |J{F : F € F}, and define 7: Ey — £°(I, E)
through

T(x) =

{TF(:L‘), ifexeF,

0 otherwise.
Note that 7 need not be linear. Nevertheless, the map

7: By — (E2)u, =+— 7(x)+ Ny.
is linear (Why?). Let = € Ey. Then we have

1 1
||TF($)||ZWH»T||25H$H (FeF,zeF),

7|
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so that 7 is bounded from below by the definition of || - ||ys. Since Ey is dense in Ej, the
map 7 has a unique extension to all of F;, which is again bounded from below. It follows
that (the unique extension of) 7 is a topological isomorphism of F; and a closed subspace
of (Ea)u.

(iii) = (i): This follows from Proposition C.3.5 (How exactly?) O

Exercise C.3.5 Let F be a Banach space. Show that E** is isometrically isomorphic to a comple-
mented subspace of some ultrapower of E. (Hint: To show that E** embeds isometrically into an
ultrapower of E, use Theorem C.3.3 and slightly vary the idea of the proof of Theorem C.3.7. To
show that the resulting subspace of the ultrapower is complemented, think of how you (hopefully)
solved Exercise C.3.4.)

Corollary C.3.8 Let p € [1,00), let (£2,S, 1) be a measure space, and let E be a Banach
space which is finitely representable in LP(£2,S,u). Then there is another measure space

(075‘,;1) such that E is topologically isomorphic to a subspace of Lp(f27‘5~'7ﬂ).

Proof By Theorem C.3.7, E is topologically isomorphic to a closed subspace of some ul-
trapower (LP(£2,S, u))y. As a consequence of the Kakutani-Bohnenblust—Nakano theorem
(JAl-B, Theorem 12.26]), there is a measure space (£2,S, /i) such that (LP(£2,S, )y =
L9(02,S, i) ([Hei, Theorem 3.3(ii)]). O

We shall now use Corollary C.3.8 to show that ¢? is not finitely representable in ¢9 for
certain values of p and ¢. Our main tool is the following theorem due to W. Orlicz ([Woj,
I1.D.6., Theorem]):

Theorem C.3.9 Let p € [1,2], let (12,8, 1) be a probability space, and let (f,)52, be a
sequence in LP(£2,8, ). Then Y )" || fal|2 < oo.

Corollary C.3.10 Let p € (2,00), let q € [1,2], and let (£2,S, 1) be a measure space. Then
P is not finitely representable in L1(£2,S, ).

Proof Assume towards a contradiction that ¢? is finitely represented in L?(§2,S,u). By
Corollary C.3.8, we may suppose that P is topologically isomorphic to a closed linear sub-
space of L4(£2,S, ). Since this subspace of L({2,S, i) is obviously separable, we may use
[D-S, II1.8.5 Lemma| to suppose that LI(£2,S, ) itself is separable. As a consequence of
[Hal, Theorem 41.C] (work out the details in Exercise C.3.6 below), L9(£2,S, u) then is i-
sometrically isomorphic to a subspace of Li([0,1]). We may thus suppose without loss of
generality that there is an embedding 7: (¢ — L9([0,1]) with closed range.

Since p > 2, there is a sequence (\,)3%; € (P \ £2. Let (e,)%; be the standard basis of
¢P. Then Y7 | Ape, converges conditionally and so does Y~ | A, 7(ey,). By Theorem C.3.9
this means that > 0" | |An|?[|7(en)]|2 < co. Since the sequence (||7(en)l|p)
below, this implies that (\,,)%; € £2, which is a contradiction. O

o}
n=

1 is bounded

Exercise C.3.6 Let p € [1,00), and let (£2,S, 1) be a measure space such that LP(£2,S, ) is sep-

arable. Use [Hal, Thoerem 41.C] to show that LP(£2,S, 1) is isometrically isomorphic to a subspace
of LP([0,1]).
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C.4 Notes and comments

It was a long standing open problem in Banach space theory as to whether every Banach
space has the approximation property. Eventually, P. Enflo constructed a Banach space
without the approximation property ([Enf]). Subsequently, his construction was simplified
by A. M. Davie; his construction is presented in [L-Tz]. All those spaces are “Frankenstein
spaces”, i.e. they are interesting for no other reason, but for their lack of the approximation
property. The first space “occurring in nature” which was shown to lack the approximation
property was L£($) for an infinite-dimensional Hilbert space $ ([Sza]). More generally, every
W*-algebra which is not amenable does not have the approximation property; see Remark
6.1.9. It is still an open problem whether or not H*° (D), the Banach algebra of all bounded
holomorphic functions on the open unit disc, has the approximation property ([D-F, 5.2
(4)).

The Radon—Nikodym property is discussed in [D-F| and [D-U]. In [D-U] various equiv-
alent formulations of the Radon—Nikodym property are given along with a list of spaces
having or lacking that property ([D-U, p. 217-219]).

For more on the local theory of Banach spaces, we refer to [Woj]. Ultrapowers and, more

generally, ultraproducts of Banach spaces are treated in the survey article [Hei].



D Operator spaces

The theory of operator spaces — sometimes also termed quantized functional analysis (see
the preface of [E-R]) — is a fairly new and rapidly evolving part of functional analysis. Until
quite recently, no account in book form was available.

This appendix collects the necessary background material for our discussion of operator
amenability in Chapter 7. We we confine ourselves to the bare essentials and don’t even
attempt to give proofs. For most results we give references to the recent monograph [E-R)
by E. G. Effros and Z.-J. Ruan (also highly recommended for further reading).

D.1 Abstract and concrete operator spaces

The idea behind operator space theory is simple: Instead of only looking at a normed space
E, we simultaneously consider all spaces of matrices M,,(E) for n € N.

We need a few conventions about matrices.

For a linear space E and n,m € N, let M,, ,,(E) denote the m X n matrices, i.e. with
m rows and n columns, with entries in F; if E = C, we simply write M, ,,,. We identify
M., with £(¢2,¢2)), and denote the resulting norm on M, , by | - ;.0 if m = n, we write
| - |n for | - |n.n. If E is a linear space, n,m € N, A € M, ,, © € M,,(E), and p € M, 1,
the expression Azp € M, (E) is defined by formal matrix multiplication. Furthermore, for a
linear space E, for n,m € N, x € M,(E) and y € M,,(E), let

z|0

€ Myt (E).
Oly

rdy: = l

Definition D.1.1 Let E be a linear space. A matricial norm on E is a family (|| - ||»)22,

such that || - ||, is @ norm on M, (E) for n € N with the following properties:
Azplln < Almallzllmlplnm (A € Mypn, 2 € My (E), pp € My m)

and

12 @ yllntm = max{[[z]ln, [[yllm} (2 € Mn(E), y € Min(E)). (D.1)

Definition D.1.2 A linear space E equipped with a matricial norm (]| - ||,,)22 is called a
matricially normed space. If each space (M, (E),|| - ||») is a Banach space, E is called an

(abstract) operator space.

V. Runde: LNM 1774, pp. 265274, 2002
(© Springer-Verlag Berlin Heidelberg 2002
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Exercise D.1.1 Let E be a linear space, and let (]| - [[»)n=1 be a family such that || - ||, is a norm

on M, (E) for n € N with the following properties:
Azplln < Alnllzllnlpeln (A p € M, z € Mn(E))

and

lz ® yllntm = max{||lz|ln, [yllm} (2 € Ma(E), y € Mm(E)).
Show that E is a matricially normed space.

Exercise D.1.2 Let F be a matricially normed space and let n € N.

(i) Let x € M,(E), and let A, u € M, be unitary. Show that || Azpu|n, = ||z]|n.
(ii) Let z,y € M, (E) be such that y is obtained from x by permuting the rows or columns of .
Show that ||z]|» = ||y||n-

Exercise D.1.3 Let E be a matricially normed space.

(i) Show that E is an operator space if and only if (E, || - ||1) is a Banach space.

(ii) Show that the completion of (E, || - ||1) is an operator space in a canonical fashion.

Examples D.1.3 (a) Let % be a C*-algebra. By Exercise 6.1.5, there is a unique C*-
norm || ||, on M, () for each n € N. It is routinely checked that (||-]|,)5%, is a matricial
norm on 2f. Consequently, if F is any closed subspace of 2, the restrictions of the norms
I ||n to M, (E) for n € N turn E into an operator space. Such operator spaces are called
concrete operator spaces.

(b) Let FE be any Banach space, and let {2 be the closed unit ball of E* equipped with
the w*-topology. Then (2 is a compact Hausdorfl space, and E embeds isometrically into
the commutative C*-algebra C({2). By (a), we thus obtain a matricial norm (|| - ||,)22,
on E such that || - ||; coincides with the given norm. The resulting operator space is
called the minimal operator space of E and denoted by MIN (E).

(c) Let E be any Banach space. Let n € N; for [z; x] j=ten € M, (E), let

H[xjk] j=toon || 1= sup {H[T{L‘J’k]}izl, Wl T e L(E,L(M?)) is a contraction} .
=1,...,n |In =1,...,n |In
(D.2)
Then (|| - ||)22; is a matricial norm on E such that || -||; coincides with the given norm.

The resulting operator space is called the mazimal operator space of E and is denoted
by MAX(E).

139

So, if every Banach space “is” already an operator space, why bother defining operator
spaces at all? The answer is that the same Banach space may carry very different operator
space structures, i.e. given a Banach space F there are different matricial norms (|| - ||,,)2,

and (||| - [||n)52, on E such that nevertheless || - |1 = ||| - |||1 is the given norm on E. This
leads us immediately to the problem of when we can identify two operator spaces, i.e. of

finding the right notion of isomorphism for operator spaces.

Exercise D.1.4 Let E be a matricially normed space, let F' be a subspace of E, and let n € N.
Check that F', E/F (if F is closed), and M, (E) are matricially normed spaces in a canonical fashion.
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D.2 Completely bounded maps

Let F and F be linear spaces, and let T': E — F' be linear. At the beginning of Section 6.4,
we defined, for n € N, the n-th amplification T : M,,(E) — M, (F) of T: apply T to each
matrix entry. Clearly (Why?), if each E and F are matricially normed spaces, T' € L(E, F)
implies that T € £(M,,(E),M,,(F)) for each n € N.

Definition D.2.1 Let E and F be matricially normed spaces. An operator T € L(E, F) is
called completely bounded if

17y 1= sup { |7

:neN}<oo.

The collection of all completely bounded operators in L(F, F) is denoted by L (E, F). If
T(™) is a contraction for each n € N, we call T a complete contraction; if T™ is an isometry

for each n € N, we call T a complete isometry.

Clearly, for any two matricially normed spaces E and F, || - || is @ norm on the linear
space Lop(E, F).
Exercise D.2.1 Let E be a matricially normed space, and let F' be an operator space. Show that

(Lo (E,F),| - |leb) is a Banach space.

Examples D.2.2 (a) Let 2 be a unital C*-algebra, and let E be a closed subspace of

2 containing eg. Then, for any C*-algebra B, we have
[Tllee = IT]] = [[Teal|

for all completely positive T: E — B ([E-R, Proposition 2.2.6]).

(b) Let E be a matricially normed space, let n € N, and let T € L(E,M,). Then
T € Loy(E,M,) with ||T||s = ||[T™]| ([E-R, Proposition 2.2.2]);this fact is known as
Smith’s lemma. In particular, E* and L., (E, C) are isometrically isomorphic.

(¢) Let E be an operator space, and let 2 be a commutative C*-algebra. Then L(F,2) =
Lep(E, Ql) with

ITlleo =TIl (T € L(E,2)),

so that L(F, ) and L (E,2l) are isometrically isomorphic ([Pau 1, Theorem 3.8]). It
follows that, if F' is an arbitrary Banach space, then £(E, F') and L, (E, MIN(F)) are
isometrically isomorphic.

(d) Let E be a Banach space, and let F' be a subspace of £(¢?). From (D.2), it is immediate
that L(E, F) and L,(MAX(FE), F) are isometrically isomorphic.

(e) For n € N, the transpose map

T:M, - M,, A— A’

is completely bounded (by (b)) with ||T']|es = n ([E-R, Proposition 2.2.7]). It follows
that, for any infinite-dimensional Hilbert space $), taking the Banach space adjoint

L(®) = L(®), S5

is an isometry, but not completely bounded.
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We can now formulate one of the central theorems of operator space theory ([Rua 1,
Theorem 3.1]):

Theorem D.2.3 (Ruan’s theorem) Let E be an operator space. Then E is completely

isometrically isomorphic to a concrete operator space.

Remark D.2.4 Originally (see [Pau 1], for example), an operator space was defined to be
what we call a concrete operator space. Ruan’s theorem shows that operator spaces can (up
to completely isometric isomorphism) be characterized through a very simple set of axioms.
The advantage of this axiomatic approach to operator spaces is that it is much easier to
establish hereditary properties and to show that a given space is indeed an operator space.
This can perhaps be best illustrated with the analoguous result for Banach spaces: Up to
isometric isomorphism, each Banach space is a closed subspace of C({2) for some compact
Hausdorff space 2, so that we could define a Banach space as a closed subspace of C({2) for
a compact Hausdorff space 2. With that “definition”, however, it is extremely hard (if not
impossible) to verify even very basic hereditary properties of Banach spaces, for example,

that quotients and dual spaces of Banach spaces are again Banach spaces.

Exercise D.2.2 Let E be an operator space, and let F' be a Banach space. Show that L(E, F) and
Ley(E, MIN(F)) are isometrically isomorphic.

Exercise D.2.3 Let F be a Banach space, and let F' be an operator space. Show that L(E, F) and
Loy(MAX(E), F) are isometrically isomorphic.

M, (L (E, F)), we define a unique element in L. (E, M, (F)) through

E—-M,(F), z~ [T;x] J=tm

Conversely, every operator in L., (E, M, (F)) yields a matrix in M, (L, (E, F')). We can thus
identify M,,(Lep(E, F)) and L, (E, M, (F)) as linear spaces. Through these identifications,

we can equip L, (E, F) with a matricial norm:

Proposition D.2.5 Let E and F be matricially normed spaces. For n € N, let || - ||, on
M, (Lo (E, F)) be the norm ||-||ep on Lep(E, M, (F)). Then Loy (E, F) is a matricially normed

space which is an operator space if F' is one.
Exercise D.2.4 Prove Proposition D.2.5.

Remarks D.2.6  (a) By Examples D.2.2(b), E* = L(E, C) isometrically for each ma-

o0

tricially normed space E. By Proposition D.2.5, there is thus a matricial norm (]| ||,)2,

on E* such that || - ||; is the dual Banach space norm on E*. This turns E* into an oper-
ator space — the dual operator space of E — and each subspace of E* into a matricially
normed space.

(b) Note that for n € N, although the Banach spaces M, (E*) and M, (E)* are iso-
morphic, the norm || - ||,, on M, (E*) is not the dual norm of || - ||, on M, (FE). For
X = [xjk]i Lo € M, (E) and @ = [¢; 1] pem € M, (E*), let

= =1
= =1,...

<<X7 @>> = [<xj,ka¢l,m>] j,l:l,.._,n,L € M,,2.

k,m=1,...,n
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We have ([E-R, p. 41]):
[2]ln = sup{|((X, @))[n> : X € M (E), [X][ln <1} (P € Mp(EY)).

(c) Let F be a closed subspace of E. Then we have a completely isometric isomorphism
F+ = (E/F)* ([E-R, Proposition 4.2.1]). The proof requires an operator valued Hahn—
Banach theorem.

(d) The dual operator space of E* is again an operator space which endows its Banach
space bidual E** with an operator space structure. The canonical embedding of E into

E** is a complete isometry ([E-R, Proposition 3.2.1]).
The following is true ([E-R, Proposition 3.2.1] and [Ble, Lemma 1.1]):
Proposition D.2.7 Let E and F' be matricially normed spaces. Then
Leo(E,F) = Lay(F*,E*), T T"

is a complete isometry.
We now turn from linear to bilinear maps. Let Ey, Fs and F be matricially normed
spaces, let n,ny,ns € N with n = ning, and let T € L(FE1, Eo; F). Then the (nq,ns)-ampli-
fication T™172): M, (E1) X M, (Ez) — M,,, (M, (F)) = M, (F) of T is defined through
T(nl’nZ) ([xj,k} J=1,...,m7 [yl,m] I=1,...,ng )
k=1,...,n1 m=1,...
= [[T(xﬁk'?yl,m)]TLZ%‘"_‘:_'T‘"’ } j=L

vt € M, (1), [Yim] =10 ma € My, (Eg)).

1
1,...,n1 m=1,... ,ng

Definition D.2.8 Let F;, Fy and F' be matricially normed spaces. A bilinear map T €
L(Ey, Eq; F) is called completely bounded if

Il := sup {|| 7 272)

1N, Ny EN} < 0.

The collection of all completely bounded bilinear maps in L(FEj, E9; F) is denoted by
Lop(Er, Eo; F) IE || T)|ep < 1, we say that T is completely contractive.

Exercise D.2.5 Let F1, E2 and F be matricially normed spaces, and let T € Loy (E1, Ea; F). Show
that

IT||co := sup { HT(n,n)

:n€N}<oo.

Remark D.2.9 As in the case of completely bounded operators, || - || is a norm on
Lep(E1, E2; F) which is complete if F' is an operator space. Identifying M, (L (F1, Eq; F))
and Lep(Fy, Eq; M, (F)) for n € N, we also obtain a matricial norm on L., (Fy, Eq; F).

D.3 Tensor products of operator spaces

Let E; and Es be matricially normed spaces. The canonical embedding of E; ® Ey in-
to L(Ey, E3)* (Exercise B.2.10) yields an identification of E; ® E2 with a subspace of
Lp(E1, E3)*. This enables us to define a matricial norm on E; ® Es:
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Definition D.3.1 Let E; and E; be operator spaces. Then the matricial norm (|| - [|,n)5%1
obtained through the embedding E; ® E; — Le(E1, E3)* is called the operator projective
tensor norm on E1 ® Es. The completion of E; ® Ey with respect to this matricial norm is

called the operator projective tensor product of F; and E5 and is denoted by Elc}%Eg.

Remarks D.3.2 (a) It is immediate from this definition that || - |1 < || - ||
(b) Let E; and E5 be Banach spaces. Then we have a completely isometric isomorphism

MAX(E)&MAX (Es) = MAX (E1&E»)

(see [E-R, (8.2.9)]).
(c) Let n,n1,ne € N be such that n = ning, and let € M, (E1) and y € M, (E>).
Then, if we identify M, (E1) ® M,,,(E3) and M, (E; ® E2), we have

# @ yllen = l2lxm [Yll7n,-
In particular, || - ||z,1 is a cross norm. In fact, (|| - ||x,n)0e; is the largest matricial norm
(I - In)5%; on E; ® E5 such that

||$ ®yHn - ||an1||y||n2 (nanlanQ € Na n="ning, T € Mnl (El)a ye Mn2(E2))
(D.3)

holds ([Bl-P, Theorem 5.5]).
(d) The operator projective norm on E; ® Es can also be defined intrinsically, in a way
reminescent of the definition of | - ||» ([E-R, p. 124]).

Like the projective tensor product of Banach spaces (see Exercise B.2.8), the operator
projective tensor product of operator spaces is characterized by a universal property ([E-R,
Proposition 7.1.2]):

Proposition D.3.3 Let E1, Es, and F be operator spaces. Then we have canonical com-
pletely isometric isomorphisms

Lop(E, By F) 2 Lof(EBy®Ey, F) 2 Lo(Ey, Lop(Ea, F)).

~

In particular, (Elé)Eg)* >~ L(F1, E3) as operator spaces.

Exercise D.3.1 Let E1, F1, E», and F> be operator spaces, and let T; € Lo (Ej, Fj) for j =1, 2.
Then T1 ®T22 E1 ®E2 — F1 ®F2 has an extension in £Cb(E1®E27 F1®F2) such that HTl ®T2||Cb =
(T3 1feb 1T | cb-

Let 91 and 91 be W*-algebras. Their preduals 91, and D1, are operator spaces, so that
M, N, is well-defined. The following theorem identifies 9, N, as the predual of another
W*-algebra ([E-R, Theorem 7.2.4]):

Theorem D.3.4 Let M and N be W*-algebras. Then we have a canonical completely iso-
metric isomorphism

M, EN, = (MEy-N),.
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Applying Theorem D.3.4 to the case where 9 = VN(G) and 91 = VN(H) for locally
compact groups G and H, we obtain (see Theorem A.3.6 and Exercise 6.3.8):

Corollary D.3.5 Let G and H be locally compact groups. Then we have a canonical com-

pletely isometric tsomorphism
A@)GAH) = A(G x H).

Let E be a matricially normed space, and let m,n € N. If k > max{n, m}, we may embed
M, m (E) into My (E) by putting M, ,,(E) into the upper left corner of My (E). We thus
n,m 00 M, ,, (E) by restricting || - |5 to M, ., (E). It follows from (D.1),

that this norm is independent of k.

obtain a norm || - |

Definition D.3.6 Let E and F be linear spaces, let n,m,r € N, let X = [z;]i=1,...n. €
k=1,...,r

M, ,(E) and let Y = [yj’k]kjff‘”" € M, ,,(F'). Then the matriz inner product XKY
M, n(E ® F) of X and Y is the matrix [Zj’k];f Lo With

I
zj,kzzzxj,l@)yl,k (j:l,...,n,k:L...,m).
=1

Definition D.3.7 Let E and F be matricially normed spaces, and let n € N. For z €
M, (E® F), let

[Yllrn i 7 €N, 2 € M, »(E), y € M, ,(F) such that z = z K y}.
(D.4)

Remark D.3.8 For z € M,(E ® F), there are r € N, x € M, .(F), and y € M, ,,(F) such
that z = 2 Ky ([E-R, Lemma 9.1.1]), so that the infimum (D.4) is always finite.

12llnm o= mf{[|z]|n

We have the following ([E-R, Theorem 9.2.1}):

Theorem D.3.9 Let E and F be operator spaces. Then (|| - ||hn)oey is a matricial norm
on E® F such that

I lhn <1l (n €N,

Definition D.3.10 Let E and F' be operator spaces. Then (|| - |[nn)o2, is called the
Haagerup norm on E ® F. The completion of £ ® F with respect to this matricial nor-
m is called the Haagerup tensor product of E ® F and denoted by E®,F.

Remark D.3.11 It follows from Exercise 6.5.3 and [E-R, Theorem 9.4.1] that for two unital
C*-algebras, the Haagerup norm |- ||, on A® B as defined in Definition 6.5.1 coincides with

|- {n1-

D.4 Operator Banach algebras

Definition D.4.1 An operator Banach algebra is an algebra 2 which is also an operator

space such that the product map
AxA—-A  (a,b) — ab (D.5)

is completely contractive.
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Remarks D.4.2  (a) Let 2 be an operator Banach algebra. Then L,, R, € L(2) for
all a € A.
(b) If 2 is an operator Banach algebra, (D.5) induces a complete contraction from Qlé%l
to 2. Like the diagonal operator from A®A to A, we denote this map by Ag.

Note that operator Banach algebras are not to be confused with Banach operator algebras

Examples D.4.3 (a) Let 2 be a Banach algebra. By Exercise D.2.3, the diagonal map
Ag: MAX (A®2A) — MAX(21) is completely contractive. From Remarks D.3.2(b) and

Proposition D.3.3, we conclude that
MAX () x MAX() - MAX(), (a,b) — ab

is completely contractive. Hence, M AX () is an operator Banach algebra.
(b) Let $ be a Hilbert space, and let n,n1,ne € N with n = nyny. Let T; € £(9™) for
j=1,2. Let

Ty -+ ,0
Ty=| 1 -0 1| €L((8™)")

0---T1y
| ——

no blocks

and

Toi= | 1 0 o | €L((O™)™),

0--- Ty
| ——

ny blocks

and note that ||Tj|| = ||Tj|| for 7 = 1,2. Let U € L£((£"2)™,($™)"2) be the unitary
operator defined by

— ( 51)’,..7 gll))@---@(é"?)"”7&:}2))

Identifying (£"2)™ and $™, we obtain a contraction
LA™) X LH™) — LO™), T x T UTYUT, (D.6)

If we make the canonical identifications £(H™) = M, (L($)), L(H"2) = M,,,(L($)),
and L£(H") = M, (L(H)), we see that (D.6) is just the (ny,ns)-amplification of the
product map of £($). Hence, £($)) is an operator Banach algebra. Since every C*-
algebra can be viewed as a closed subalgebra of L£(£)) for some Hilbert space 9, it
follows that every C*-algebra is an operator Banach algebra.

(c) Let G be a locally compact group. Identifying L?(G)®L?(G) and L?*(G x G), we

obtain a unitary representation
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G = LIAG X G)), g Nalg) ® Nalg), (D.7)
Let W € L(L?*(G x G)) be defined by
(Wé)(g,h) = E(g,gh) (£ € L*(G x G), g,h € G).
Clearly, W is unitary, and
A2(9) @ Aa(g) = W*(Xa(g) @ idL2( o)W (9 €G) (D.8)

holds. From (D.8), it is immediate that (D.7) extends to a W*-representation AV V().
VN(G) — L(L*(G x G)) which attains its values in VN(G x G), a so-called comulti-
plication for VN(G). Since AVN(®) is a *-homomorphism, it is a complete contraction;
also, AVN(&) : VN(G) — VN(G x G) is w*-continuous. Hence, AVN(®) is the trans-
pose of a complete contraction AY V) A(G x G) — A(G). By Remarks A.3.9(a)
and with the identification A(G x G) = A(G)éA(G) (Corollary D.3.5), it follows that

AN A@)BAG) — A(G) s just Aaq).

Remark D.4.4 Let A be a closed subalgebra of £($)) for some Hilbert space $. Then 2,
with its concrete operator space structure, is an operator Banach algebra. However, not
every operator Banach algebra arises in this fashion: Let G be an infinite, locally compact
abelian group with dual group I'. Then L'(G) = A(I') is an operator Banach algebra
by Examples D.4.3(c). However, since L'(G) is not Arens regular, it cannot occur as a
closed subalgebra of a C*-algebra. Those operator Banach algebras that can be completely
isometrically embedded into £($) for some Hilbert space ) can be characterized in terms

of their matricial norm ([E-R, Theorem 17.1.2]).

D.5 Notes and comments

The definitive account of operator space theory is the recent monograph [E-R]; all the
material in this appendix can be found there. The notes [Pis 6] provide a somewhat different
point of view. The survey article [Wit et al.] (available online), which we follow mostly as far
as our choice of terminology is concerned, gives an excellent overview of the theory without
hiding the fundamental ideas behind a barrage of detailed proofs. For an impression of what
operator space theory — or rather: the theory of completely bounded maps between concrete
operator spaces — looked like before Ruan’s theorem was available, we refer to [Pau 1].

Our operator Banach algebras are generally called completely contractive Banach algebras
in the literature.

A quantization is the act of replacing functions by operators: The observables of classical
mechanics are functions, those of quantum mechanics are operators on Hilbert space. A Ba-
nach space is (up to isometric isomorphism) a space of continuous functions, and an operator
space is (up to completely isometric isomorphism) a space of operators on Hilbert space:
This motivates the name quantized functional analysis for the theory of operator spaces.
Large parts of quantized functional analysis can be developed in analogy with classical func-
tional analysis: For instance, the Hahn-Banach theorem and the Krein-Milman theorem
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both have a respective counterpart in quantized functional analysis ([E-R, Theorem 4.1.5]
and [Wit et al., 9.2]).

An important result from Banach space theory that fails to carry over smoothly into the
category of operator spaces is the principle of local reflexivity. Consequently, an operator
space is called locally reflexive if the (operator space version of the) local reflexivity principle
holds for it. The notion of local reflexivity for operator spaces is intimately connected with

the notions of nuclearity, injectivity, and semidiscreteness ([E-R, Chapter 14]).
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